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Abstract

We extend the relative entropy identity to the class of hyperbolic-parabolic systems whose
hyperbolic part is symmetrizable. The resulting identity, in the general theory, is useful to
provide stability of viscous solutions and yields a convergence result in the zero-viscosity limit
to smooth solutions in an LP framework. It also provides a weak-strong uniqueness theorem for
measure valued solutions of the hyperbolic problem. In the second part, the relative entropy
identity is developed for the systems of gas dynamics for viscous and heat conducting gases and
for the system of thermoviscoelasticity both including viscosity and heat-conduction effects. The
dissipation mechanisms and the concentration measures play different roles when applying the
method to the general class of hyperbolic-parabolic systems and to the specific examples, and
their ramifications are highlighted.
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1 Introduction

The equations of adiabatic thermoelasticity consist of the system of conservation laws
F;=YVv
vy =divy (1.1)
K(GfP +e)=div(v-Z)+r
where F' is the deformation gradient, v is the velocity, 8 the temperature and r stands for the

radiative heat supply (considered here a given function). The stress X, entropy 7, and internal

energy e are determined by a free-energy function ¢ = ¢ (F, ) via the constitutive theory :

0
S= SU(F0), n=-U(RE), c=tb+on. (1:2)

The form of the constitutive theory (1.2) reflects the requirement of consistency with the second
law of thermodynamics and, actually, this was developed in [6, 7] in the more general context of the

constitutive theory of thermoviscoelasticity. A summary can be found in [31] and [10, Sec 3.2], and



is also outlined in Section 5.1. The consistency with the Clausius-Duhem inequality is inherited by

weak solutions by requiring that weak solutions of (1.1) satisfy the entropy inequality

om > (1.3)

r
g
The objective in this article is to show convergence from the system of thermoviscolasticity (see
(5.14)) to smooth solutions of the equations of adiabatic thermoelasticity (1.1) in the singular limit
when the viscosity and thermal conductivity go to zero. Also, to develop weak-strong uniqueness
theorems for regular weak and measure-valued weak solutions to the system (1.1)-(1.3).

The technical vehicle will be the development of a relative entropy identity for the class of

hyperbolic-parabolic system of conservation laws
0t A(u) + 00 Fo(u) = €0n(Bas(u)0pu) . (1.4)

Here, u(t, ) takes values in R, t € RT, x € RY and A, F, : R® — R" | Byg : R™ — R™ "™ are given

smooth functions with a, 8 =1, ...,d. It is assumed that the associated hyperbolic problem
Ot A(u) + 0gFo(u) =0 (1.5)

is symmetrizable in the sense of Friedrichs and Lax [18]. The form of the system (1.4) is suggested
by the example of thermoviscoelasticity (see (5.14)) where the theory aims to apply.

The idea of relative entropy is introduced by Dafermos [8, 9] and DiPerna [12] in the hyperbolic
context (1.5) with A(u) = w. It is a powerful tool for comparing solutions of conservation laws
(see [12, 3, 11]), or balance laws (e.g. [32, 26]), and has recently being applied to problems that
are classified under the domain of hyperbolic-parabolic systems (e.g [14, 23, 24, 5]). The objective
of this work is to systematize the derivation of relative entropy identities, referring to (1.4) as a
unifying framework, in order to connect the theory to its natural framework, the L? theory of
hyperbolic-parabolic systems of Kawashima [21] and the developments on Green functions by Liu-
Zeng [25], and to strengthen the connection of this method with the framework of thermodynamics.

We place the following hypotheses:
(Hy) A:R"™— R" is a C? globally invertible map with V A(u) nonsingular,

(Hg) existence of an entropy-entropy flux pair (n,q), that is 3 G : R — R", G = G(u) smooth

such that
Vn=G-VA

Vo =G-VE,, a=1,...4d,

(H3) the symmetric matriz V2n(u) — G(u) - V2A(u) is positive definite.



Hypotheses (Hp)-(Hs3) are equivalent to the usual symmetrizability hypothesis in the sense of
Friedrichs and Lax and render the system (1.5) hyperbolic.
Along solutions of (1.4), the entropy identity

In(u) + Oaga(u) = €0a(G(u) - Bog(u)dgu) — eVG(u)dqu - Bag(w)Opu (1.6)
is satisfied. We assume one of the following conditions:

(Hy) the matrices VG (u)T Bog(u) induce entropy dissipation to (1.4), namely

> &a VG Bas(u)és >0 Véa, &3 €RT,
o,

(Hs) or, that the stronger dissipative structure holds for (1.4): 3 p > 0 such that

> VG(u)dat - Bag(u)dpu > p> | Bap(u)dgul®.
a,B «a B

Hypothesis (Hy) is @ minimum framework inducing entropy dissipation along the evolution, at the
same time it allows for degenerate diffusion matrices. It is often replaced by more discriminating
conditions like (Hys) in section 2.4 or (Hs) above. Conditions on dissipation for general hyperbolic-
parabolic systems are introduced in [21, 22]. Hypothesis (Hs) appears in Dafermos [10, Ch IV],
with the motivation that dissipation controls the diffusion in (1.4), and it allows for degenerate
viscosity matrices. The hypotheses (Hy4) and (Hs) are related to the Kawashima condition; we refer
to Dafermos [10, Ch IV] and the articles by Serre [27, 28, 29] for further discussions.

The article is divided into two parts. The first part is devoted in the development of the general
theory of the relative entropy method for the hyperbolic-parabolic system (1.4). The relative

entropy is defined via
n(ula) = n(u) —n(a) — Gu) - (A(u) — A(1)) (1.7)

and leads to the relative entropy identity (2.42) for the system (1.4) in Section 2.3. The second
part is focused on studying two examples from thermodynamics that are presented in comparison
to the general theory.

The outline of the paper is as follows: The main calculation is performed in Section 2.3 and
yields the relative entropy identity (2.42). The error terms in the identity have to be properly
collected in order to control them and prove theorems. Indeed, in Theorem 2.1 of Section 2.4
we establish stability among bounded smooth solutions of hyperbolic-parabolic systems under the
hypothesis (Hys). Then, in Theorem 2.2 of Section 2.5, we prove a general convergence result in

the zero-viscosity limit from the viscous system (1.4) to a smooth solution of the inviscid system



(1.5), valid under general a-priori bounds and even for degenerate viscosity matrices. This is
accomplished by using hypothesis (Hs). While there are alternative well developed techniques for
obtaining convergence results for the zero-viscosity limit to smooth solutions (see for instance [21,
Ch V]) the present proof is striking in simplicity and generality. In addition, by viewing the relative
entropy function as a “metric” for measuring distance, we can interpret these results in terms of
norms and even get an O(g) rate of convergence.

In Section 3, we consider dissipative measure valued solutions for systems of conservation laws
and balance laws respectively under appropriate growth conditions on the constitutive functions.
We use the relative entropy identity to prove in Theorem 3.2 that a strong conservative solution
of (1.5) is unique within the class of dissipative measure-valued solutions. Analogous theorems
have been proved in [3, 11, 19, 17]; the present result is a technical extension of these works, and
presents a comprehensive result in the LP framework of approximate solutions to hyperbolic systems
(1.5). In Section 3.2, we study systems of balance laws and investigate the role of source terms
in the derivation of relative entropy and weak-strong uniqueness results. The proofs in Section 3
are complemented by useful estimates established in Appendix A, which allow us to express the
relative entropy n(u|a) as a “metric” measuring the distance between u and .

The aforementioned results apply to the general class (1.4) but require either a full-dissipative
structure arising from a positive definite viscosity matrix (see (Hys)) or at least the weaker condi-
tion (Hs). It is well known that in most applications only a partial dissipative structure is available,
and it typically originates from nonnegative but singular viscosity matrices. In the second part,
we undertake this issue in two examples. In Section 4, we take up the system of one dimensional
gas-dynamics for viscous, heat conducting gases and derive the relative entropy formula for this
system. In Section 5 we consider the system of thermoviscoelasticity in several space dimensions
and derive the relative entropy identity. For the systems studied in Sections 4 and 5, the hypothesis
(Hs) translates into the stability conditions: ¥ pp(F,0) > 0 and ng(F,6) > 0. The condition of
convexity of the free energy (in F) is too strong and inconsistent with the requirements of frame
indifference; its relaxation is the objective of a future work. The second condition is familiar from
the work of Gibbs on thermodynamic stability. We establish analogous theorems to those of Sec-
tions 2 and 3 in the context of thermoviscoelasticity. In particular, in Theorem 5.3 of Section 5.3,
we prove the convergence from weak solutions of the system of thermoviscoelasticity to the smooth
solution of the system of thermoelastic nonconductors of heat as the parameters u, k tend to zero.
Analogous results in more specialized contexts of gas dynamics with Stokes viscosity and Fourier
heat conduction are established in [14, 15] and [29]. Finally, in Theorem 5.6 of Section 5.4, we

establish uniqueness of strong solutions within the class of entropic-measure valued solutions to the



system of adiabatic thermoelasticity.

Two of the major differences that arise in the relative entropy method between the examples and
the general theory are: (a) Hypothesis (Hs) that is assumed to prove the convergence of the zero-
viscosity limit for general hyperbolic-parabolic systems (1.4) in Section 2.5 does not apply to the
system of thermodynamics in Section 5.3. One can confirm this by computing condition (Hs) in the
case of the example. Perhaps a variant might apply, but in order to get the elegant condition (H,, x)
imposed on the parameters p and k of Theorem 5.3, one needs to work out the special case. (b) The
role of concentration measure is different in the setting of thermodynamics from the workings in the
general mv-weak versus strong uniqueness result in Section 3. As a matter of fact, in the definition
of entropic measure-valued solutions for the system of adiabatic thermoelasticity, in contrast to the
theory of dissipative mv-solutions for general systems of conservation laws, a concentration measure
appears in the energy conservation law rather than in the Clausius-Duhem inequality describing
the entropy production. The reason is that the estimates in the example are generated by the
energy identity and not by the entropy inequality, which is typical in the example as contrasted to

the general theory. This issue is pursued in Section 5.4.

2 Relative entropy for systems of hyperbolic parabolic conserva-
tion laws

We consider the system of partial differential equations
Ot A(u) 4+ 00 Fo(u) = €00 (Bas(u)0pu) (2.1)

where u = u(t,z) : Rt x R? = R" and n, d are integers representing the number of the conserved
quantities and the space dimension. The functions A, F, : R" — R" , Byg : R" — R™*" are smooth,
a,B =1,...,d and system (2.1) belongs to the general class of hyperbolic-parabolic systems.

The summation convention over repeated indices is employed throughout this article and some
computations may appear in extended coordinates for clarification.

The objective is to develop a relative entropy identity for hyperbolic-parabolic systems (2.1).
Hypotheses on the constitutive functions and the viscosity matrices will be placed and guided by the
goal of rendering this identity useful and applying it to some standard questions of stability, conver-
gence and uniqueness. Comparisons are pursued with the Lax-Friedrichs theory of symmetrizable

systems and the Kawashima L?-theory for hyperbolic-parabolic systems.



2.1 Hypotheses
2.1.1 Relative entropy for a hyperbolic system

Consider first the constituent system of conservation laws

OtA(u) + 0aFa(u) =0. (2.2)
It is assumed that A : R® — R"™ is a C? map which is one-to-one and satisfies

VA(u) is nonsingular Vu € R". (Hy)

By the inverse function theorem the map v = A(u) is locally invertible with the inverse map
u = A~'(v) a C? map. By assumption (H;) the map v = A(u) is globally invertible and the
set theoretic inverse coincides and inherits the smoothness of the inverse induced by the inverse
function theorem.

The system (2.2) is endowed with an additional conservation law
Oim(u) + daga(u) = 0. (2.3)

This structural hypothesis is rendered precise as follows: The functions 7-¢, ¢ = (¢a), @« = 1, ...,d,
are called an entropy pair (7 is called entropy and ¢ = (¢, ), the associated entropy-flux) if there

exists a smooth function G : R — R", G = G(u), such that simultaneously
Vn=G-VA
(Ha)
Vo =G-VF,, a=1,..d.

If (Ho) is satisfied then smooth solutions of (2.2) satisfy the additional identity (2.3). One checks
that (Hg) is equivalent to requiring that G satisfies the simultaneous equations

VGTvA=vVATvVG (2.4)

VGT'VF,=VE/'VG, a=1,..4d. (2.5)

It is clear that the system (2.4), (2.5) is in general overdetermined. Nevertheless, systems from

mechanics naturaly inherit the entropy pair structure from the second law of thermodynamics.

Given two solutions u, @ of (2.2), the relative entropy is defined via
n(uli) = n(u) —n(u) — G(u) - (A(u) — A(w))
= n(u) — () — Vn(a) - VA(@) ™ (A(u) — A(a)) ,
while the relative flux(es) by

Ga(ultt) = qa(u) = ga(u) — G(u) - (Fa(u) — Fua(u))



The formula (2.6) will be used to estimate the distance between two solutions v and u. To make
it amenable to analysis, we note that V?n(u) — G(u) - V2A(u) is symmetric and require that it is

positive definite, that is
¢ (VPn(u) — G(u) - V2 A(u)) € >0 for £ € R™\ {0}. (Hs)

We clarify that in (Hz) and (H3) we use the contraction product in the form
G(u) ZGk )WWA(w) eR”,  Gu)-V ch VW2 A (u) € R™™

respectively. Also the expression £ - M¢, with £ € R® and M € R™™" is the dot product of the
vectors & and ME; these notations are used repeatedly in this article.

The expression (2.6) acquires under (Hg) some characteristics of a distance function, which
render it useful for comparing two solutions u(t,z) and u(t,z). The definition (2.6)—(2.7) extends
for system (2.2) a well known definition pursued in [8, 12] for the case A(u) = u. A precursor to
(2.6) appears in [21] for comparing a general solution u(t,z) to a constant state @, in connection

to asymptotic behavior problems.

2.1.2 Hypotheses for the hyperbolic-parabolic system

Next we return to system (2.1), imposing hypotheses (H;), (Hz), (H3) on the hyperbolic part, and
examine the assumptions on the viscosity matrices from the perspective of the development of a
relative entropy identity. Using the multiplier G(u) in (Hs), we deduce that smooth solutions of
(2.1) satisfy the identity

O (u) + 0aga(u) = €0a(G(u) - Bog(u)dgu) — eVG(u)Onu - Bog(u)dsu. (2.8)

We will require that (2.8) induces a dissipative structure, namely that the following positive semi-

definite structure holds true:

Zéa (VG (u)" Bag(u) Z Zsa % >0 Véa, £3 € R™, (Hy)

a,f=1 a,f=11,5=1

where D,s = VG(u)TBag(u), for a, 8 = 1,...,d and note that (Hy) is rewritten in extended
coordinates for the convenience of the reader and the computations in Section 2.4. In view of the
identity (2.8), this guarantees that the entropy dissipates along the evolution. Hypothesis (Hy) is
natural in the context of applications to mechanics as it is connected to entropy dissipation and
the Clausius-Duhem inequality.

Another hypothesis of different nature is set in Section 2.5 that allows degenerate viscosity

matrices to be considered in the zero-viscosity limit.



2.1.3 A convex entropy for an equivalent system

Here, we compare hypotheses (Hg) and (Hs) with the familiar notion of symmetrizable first-order
systems of Friedrichs and Lax [18]. Hypothesis (H;) is a standing assumption that guarantees the
transformation v = A(u) is invertible, and the system (2.2) and (2.3) can be expressed in terms of

the conserved variables v,

O + On(Fpo A7) (v) =0 (2.9)
dr(no AN () + 0a(ga 0 A7 (v) =0 (2.10)
Setting
fa)=F,0 A7 (v), H@) =noA ' (v), Qu(v)=qgaoA  (v). (2.11)
we obtain the formulas
n(u) = H(A(u)), qa(u) = Qa(A(u)). (2.12)
They readily yield
Vun(u) = (Vo H)(A(u)) - VuA(u) ,
(2.13)
Vuga(u) = (VoQa)(A(u)) - VuA(u)
and
Vin(u) = (Vi H)(Aw)) : (VuA(u), ViA(u)) + (Vo H)(A(w)) - Vi A(u) . (2.14)

Suppose that n — ¢ is an entropy pair for (2.2) satisfying (Hg). If the flux f, and the pair H — Q
are defined by (2.11) then (2.13) implies

G(u) = (VoH)(A(u)) (2.15)
vaa(U) = va(v) : vvfoz(v) ) (hQ)

i.e. the pair H — @ is an entropy pair for (2.9) with the multiplier G(u) is defined via (2.15). By
(2.14), Hypothesis (H3) translates to the requirement that the entropy H(v) is convex,

C-V2H(W)C >0 for (€R", ¢#0. (h3)

Conversely, if (2.9) is endowed with an entropy pair H — Q with H convex, then 1 — ¢ defined
via (2.12) is an entropy pair for (2.2) where F'(u) := f(A(u)) and G(u) is selected via (2.15). The
convexity assumption (hs) for H(v) translates to (Hg) for n(u). In summary, (H;), (Hz) and (Hs)
are equivalent to the usual symmetrizability hypothesis of [18]. In particular, they render system
(2.2) hyperbolic.

Regarding next the hyperbolic-parabolic system (2.1), it is instructive to compare the structural

hypotheses pursued here to the L? theory of hyperbolic-parabolic systems. As already mentioned,



hypothesis (H4) on the diffusion coefficients render the last term of (2.8) as semi-positive definite.
We refer the reader to Kawashima [21, 22] for the early developments and to Liu-Zeng [25] for the
connection to Green’s functions for hyperbolic-parabolic systems as well as to Kawashima [21, Ch II]
and Dafermos [10] for results concerning well-posedness of hyperbolic-parabolic systems. A detailed
exposition on the structure of dissipative viscous systems is given by Serre in the articles [29, 28, 27]
and the symmetry of the dissipation tensor Dos = VG (u)T Bag(u) is investigated in connection to
the Onsager’s principle. We only note here that effective diffusion matrices D, should at least
satisfy the well-known Kawashima condition, which guarantees that waves of all characteristic
families are properly damped. This can be deduced from hypothesis (Hy) by setting &, = voR;
with R; standing for the right eigenvector associated to the i-characteristic speed of system (2.1)
and 7 € S91,

2.2 The relative entropy identity for systems of hyperbolic conservation laws

In this section, subject to hypotheses (Hp), (Hz) and (Hs), we extend to the hyperbolic system
(2.2) a well known calculation developed in [8, 12] for the case A(u) = u. We note that the
calculation here is shown only because it is useful and in preparation for what it comes in the next
subsection on hyperbolic-parabolic systems. We will also return to this in Section 3 for proving
uniqueness of dissipative measure-valued solutions within the family of strong solutions. Moreover,
this calculation is formal, it can however be made rigorous following ideas that are well developed
(see e.g. [10, Ch V]) and provides a way of comparing a weak entropic to a strong solution of (2.2).
There exist variants of this calculation that compare entropic measure valued solutions to strong
solutions of hyperbolic conservation laws (see [3, 11]).

Let u be an entropy weak solution of (2.2), that is u is a weak solution of (2.2) that satisfies in

the sense of distributions the inequality

on(u) + 0aga(u) <0. (2.16)
Let u be a strong (conservative) solution of (2.2) that is satisfying the entropy identity

On(u) + 0aga(u) =0. (2.17)

We proceed to compute the relative entropy identity for the quantities relative entropy (2.6)

10



and relative flux (2.7). Observe first that u, @ satisfy the chain of identities

o1 (G(@) - (A(w) = A@))) + 0 (G(@) - (Falu) — Fu(@)
= VG(@)ra - (A(u) = A(1)) + VG ()i, - (Fa(u) — Fa(@))

G g, VEL@)VA@) TVE(@) (Au) — Aw)

+ VG(@)iy, - (Fal(u) — Fo(u)) (2.18)
D VG, - VE(@)VA(@) " (A(u) — A(a))
+ VG(U)tyg, - (Fa(u) — Fo(a))
=: VG(0)iy, - Fu(ulu),
where

Fo(u|@) := Fa(u) — Fa(@) — VFa(2)VA®@)  (A(u) — A@)). (2.19)

Combining (2.16), (2.17) and (2.18), we obtain
Oun(ul) + Dattalul8) < —0aG(@) - Falult). (2.20)

This is the relative entropy inequality associated with the hyperbolic system (2.2) under hypothe-
ses (Hy), (Hz) and (Hs) and the aim is to generalize the above calculation is the presence of
viscosity matrices in the next subsection. We emphasize that the above computations via the
change of variables v = A(u) is identical to the classical resuls [8, 12]. However, this is not true for

the computations on the hyperbolic-parabolic systems (2.1).

2.3 The relative entropy identity for hyperbolic-parabolic systems

In this section, the relative entropy calculation is extended between two solutions v and u of
0t A(u) + 00 Fo(u) = €0n(Bas(u)0pu) . (2.21)

We work under (H;)—(Hs) and assume that the viscosity matrices Do = VG (u)? Byg(u) satisfy
hypothesis (H4), which guarantees entropy dissipation (2.8) along the evolution.

We consider two solutions u and 4 of (2.21) which also satisfy (2.8) and as before, all calculations
will be performed for strong solutions. However, the reader can easily check that one can assume
that w is a weak entropy solution while @ is a strong solution and the calculation can still be
derived in the sense of distributions. This might be useful for problems involving positive semi-

definite diffusion matrices where one in general expects global existence for weak solutions only.

11



Subtracting the entropy identities (2.8) for the respective solutions we get
9(n(u) — n(a)) + Oalga(u) — ga(w))
= 0, (G(u) . Bag(u)aﬁu — G(a) - Bag(ﬂ)agﬂ) (2.22)
—eVG(u)ug, - Bap(u)uz, +eVG(U)ty, - Bap(U)tz, -

Proceeding along the steps of the derivation of (2.18) from starting point the equation (2.21)

we derive the identity

0r(G(@) - (Aw) = A@)) + 0u (G(@) - (Falw) — Ful@)

= 0y(G(u)) - (A(u) — A1) + 0 (G(1)) - (Fa(u) — Fu(a))

+eG() - Oa [Bap(u)dpu — Bag(u)dpu (2.23)
= VG(@)iy, - Falu|d)

+eVG(a) (VA ))—1(9@(3& ()9s1) - (A(u) — A(w))

+€G( ) Ou [ ( )8511 — (ﬂ)agﬁ] .

We subtract (2.23) from (2.22) and use (2.6), (2.7), (2.4), (2.5) and an integration by parts to
obtain
On(ult) + 0aga(ulu) = =V G(u)(0au) - Fo(ult) + €0y, Jo + K, (2.24)

where the flux J, and the term K are defined by

Jo 7= G(u) - Bag(u)tzy — G(@) - Bap ()i
— G(u) - (Bap(u)uay — Bap(u)ua,
— Bog(@)ty, - VA(a)‘TVG(a)T(A(u)—A(a)), (2.25)

K = —VG(u)ug, - Bag(u)uz, + VG (U)iz, - Bag(U)ia,

+VG >za-( 5(W)tta, — B0z, )

vs  VG(0)0a(VA[@) ™ (A(u) — A(@)))

gy - V2G(@) ¢ (8 VA®@) ™ (A(w) - A(@)) (2.26)

B

(u
Bag(u)u
+ Bap(u)u

Equation (2.24) is the basic relative entropy identity. In the sequel we rearrange the terms so that
Jo and K are expressed in a more revealing form.

First, using (2.4), we rewrite

Jo = (G(u) = G()) - (Bap(w)uzy — Bag(u)tia,)
+ Bap(@)iz, - |G(u) - G(@) — VG(@)VA(@) ™ (Aw) - A(w)| (2.27)
= (G(u) = G(a)) - (Bag(w)uzy — Bag()tzy) + Bag()ta, - G(ula) ,

12



where G(u|u) is defined by
G(u|i) := G(u) — G(u) — VG(a)VA(@) " (A(u) — A(a)) (2.28)
and is of order O(Ju — u|?) as |u — a| — 0.
The quantity K in (2.26) is rewritten as
K = —(VG(u)uxa — VC(0)is, ) . ( (W)t — aﬁ(a)am)
+ Bap(@)itn, - | = VG(W)uz,, + VG(0)iis

VG0 (TA@ A - A@)
+ VG () ¢ (i, VA@) () — Am)]
—: Ty + Bog (@), - Ts - (2.29)

Observe that term T,, 2 is rewritten as

Ta2 = —-VG(u)uy, + VG(0)uy

+ VG(@)9a (VA(a )’1(A(U) — A(@) — (u— 1)) (2:30)
+ VG(@)8a(u — @) + V?G(a) : (U, VA@) ™ (A(u) — A(a)))
= VG (0)0ad(ula) — (VG(u) = VG(@)) (uz, — Uz,) — L(u|i)tg, ,
where we set
¢(ulu) == VA(@) ' (A(u) — A(@) — (u— 1), (2.31)
L(u|@) := VG(u) — VG(a) — V2G(a) - VA(@) " (A(u) — A@)) (2.32)

and note that both terms are quadratic as |u — u| — 0. In turn,

Bop(@)itn, - T2 = Oy, (Bag (@), - VG@ () ) = D (VG ()T B0y, ) - d(ul)
— Bog(@)ilay - (VG(u) — VG(0)) (s, — Uay) — Bap(t)tiay - L(u|@)i,

= OpoJa + Q1+ Q2+ Q3, (2.33)
where we have set
Jo 1= Bap(tt)iy, - VG(u)p(ulu) , (2.34)
and
Q1 = —0s, (VG(0)" Bap()s,) - ¢(ul) (2.35)
Q2 := —Bag(@)ig, - (VG(u) — VG()) (ue, — Ta,) (2.36)
Q3 := —Bap(0)ty, - L(u|t)ty, - (2.37)
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On the other hand the term 77 is rearranged as
T = (VG()ur, — VG(@)ir, ) - (Bap(w)ite, — Bas (@),
= —VG(u)0a(u —u) - Bag(u) 0g(u — a) + Q4+ Q5 + Qs (2.38)
=D+ Qs+Q5+Qs,

where
Q1 = VG (w)(tz, — Tz, (Bas () — Bag(0))ir, (2:39)
Q5 = _(VG(U) - VG(ﬂ))’foa : Baﬂ(u)(ul‘5 - axg) (2'40)
Q6 := —(VG(u) — VG())lg, - (Bap(u) — Bag(tl))tz, (2.41)

are quadratic terms (viewed as errors) while by virtue of (Hy) the term D is positive semi-definite,

D= VG(u)da(u— 1) - Bag(u) ds(u—1u) > 0,
a, 3

and captures the effect of dissipation by taking &, = Jn(u — @) € R™.
We conclude that the term K, defined in (2.26), can be reorganized using (2.29), (2.33) and
(2.38) in the form

K=0;Ja —D+Q1+ Q2+ Q3+ Qs+ Q5+ Qs

Putting everything together we obtain the final form of the relative entropy identity

on(ulu) + On (qa(u|ﬂ) —e(Ja + ja)) +eVG(u)0n(u — ) - Bag(u) 0g(u — u)

6 (2.42)
= —VG(@)(9att) - Faluln) +e>_ Qi

i=1
where the relative entropy is defined in (2.6), the relative flux in (2.7), the terms Fi, (u|a) in (2.19)
the viscous fluxes J, and j, in (2.27), (2.34), and the quadratic "error” terms @; in (2.35), (2.36),
(2.37), (2.39), (2.40) and (2.41) respectively. We will see the significance of the above identity in
the following two subsections in establishing theorems for comparing to solutions v and % and the

importance of having all the terms on right-hand side expressed in this particular form.

2.4 Stability of viscous solutions

The objective in this section is to prove stability of smooth solutions to (2.21) using the relative
entropy identity (2.42). We will impose a strengthened version of (Hy), corresponding to the strictly
positive definite case:

d

Y o (VG) Bap(u) §5) > 0 VE=(£1,...,0) ERPMEAO (Fis)

a,f=1
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For £ € R™ we denote by [¢| = (X0, 30 |€a,i?)"/? its Euclidean norm. We define the

minimum and maximum eigenvalues of the quadratic form in (Hys), for v € R™, in the usual way

mf{ Z € (VG(u)" Bag(u) €5) ’§=(§1,--.,£d) e R |¢] :1} >0,
. (2.43)

_S“p{ Z Eo - (VG (u) Bag(u) 5) ‘52(61,-..7&1) e R¥xn, y§|:1} < o00.
a,8=1

Then (Hys) in expressed in the quantitative form,
0 <v()E? <> € (VG() Bag(u) €5) < N(w)[¢* Ve € R™\ {0} (2.44)
a?IB

Given the identity (2.42), the remainder of the theorem is an extension to the case of hyperbolic-
parabolic systems of theorems regarding stabilization of hyperbolic systems (e.g. [10, Thm 5.3.1]).
We work on the whole space R? x [0,T] and assume that the solutions decay as |z| — oo; such
hypotheses are usually validated as part of an existence theory, but we do not pursue this here.
One may easily extend the theorem below to the case of periodic solutions: Qp = T¢ x [0,T]. We
denote by Bjs the bounded set By = {u € R™ : |u| < M} of size M > 0. The following theorem
establishes the L?-stability of viscous solutions w.r.t. initial data, when both solutions are bounded

under the hypotheses assumed in Section 2.1.

Theorem 2.1. Let u, @ be smooth solutions of (2.21) defined on R? x [0,T] such that u, Onu
and 1, 0,0 decay sufficiently fast at infinity, and emanating from smooth initial data wg, tg, with
ug, g € (L= N L2)(RY). Assume the hypotheses (Hy), (Ha) (H3) and (Hys) hold true and suppose
that v and uw take values in a ball By C R™ of radius M > 0. Then there exists a constant
C=0C(T,~v,M,Vu) > 0 independent of e, such that

Hu(t) - ﬁ(t)HLz(Rd) < C"THUO - ﬁOHLQ(Rd) . (245)

Proof. Let us set

o= [ )z teo.T) (2.46)
As u, u take values in By, hypothesis (H3) implies that, for some ¢ = ¢(M) > 0,
V2 (u) — G(u) - VZA(u) > ¢l >0, (HY)

while hypothesis (Hys) implies, for some v = (M) > 0,

> o VG Bag(u)és > v[€)> VE = (&1,,,,,8a) € RDT. (H})
a,B
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Moreover, there exists a positive constant C' = C(¢, M) such that

SIAW) — A@)IE, o, < 0(0) < ClA@) — A@)2, g (2.47)

and, by (Hi), this implies
1 _
Lllu(t) = 5(0)12, o, < (8) < Clu(t) — w02, o (2.49)

We employ (2.42) and integrate over R? x [0, ] to get

t) + 87/0 /Rd |Vu(s) — Va(s)|? dz ds <p(0) —/ VG (0)(0au) - Fo(u(s)|u(s)) dz ds

(2.49)
Now, we investigate the terms on the right-hand side of (2.49) using that w,u € Bys. By (2.19),
(2.31), (2.32) and the terms (2.35)—(2.37), (2.39)—(2.41), we get the bounds

VG(@)(8adl) - Falu(s)|a(s)) dz| < Cllu(s) — (2.50)

()2, g

‘Rd

< Cfluls) = (2.51)

[+ Qul) + Quls)d A(3)I2, e

[ @)+ Qus) + Qss)da

< Cllu(s) = a(s) R oy +7 [, V0l = Valo)P da,  (252)

for s € [0,¢] having C' a universal constant depending on ¢, the radius M, v and the derivatives of

@. Combining (2.48)—(2.52), we arrive at

Ju(t) —a)]2, Rd<c(||uo f0ll2, g, + (1+¢) / lus) = ()2, e ds) (2.53)

and conclude the result via Gronwall’s lemma for 0 < € < gg. Note that the constant C' in (2.45)

will also depend on time T and &. ]

2.5 Convergence in the zero-viscosity limit

Next, consider a family {uc} of smooth solutions of the hyperbolic-parabolic system (2.21) defined
on Qr = T? x [0, 00) satisfying the entropy dissipation identities (2.8). Let @ be a smooth solution
of the hyperbolic system of conservation laws (2.2), defined on a maximal interval of existence
[0,T*) with T* < oo, and satisfying the entropy conservation identity (2.3). Our objective is to

show convergence of the family {u.} to the smooth solution @ on T% x [0, 7], for T < T*, as € — 0.
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First, we establish the analog of the relative entropy identity when comparing a solution u of

(2.1) to a solution @ of (2.2). The analog of (2.22) now reads
O (n(u) —n(@)) + Oa(ga(u) = ga(w))

(2.54)
= 200 (G(u) - Bag(u)dgu) — eVG(w)ug, - Bag(u)ug,
while the analog of (2.23) is
o (G(@) - (A(w) = A(@))) + 0 (G(@) - (Fa(u) — Fu(@)) 2.55)
= VG(0)ty, - Fo(ult) +eG(a) - Oy (Bag(u)f)ﬂu) ,
hence leading to a relative entropy identity in the form
Oun(ul) + O | aa (ul) = (G(u) = G(@)) - Bag(u) Ou| + eVG()0att - Ba(u) du 250

= —(0.G(1)) - Fo(ulu) + €(0,G (1)) - Bap(u)Opu .
We proceed to prove a general convergence theorem for zero viscosity limits to strong solutions.

To this end condition (H4) on the viscosity matrices is replaced by the hypothesis:
> VG(u)dati - Bag(u)dpu > MZ | ZBaﬁ (w)dgul® (H5)

with some positive constant . Note that (Hs) can be also written in a general form using £, € R"
instead of the gradients J,u in a similar fashion as in (Hy4). Observe that (Hs) is a sufficient
condition to render the third term on the left-hand side of (2.56) dissipative and, via (Hg), this
term dominates the last term of (2.56). This is the motivation given by Dafermos [10, Ch IV] for
introducing this condition that actually allows general viscosity matrices which might be degenerate
for the convergence to the zero-viscosity limit. Last, we mention that hypothesis (Hs) is related to
the Kawashima condition; see Dafermos [10, Ch IV] and Serre [27, 28, 29] for further discussion.

Hypothesis (Hs) expanded in coordinates is rewritten as
SS 0.6 (u) By aﬁuﬂmz\ZB u)dud |
tj o, B oyt

We now prove the convergence:

Theorem 2.2. Let 4 be a Lipshitz solution of (2.2) defined on a mazimal interval of existence
T? x [0, T*) and let u¢ be smooth solutions of (2.1) defined on T¢ x [0,T], T < T*, and emanating
from smooth data tg, uf, respectively. Assume the hypotheses (Hy), (Hz), (H3) and (Hs) hold true
and that the solution u takes values in a ball By C R™ of radius M > 0. Then there exists a
constant C = C (T, M,sup |Vul|, u) independent of € > 0 such that

T
/ n(uf|@) d < c(/ n(u8|ag)d$+5/ Va2 dads) (2.57)
Td Td 0 Td
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In particular, if [ran(u§|io) dz — 0 and the solution U satisfies the integrability Va € L*([0,T]xT¢)
then

sup / DEDat) de =0 ase— 0. (2.58)
te(0,T)

Proof. We define ¢°(t) as before to be

@E(t);/Tdn(ua(:v,t)\a(x,t))dx te[0,7).

and by integrating the relative entropy identity (2.56), we arrive at

e

de + 6/ (VG(u®)" By g(uf)05u°) - au® dx
dt Td

< C/ \Fa(u€|u)\da;+s/ 10aG (@) - (Bag(u®)0su°) | de,
Td Td

(2.59)

since @ takes values in Bjs. Throughout this proof, C' = C(T, M, |Vu|) stands for a generic constant

depending on |V but independent of e. Now under Hypothesis (Hs), we estimate

=\ . € € — i J
o [ 10aG @ - B0 d 5/ 3> ) Dgus | d

4J of
. o 1/2
< 6/11‘«1 (Z:](")OéGZ ) <%:|ZB J )85u5’9’2> dx
_2M/ Z|(9 Gi(a ’ dr +e= / ;’ZB )85u€’j‘2dx
/ \Va|dx + / ZZ@ Gi(u u)OgusI da

] o,

(2.60)

and hence the last term of (2.59) is controlled by dissipation. By bound (A.3) in Lemma A.1 on
F,(uf|u) and (2.60), we deduce the estimation

d(;a € eNT € € € / €l € / —12
. < —
; 5 /d (VG(U )" Bog(u®)0gu ) Oqu®dx < C ) |Fo(uf|u)| dx + 5 C ) |Vaul|“dz

<C n(uslu)dw—keC/ \Va|2da.
Td 2u Jra

We now obtain the differential inequality

dy*® . Ce 12
< —_— .
pras Coo(t) + o /Td |Va|*dz , (2.61)

and then Gronwall’s inequality gives (2.57) and the proof is complete. Note that C in (2.57) depends
also on the positive constant p that is present in hypothesis (Hs). ]
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Remark 2.3. The relative entropy can be interpreted as a “metric” that measures the distance
between u° ad % as a combination of L? and LP norms following the analysis in Appendix A.
Hence, note that (2.57) even provides an O(e) rate of convergence when the limit % is a smooth
solution. There are alternative well developed techniques for obtaining convergence results for the
zero-viscosity limit to smooth solutions and in stronger norms - see for instance [21, Ch V] - but

the above proof is striking in its simplicity and generality.

3 Weak-strong uniqueness in the class of dissipative measure-
valued solutions

In the sequel, we consider measure valued solutions first to the system of conservation laws (2.2)
in the presence of LP bounds for 1 < p < co and then in the presence of source terms. The goal is
to prove uniqueness of smooth solutions with the class of dissipative measure-valued solutions. For
this purpose, we impose a set of growth restrictions on the constitutive functions of the problem:

It is assumed that the entropy n(u) has the growth behavior
Bi(lulf +1) = B <n(u) < Bo(lufP +1)  foru e R" (A1)

for some positive constants 51, f2, B and for some p € (1,00). Moreover, that the functions Fy,

and A in (2.2) satisfy the growth restrictions

In the appendix, we adapt an idea from [11] which leads to useful bounds for the relative entropy
and the relative stress when @ is restricted to take values in Bj;. These bounds are used to establish
the weak—strong uniqueness theorems in the following two subsections, for systems of conservation
laws and balance laws respectively.

To avoid technicalities, we work for the spatially periodic case with domain T¢ = (R/27Z)%.

Set Q7 =T x [0,T) for T € (0,00) and Q7 = T¢ x [0, T].

3.1 Systems of hyperbolic conservation laws

To arrive to a definition of dissipative measure-valued solutions, we explore how they emerge, in

symmetrizable hyperbolic systems (2.2), from a sequence of approximate solutions u¢,

B AE) + DuFn(uf) = P, (3.1)
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with P, — 0 in distributions as ¢ — 04 and satisfying an entropy inequality
aﬂ?(us) + aaQa(Ua) < Qe (3.2)

again with Q. — 0 in distributions. A typical example of approximation is provided by the
hyperbolic-parabolic system (2.1) studied in section 2.3; there the entropy inequality (3.2) results
from the identity (2.8) via hypothesis (Hy). It yields uniform bounds for approximate solutions of

the form

sup /n(ua)dm < M+/17(u6)d$ (3.3)
te[0,7

for some M depending possibly on 7" but independent of ¢.

We work under a framework of growth hypotheses (A1), (A2) and (As), and then (3.3) implies
a framework of uniform LP bounds. Recall that n(u) = H(A(u)). We assume that H(v) is convex
and positive. We also postulate the growth hypothesis

é(IA(U)Iq +1) = B<H(A) <C(AMW)T+1),  ¢>1, (Ag)

for some uniform constant C' > 0 and B > 0, which amounts to control on the growth of v = A(u).

Consider the sequence of approximate solutions {u°} and {v®}, where v = A(u®), and introduce
the associated Young measures v(, ;) and NN (), respectively. More precisely, {uf} is assumed
to be a sequence of Lebesgue measurable functions with a convergent subsequence (again called
u®) associated Young measure v, ), which is a weak® measurable family of Radon probability
measures. At the same time, consider the sequence {v°}, v* = A(u®), with the associated Young
measure denoted by N, ;. We next quote from [11, Appendix A] what is needed to know about
the Young measure description of oscillations and concentrations in weakly convergent sequences
of functions v° defined on Qr in the L7 framework, 1 < ¢ < oo in which the development of
concentrations in H(v®) is permitted. Using the Young measure N = (N ;1)) 1ycgy associated

to the family {v°} we have

9(v") = (Na, 9(p)) (3-4)
for all continuous functions g such that lim 9(r) = 0. Similarly,
lpl—o0 1+ |pl4
) = (way, f(N)) (3.5)
f)

for all continuous functions f such that lim = 0. Since v® = A(uf), the two measures

IA|—oo 1+ |A|P
are connected via

(Vo g(AN))) = War, f(A) = (Nay, 9(p)) (3.6)
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when f = go A. In other words, N is the image measure of v under the mapping A : Q — Q' and
satisfies N(FE) = v(A~1(E)) for E measurable in (V.
Next, we employ the analysis in [11, Appendix A], which indicates that, if the function H (v) is

convex and positive, the oscillations and concentrations can be represented via
H(v%)dxzdt — (N g4, H)dzdt + ~(dzdt) (3.7)

as € — 0+. It is worth recalling that (N, ., H), which cannot be defined via the Young measure
theorem due to its growth, is instead defined via the limiting process

<NI,t7 H(p)> .

= N (Nuy, H(p) - 1r(p<r + B Lu(o)>r) (3.8)
and the monotone convergence theorem, and that - is the concentration measure, a non-negative
Radon measure defined by

v =Wk = Tim (H(o%) = (No, ) € M (@), (3.9)

In addition, for the initial data {v§} of the approximating problem, we assume weak convergence in
LY with associated Young measure [N and again possible development of concentrations described

by the concentration measure y,(dz) > 0, i.e.

g(vg) = (Nog, 9(p)) Vg continuous s.t. lim 9(p) =0 (3.10)
lpl=00 H (p)
and
H(u§)dz — (Nog, H)dz + vo(dz). (3.11)

From Section 2.1.3, we recall that the convexity assumption (hg) for H(v) translates to Hy-

pothesis (Hg) for n(u) via the relation n = H o A. Hence, by (3.6)-(3.9), we have

n(u®)dxdt = vy, m)dedt + y(dzdt) (3.12)
as € — 04, and
(Wae,n(A) = lm (N, H(AN)) - Laany<r + B Laan)r) (3.13)

where ~ is the same concentration measure given in (3.9) that can also be expressed as

¥ =Wk = Tim (9(u°) = (v, 1)) € M*(@r). (3.14)

Now we state the definition of dissipative measure-valued solutions, which form a sub-class of
the measure valued solutions and satisfy an averaged and integrated form of the entropy inequality

that allows for concentration effects in the LP framework p < oo.
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Definition 3.1. A dissipative measure valued solution (u,v,=y) with concentration to (2.2) consists
of u € L*(LP), a Young measure v = (’/%t){(a:,t)GQT} and a non-negative Radon measure vy €

MHT(Qr) such that u(x,t) = (V(gp), \) and

//<Vx,t7Ai()\)>8t<Pi dx dt + //<I/x7t, Fi o(N)Oapidx dt + /<I/0, Ai)pi(z,0)dz =0 i=1,...,n,
(3.15)
for any ¢ € CLH(Q x [0,T)) and

// pr [(Vat,n(N))dxdt + ~(dzdt)] /{ (Vog, mydx + v (dz)] > 0, (3.16)

for all € = £(t) € CL([0,T)) with € > 0.

The following theorem establishes the recovery of classical solutions from dissipative measure—
valued solutions; it states a weak versus strong uniqueness theorem in a framework of measure-
valued solutions in a LP setting, 1 < p < co. It extends previous results for systems of conservation
laws (2.2) with A(u) = u, see [3, 17] for the L> setting and [11] for the LP setting. The main
new ingredient is the form of the relative entropy function. We note the interesting connection
between the 2-Wasserstein distance and the variance of the Young measures, pointed out in [17],

and connections to the behavior of numerical schemes [17, 16].

Theorem 3.2. Suppose that (Hi)—(Hs) hold, the growth properties (A1)—(A4) are satisfied, and
the entropy n(u) > 0. Assume that (u,v,7y) is a dissipative measure-valued solution, uw = (Vy 4, A),
and @ € WY (Qr) is a strong solution to (2.2). Then, if the initial data satisfy v, = 0 and

Vo, = 0a, (), it holds v = 6z and uw = @ almost everywhere on Q7.

Proof. Let K C R™ be a compact set containing the values of the strong solution u(z,t) for

(z,t) € Qp. First we define the averaged quantities

H(v,u,a) = (v,n) — (@) - G(a) - (v, A) — A(a)) (3.17)
Zo(v,u, @) = (v, Fy) — Fo() — VFo(2)VA(@) ™ ((v, A) — A(q)) . (3.18)

It is easy to check that
H(v,u,u) = /n()\]u)dl/()\) (3.19)

using (2.7). As in (2.18)
) <G(a)) (v, A) — A(@)) + da (G(u)) (v, Fa) — Fa(@)) = VG(Q)lia, - Zav,u, @) (3.20)

for « = 1,...,d. Since u € WhH*°(Qr) is a strong solution of (2.2) then it verifies the strong
versions of (3.15)—(3.16), i.e

// )it + Fi o) piode dt + /Ai(uo(x))goi(x,())dx =0 i1=1,...,n (3.21)
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and

// ) dx dt + /5 =0 (3.22)

for all test functions ¢ € CL(Q x [0,T)), £ € CL([0,T)) with & > 0.
Now choosing ¢(x,7) = &(7)G(u(z, 7)) in (3.15) and (3.21), subtracting (3.21) from (3.15) and

combining with (3.20) we arrive at

[ Ea@ - (@, 4)~ A@) + E€IVC@, - Zalw, v, Wdadn

(3.23)
+ [ 601G (w0, 4) ~ Alm))ds = 0.
Subtracting equations (3.23) and (3.22) from (3.16) and using (3.17), we get
//d€ Vuud:vdT—i—/ —ydxdr
dr
> [[ €96, Zadods (3.24)

/6 ((vo,m) — n(to) — G(to) - ((v0, A) — A(to)))dx + vo(dx)] ,

for any & € C1([0,T)) with ¢ > 0. We apply (3.24) to a sequence of smooth, monotone nonincreasing

functions &, > 0 that approximate the Lipschitz function

1 if 0<7<t
r)=¢ EC+1 if t<7<t+e . (3.25)
0 if 7>t+e

Passing to the limit n — oo and using that v > 0, this leads to

t+e t+e
—/ /’Huuudxd7'>/ /§ )VG(u)Uy, - Zodxdr
(3.26)

/[77( — (o) — G(uo) - ((vo, A) — A(tio))]dw + ~o(dz) .

Taking the limit as € — 0+, we arrive at

H(v,u,u)dr <C max |Zo|dx dr
/ /0 / “ (3.27)
+ [fvom) = (@) = Ga) - (0, 4) = A(ao)ds +7o(da)

for t € (0,T). Note that C = C(K, |Val).
The rest of the proof is based on the estimate of Lemma A.1. Suppose that K is contained in

the ball Bjs centered at the origin and of radius M. The properties (A;)—(As) allow to employ
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bound (A.3) and to estimate (3.18) in terms of (3.17) as follows:
Zo(v,u, i) = (v, F,) — Fo(a) — VEL(0)VA(7) (v, A) — A())
= (v, Fa(Alw))
< Ci(v,n(Au)
=C1H(v,u,u)

(3.28)

Then (3.27) takes the form

/’H(u,u,u)dm < /Ot/")'-[(l/,u,u) dadr + // n(\iio)dvo () dz + o (da) - (3.29)

For the initial data it is assumed that there are no concentrations, that is v = 0 . Applying

Gronwall’s inequality, we conclude that

/7—[ v,u,u)dz < CY // (Atig)dvo(N)da €1t (3.30)
for some positive constants C and C7. The proof of the theorem follows. ]
It immediately follows:

Corollary 3.3. Under the hypotheses of Theorem 8.2, let u € C([0,T]; LP(T%)), p > 1, be an
entropy weak solution of (2.2) satisfying (2.16) and let u € WH°(Qr) be a strong solution to (2.2).

Then, if the initial data ug = Gy almost everywhere on T?, then v = @ almost everywhere on Q7.

A uniqueness theorem for strong solutions in the class of dissipative measure-valued solutions can
also easily be established in a framework of L uniform bounds. In such a setting, no concentration
effects are present, hence v = 0 and 7y = 0 in Definition 3.1. We state such a result for the sake
of completeness but omit the proof. We refer the reader to [11, Theorem 2.2] and [3] for details in

the case A(u) = u.

Theorem 3.4. Let 4 € W1°(Qr) be a strong solution and let (u,v) be a dissipative measure
valued solution to (2.2) respectively. Assume that there exists a compact set K C R™ such that

u,u € K for (x,t) € Qr and that v is also supported in K. Then there exist constants ¢; > 0 and

/ A — (D) Pdv(N)da < o ( / g — UO|2d:c> et (3.31)

Moreover, if the initial data agree ug = g, then v = dz and the dissipative measure valued solution

co > 0 such that

1 a strong solution, i.e. u = u almost everywhere.
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3.2 Systems of hyperbolic balance laws

Consider next the system of balance laws:
Ot A(u) + 00 Fo(u) = P(u), (3.32)

and the entropy condition

On(u) + 0aga(u) < G(u) - P(u), (3.33)

where P : R™ — R" is a smooth function called production. Let u be a weak solution of (3.32)
that satisfies the weak form of the entropy inequality (3.33). Here, n — ¢, are an entropy-entropy
flux pair satisfying the hypotheses in Section 2.1.1 and G(u) is the multiplier in (Hz). We wish to
compare the entropy weak solution u to a strong conservative solution u of

OtA(u) + 0o Fo(u) = P(a)

(3.34)
On(t) + Oaga(n) = G(u) - P(u) ,

using again the relative entropy function (2.6) and a computation in the spirit of Section 2.2.
This is accomplished as follows. The formula for the entropy dissipation of the difference of the

two solutions
Or(n(u) = n(w)) + Oa(ga(u) = ga(@)) < G(u) - P(u) — G(u) - P(u)
is combined with the analog of (2.18), which in the present case takes the form

o1 (G() - (Aw) = A@))) + 0 (G(@) - (Fulw) - Fal@))
— VG (), 1t - Fo(ultt) + P(a) - VG(@)VA®@) " (A(u) — A(@)) + G(a) - (P(u) — P(a))

Combining the two formulas leads to the relative entropy identity
om(ult) + Oaqa(ult) < —0,G (1) - Fy(ulu) + P(u) - G(u|u) + (G(u) — G(a)) - (P(u) — P(u)) , (3.35)

where F, (u|u) is defined in (2.19) while G(u|u) in (2.28).

The derivation of formula (3.35) as presented here is formal, but it may be made rigorous by
standard arguments and even be performed between a dissipative measure-valued solution u and a
strong solution @ using the process outlined in Theorem 3.2. One may easily extend Theorem 3.2
to hold for the case of dissipative measure-valued solutions of a balance law (3.32)—(3.33) if it is

assumed that the vector field P(u) is weakly dissipative, meaning that P(u) satisfies the hypothesis

(G(u) — G(w)) - (P(u) — P(u)) <0 Vu,u € R" (Hq)
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and a growth condition

=o(1) as |u| — oo . (Ag)

Hypothesis (Hy) has been proposed in a context of relaxation balance laws in [26] and can be easily
verified for the example of friction in gas dynamics studied in [24]. Hypothesis (Ag) will lead via
an argument as in (A.3) to the bound G(u|u) < Cn(u|u).

Hypothesis (Hy;) of a weakly dissipative field is not critical for a weak-strong uniqueness theorem
and might be replaced by hypotheses allowing moderate growth for P(u). An inspection of the

proof of Theorem 3.2 indicates that it suffices to require bounds guaranteeing that
[(G(u) = G(a)) - (P(u) — P(u))] < Cn(ulu). (3.36)

Estimate (3.36) can be derived from (A¢) together with the additional growth conditions:

=o(1) and |];((Z))’ =o(1) as |u| — oo, (Ap)

following similar analysis as in the proof of (A.3) in Lemma A.l. In view of the above analy-
sis, a proposition on uniqueness of dissipative measure-valued versus strong solutions to balance

laws (3.32)—(3.33) as in Theorem 3.2 can be stated:

Theorem 3.5. Suppose that (Hi)—(Hs) hold, the growth properties (A1)—(A4) are satisfied, and
the entropy n(u) > 0. Moreover, assume that either (i) hypothesis (Hg) and (Ag) hold true
or, alternatively, (ii) that both growth conditions (Ag) and (Ap) are satisfied. Let (u,v,y) be a
dissipative measure—valued solution, with u = (Vz+,\), and let i € WL (Qr) be a strong solution
to (3.32)—(3.33), respectively. Then, if the initial data satisfy vo = 0 and vo, = dg,(x), it holds

v =0z and u = u almost everywhere on Q.

4 One-dimensional gas dynamics for viscous and heat-conducting
gases

Systems from thermomechanics typically have degenerate viscosity matrices. It is however conceiv-
able that the dissipation still dominates the errors. We next outline the relative entropy calculation
for the system of thermoviscoelasticity. For pedagogical reasons, we develop in this section the cal-
culation in one-space dimension. In the next section, we consider the three-dimensional case and
focus on the treatment of the parabolic terms. Our objective is to depict how the general hypotheses

of Section 2.2 specialize and get adapted to treat this paradigm.
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We consider the one-dimensional hyperbolic-parabolic system
ur — vy =0
vy —o(u,0)y = (Wz)e + f (4.1)
(%v2 + e(u, 0))1& —(o(u,0)v)y = (Lvvg)y + (KOz)x + fo+T7,

describing the equations of gas dynamics in Lagrangean coordinates for a viscous, heat-conducting
gas. The gas obeys a Stokes constitutive law for the viscosity and a Fourier law for the heat
conduction. In this model u stands for the specific volume (the inverse of the density), v for the
longitudinal velocity, and 6 for the temperature, while the internal energy e and the stress o are
determined via constitutive relations; in this interpretation v > 0 and 6 > 0. Another interpretation
of (4.1) is as describing one dimensional shear motions of a thermoviscoelastic material; in this case
u is the shear strain, v the velocity in the shear direction , # > 0 the temperature and the rest of
the variables similar to before. In this interpretation u does not obey any positivity constraint.
We impose the usual relations on the constitutive theory of thermoviscoelasticity implied by
the requirement of compatibility of the constitutive theory with the Clausius-Duhem inequality of
thermodynamics, [6, 7]. The constitutive theory is determined by a free energy function ¢ = ¥ (u, 6)

via the formulas

oY oY
=5 =—= = 4.2
= au 1T ggr TV HOm (4.2)
and thus satisfies the Maxwell relations
0g =Ty, eg=10ng, e,=0c—"00g. (4.3)

We assume the viscous part of the stress is that of a Stokes fluid
Tiscous = p(u, 0)v, — with p(u, ) > 0,
while heat conduction is given by a Fourier law
Q = k(u,0)0, with x(u,8) > 0.

Under the above conditions the theory of one-dimensional viscoelasticity satisfies the entropy

increase identity

Q v2 0. \> r
— 0, L = = = - 4.4
om(u, ) 89 IR Gl B (4.4)
which implies the local form of the Clausius-Duhem inequality
Q
s
atn aac 0 =0

The latter expresses a (beyond equilibrium) version of the 2nd law of thermodynamics.
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4.1 Properties of the relative entropy

Next, we develop a relative entropy calculation for the system (4.1), guided by the theory developed
in Section 2 for hyperbolic-parabolic systems (2.21) in one-space dimension,

BAU) + 8, F(U) = £d,(B(U)d,U) .

(4.5)

Recall that A(U) is assumed to be globally invertible (see (H;)) and that (4.5) is equipped with an
entropy - entropy flux pair 7(U) — ¢(U) generated by the multiplier G(U):

GWU)-VAU)=vyU), GU)-VFU)=VqU). (4.6)
The entropy is assumed to satisfy hypothesis (Hs), that

V2H(U) — G(U) - V2AU) := V*)(U) — Zn: G (U)V2A(U) > 0
j=1

(4.7)
is positive definite. For the viscosity matrix B(U), hypothesis (Hy4) becomes

E-VGU)'BU)E>0  VEeR™.

(4.8)
that is VG(U)T B(U) is positive semidefinite. Then, system (4.5) is endowed with the dissipative
structure

O(U) + 9,4(U) = e, (G(U) - BU)9,U) — el - VG(U)T B(U)U,

- (4.9)
We proceed to place the model (4.1) within the general theory for (4.5) described above. To
this end, we set

U U v U(Z’G)
U= |v AU) = L v FU)=—-| o(u,0) GU) = %1
0 5v° +e(u, 0) vo(u,0) —3
and note that
e 0 0 0 0 0 0 0 0
veu)'BU)=( 0 % 0 0 pu 0)]=10 4u 0
-7 g 9% 0 wv kK 0 0 0%/{
The dissipativity hypothesis (4.8) translates to u(u, ) > 0, x(u,8) > 0.

The global invertibility hypothesis (H;) of A(U) is secured by the assumption eg(u,6) > 0
With a slight abuse of notation, we set

28



where 7)(U) is the "mathematical” entropy and 7(u, ) the thermodynamic entropy in (4.2). Note
that
G(U)-VAU) = Vui(U) = ~Vauunn(uw,0), GU)-VFU)=0
which should be compared to (Hz) (or (4.6)). Solutions of (4.1) satisfy the entropy production
identity (4.4) which stands for the specification of (4.9) in the setting of (4.1).
Apply now the formula (2.6) to the expression 7(U) = —n(u, #) to obtain

where

with the notation 1 = (1, 8), 7 = n(i, ) and so on. Finally, note that
%euu Nuu 0 y 9€ud — Tuo %wuu 0 0
2 2 1 (4.3) 1
Vea(U) - GU) - VAWU) = 0 3 0 = 0 5 ©
5eus —muo 0 Fepp — Moo 0 0 4n

Hence, the condition (H3) of positive definiteness in (4.7) is equivalent to the usual Gibbs thermo-
dynamic stability conditions )y, > 0 and 1y > 0. (By (4.3) these assumptions are consistent with
eg > 0.)

Remark 4.1. The notation (4.11) may be somewhat misleading as (4.7) does not amount to
convexity of the functions appearing explicitly in (4.11). Instead, proceeding along the lines of
Section 2.1.3, introduce the conserved variables V' = A(U), where V = (u,v, F), and define the
entropy H(V) via the relation

A(U) = Ho A(U).

A tedious but straightforward adaptation of the computation in (2.13) and (2.14) indicates that
-1

1 0 0
(Hu, Hy, Hp)(A(U)) = (—7u,0,m9) - | 0 1 0 =G()
ey UV €g
and
1 0 0\ 1 0 0 L 00
01 0] -ViHAU)|O 1 0= 0 % 0 ]>0
ey UV €g ey UV €g 0 0 %779

The conditions 1, > 0, 79 > 0 are thus equivalent to the convexity of H (u,v, E) and to the

symmetrizability of the equations of one-dimensional gas dynamics.
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4.2 The relative entropy identity

We proceed to derive the relative entropy identity following the general procedure outlined in
Section 2.3. Let (u,v,6) and (4, v,0) be two solutions of system (4.1), each satisfying the associated
entropy production identity (4.4). Using (4.4) we obtain

at[—§n+§ﬁ}+ax[9——é—]=—§t(n—ﬁ)+9}<7— 12)

Next, we subtract equations (4.1) for each of the two solutions (u,v,6) and (@, ,0) and multiply

the result by —G(U) = (—%, —%, 1) and obtain after rearrangement the following identity:

8t(—5(u—ﬂ) — (v —0)+ (e+ 3v* —e— %52)) + 9, ((v —0) +v(0c — 7) — ov + &0)

= —i(u— ) = 5y(v — ) + 7 (0 = 0) + 00 = 0) + (=0) (o — i) + (F = )] (413)
+ [ax(mx — [0y) + Oy (Kl — RO,) + (5 — ) + (fv — fm] .

Next, we add (4.12) with (4.13) and use (4.2) and (4.10) to obtain

Oy (w<u, 0la,0) + 5(v —0)* + (n —)(0 — 9)) —9:((0 = )(v — 1))

(4.14)
=Lh+1b+ 13+ 14+ I5,
where
I = —0;(n—70) — 5¢(u— 1) — 04(v — D) + 52 (v — D) + Uz (0 — 7)
=~ = ) (0 = 0) + | = Ol =) = Fe(w— @) + (o — )] (4.15)
—: A+ B,
while
_kOp ROy - _ _ ___
Ib=-0, (07 — 97) + 0y (KO, — ROy) + (%C( — 0(pvy — fily) + povg — uv%) , (4.16)
_ /KO, RO, 02 62
Iy=0:(7 =) 05 —755) (.17
= == ) U% 761
Iy = vy (pvy — i) — 9(#; - u;) , (4.18)
_/r r _ _
Is=(r=7)=0(5—2) + (fo—fo) —o(f = ). (4.19)

The last step is to re-arrange the terms and collect them together in groups of likewise terms.

In this direction, we first use (4.1) to obtain
A=—(v-0) [([ww)x + ﬂ
= —0, ((u - @)mx) + (Vg — Ug) iUy — (v — D) f (4.20)

=:19 4+ g4 + 15.
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Again using (4.1), (4.2) and (4.3) we derive
B= -6, (n(u, 0) — (@, 0) + ap(a, 0) (u — @) — ne(a, 0) (0 — 5))
+ e (o0, 0) — (8, 0) — 0 (1, 0) (w — @) + (@, 0)(60 — 0))
- 0tne(u 9)(9 7)

—n —2 __2 —
) —un(u,018.0) + w0 (u,0]7,0) — (0 - 0)] (”9”’5) +AS Ry =]

fi

= <—§tn(u,9\ﬁ,§) +ﬁta(u,9m,§)) +8x(— (9—@)@) + ((Hx —éx)'% LA “’_9925>
+ (— = em?) + (— - é)g) (4.21)

= J1+Jj2+I3+Ja+ 5.

where the j;’s stand for each of the last five terms in (4.21). Observe next that the terms can be

regrouped as follows:

I +ig+ jo = 0y ((9 - 9_)(% - Egm) + (pvg — fivg) (v — 1‘)))

e () (S () o
iy )5 ) <o~ w3 -
Itis+s=(f = Hlo—0)+0-0)(5-7).

We then substitute (4.15), (4.20) and (4.21) to (4.14) and arrive at the final form of the relative
entropy identity

— 0y [(J—&)(v—@)%—(p@x ﬂ@x)(v—v)+(9—9)(/€2x—kzx)]
~ /0, ég; Uz \2

(T = 5) (5 =) ) (4.22)

= —0yn(u,0a,0) + @ o(u,0)a,0) + (f — f)(v—10) + (9_5)(2 _ g)
0, éx g;g _ z Uz Vg
(5 - F) 7 n—m) — 00— 1) (5~ 2).
where _ _ _ _ _

n(u, la,0) = n(u, ) —n(a,0) —nu(a,0)(u - a) —n(a,0)(0 — 0) (423)
o (u, 0], 0) = o(u,0) — o(t,0) — 0 (i, 0) (u — 1) — og(a, 0)(6 — ) '



5 Application to the constitutive theory of thermoviscoelasticity

In this section we perform the relative entropy calculation for the system of thermoviscoelasticity
in several space dimensions. This calculation is an extension of that in Section 4 as the system
of thermoviscoelasticity when restricted to one-space dimension (when restricted to the particular

case of Stokes viscosity and Fourier heat conduction) produces precisely the system (4.1).

5.1 The constitutive theory

The requirements imposed from thermodynamics on the constitutive theory of thermoviscoelasticity
were developed in [6, 7] and a summary can be found in [10, Sec 3.2]. The constitutive functions
depend on the deformation gradient F', the strain rate F , the temperature # and the temperature
gradient ¢ = V60, hence the name thermoviscoelasticity. The elastic part is generated by a free

energy function :

¥ =1(F,0),
n= SR,
or ’ (5.1)
= -Y(F
77 69 ( ’0) ’
e =1 +0n;
note that (5.1) imply the Maxwell relations
Sia Sia 2 %;
%o Oy i 0% 0%jp (5.2)

00 ~  OF.  0F;5 O0Fa0Fs OF,

The total stress is decomposed into an elastic part ¥ and a viscoelastic part Z = Z(F, 0, g, F)
where ¥ and Z are both symmetric tensor valued functions, Z(F,6,0,0) = 0 so that ¥ is indeed

the elastic part, according to the formula

S =%(F,0)+ Z(F,0,9,F)
_ :
Q=Q(F.0,9,F).

Moreover, the heat flux @) and the viscoelastic contribution to the stress Z have to satisfy
§9-Q(F,0,9,F)+F: Z(F,0,9,F) >0 Y(F,0,9,F), (H)

which along with (5.1) guarantee consistency for smooth processes with the Clausius-Duhem in-
equality [6, 7].

Here, for simplicity, we place the additional assumption Z = Z(F, 6, F) and Q = Q(F, 6, g), that
is Z is taken independent of ¢ and @ independent of F'. Then condition (H) implies Q(F,0,0) =0,

32



Z(F,0,0) =0, and accordingly (H) decomposes into two distinct inequalities decoupling the thermal

from the mechanical dissipation
1g-Q(F,0,9) >0 and F:Z(F,0,F)>0. (H')

In summary, the system of thermoviscoelasticity reads
F, =V
w=div(E+2)+ f (5.4)
K(EvfP +e)=diviv-S+v-Z)+divQ +v- f+7.
where z stands for the Lagrangean variable, div is the usual divergence operator (in referential
coordinates), while J; stands here for the material derivative. Smooth solutions of (5.4) satisfy the

energy dissipation identity
e=Vou:(2+2)+divQ +r

and, using the constitutive hypotheses of the theory, one arrives at the entropy production identity

. Q 1 1 ‘ r
3tn—dlvgzﬁv9‘Q+§Vv.Z+g. (5.5)
5.2 The relative entropy identity
In a similar fashion to Section 4.1, we set
F F Z(EH)
U=|v | erP*TH A®U) = v , GU)=| ¢
¢ 0% +e(F,0) —1

where the tensor F € RY is viewed as a column vector in forming U, while 3 is determined by (5.1)
and is viewed again as column vector. We impose eg(F,6) > 0, so that A(U) is globally invertible,

and set
ﬁ(U) = _n(Fa 0)3
where 7)(U) is the mathematical entropy and 7n(u, §) the thermodynamic one. The relative entropy

is defined by the formula

AU|O) = —n(F,0) +n(F,8) - %(i,@, 1) (F —F,v—1, e(F,0) + Lvf2 — e(F,0) - g|@|2)
D 2 [0 (R 01F,0) + Yo — o + ((F,0) = n(F,0)(0 - )]
(5.6)
e G(F,01F,0) = 9(F,0) — p(F,0) — 22(F,0) - (F — F) — 22(F,0)(0 - 0)
A a0’ (5.7)
:w—w—Z:(F—F)—i-ﬁ(Q—H)



with ¢ = ¢(F,0), n = n(F,0) and so on. We again note that

2 2 (5.1) %¢FF (1] 0
V2i(U) — G(U) - VEAU) ‘= 0§ 0
0 0 §779

and the positivity for the matrix V2j(U) — G(U) - V2A(U) is equivalent to the usual Gibbs ther-
modynamic stability conditions ¥ pr > 0 and ng > 0.

We next follow Section 4.2 adapted to the present multi-dimensional case. Similar calculations
can be found in [8] for the case when viscosity and heat conduction are absent. Let (F,v,0) and
(F,,0) be two smooth solutions of (5.4) with temperatures § > 0 and 6 > 0 that satisfy (5.5).
We subtract equations (5.5) for the two respective solutions, multiply by 6 and rewrite the result

in the form

o0~ + 50) + v (12— 19) = ~@d)n— )+ .0 (% - D) .
Vo:Z Vi:Z VO-Q VO-Q\ s T '
_9< o 0 ) 9( Z 02 ) G —5)

Next, write the difference between equations (5.4) for the two solutions, multiply the resulting

identity by (—X;q, —0;, 1) and perform some re-organization of the terms to obtain
at( — Sia(Fia — Fia) — 0i(v; — 0:) + (e + Lo2 — & — %W))
+ 0 (01 = 5)ia + 0B — Sia) = ViZia + 1%
~(0Zia)(Fia — Fia) = (8:9)(vi = T5) + (0aZia) (vi — 0;) + (0aTi) (Zia — Bia) (5.9)

+ (=) (Zia — Zia)ao + (fi = 1))

+ 0001 Zia = 0:Zi0) + 0(Qa — Qu) + (r=7) + (v- f — - )]
We then combine (5.8), (5.9) and the identity

— (040 — OaZia) (Vi — ;) = —0a[(vi — Vi) Zia) + (Davi — Oa¥i) Zia — (vi — U;) fi

together with (5.6) and (5.2) to obtain

Ou[W(F.6|F.0) + (n—7)(6 — ) + Flv— 3

= —0: [n(£.6) = n(F.6) +

+ (Fjg)t { is(F.0) = Xp(F,0) —

=, (F,0) (0 —0) - (Fjﬂ)t@( ) (0-0)+Lh+DL+1s

= —(0)n(F,0|F,0) + Fy : B(F,0|1F,0) — (0:7)(0 — 0) + [1 + [2 + I,
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where we have set
- o 0% -
N O1F,0) = n(F,6) = (P, 8) + "1 (F,0)(Fia. — Fia) — 50
_ 0Yi0 , = = _ 0235 _ _
Jﬁ(F)G) 3F]5 (F,Q) (Ea ch) 69 (F,H) (0 9)7

JB(F 9|F 9) —ng(F 0) —

and
Ilzvzq‘;:(Z—Z)—9_< i
IL=v0. <§_§> 0—<V992Q wng)’ (5.12)
B=(-9)(f=D+@-1-0(5-7)
Next, note that identity (5.5) yields
—(0)(0 — 0) = (Qe“(e 9)) an (0 — ) — [92% Q+ w Z4+7 s|o-0.
The latter, together with (5.12), allows to rewrite (5.10) in its final form
01 (V(F,01F,0) + (n— )0 — 0) + Fv — 7I*)
~div((w-0)-(S+2-5-2)+ (0-0) (T~ )
= —0; U(F76|F7 7) + _t : E(F79|F7 é) (5.13)
Vo Vo\ (Z Z Q .Q\ (VO Vb
~00(5-5) (5-3)- (9_9_99> (7 -7)
F@-0)-(F=DN+O-0(5- 7).

and provides the relative entropy formula for the system of thermoviscoelasticity (5.4). In (5.13)

the effect of viscous dissipation and heat conduction is captured respectively by the terms

()5
o= (2 (-9

Remark 5.1. The same relative entropy formula is derived when we compare two constitutive the-

ories that have the same thermoelastic part but different viscoelastic and heat conduction formulas

N, i=1,2,

Indeed, given two constitutive theories
ZZ' = Zi(F,Q,g,F

w2:¢Z(F10)1 Ql:QZ(F797g)7
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such that 1 (F,0) = 1o(F,0) =: ¥(F,0) but Q1 # Q2 and Z; # Zy, if (F,0) is a smooth solution
associated to the first constitutive theory and (F,#) a smooth solution associated to the second,
then setting ‘

Q=0Q:(F,0,V0), Z=27(F,0,V0,F),

Q=Qy(F,0,V0), Z=2,(F,0,V0,F),
the two solutions satisfy the same relative entropy identity (5.13). In particular, this identity holds
when we compare a theory of thermoviscoelasticity to the formal limiting theory of thermoelastic

non-conductors of heat (by directly setting in (5.13) Q@ = 0 and Z = 0).

5.3 Convergence to the system of adiabatic thermoelasticity

Next, we consider the limiting process from the system of thermoviscoelasticity (5.4) for a New-
tonian viscous fluid with Fourier heat conduction in the limit £k — 0, u — 0 to the system of
adiabatic thermoelasticity. Let U = (F,v,0)T ¢ REFAHL g > 0, be a smooth solution of the
system of thermoviscoelasticity
F,=Vv
vy = div (X2 + p(F,0)Vv) (5.14)
A(3|v)* +e) = div (v S + p(F,0)v - Vo) + div (k(F, 0)V0)
satisfying (5.1), (5.3) for a Newtonian viscous fluid Z = p(F,0)Vv with Fourier heat conduction
Q = k(F,0)V0, n > 0,k > 0. Let U = (F,7,0)" be a smooth solution, satisfying § > § > 0 for
some ¢ > 0, of the equations of adiabatic thermoelasticity :
F, =V
v = div (g}ﬁ(F, 9)) (5.15)
O (L[vf? + ) = div (u : g;ﬁ(F, 9)) .
The latter system is obtained formally from (5.4) (with f = 0,7 = 0) and (5.1), (5.3) by setting
Q =0, Z = 0. In what follows we compare the two solutions U and U.
By Remark 5.1 using the identities (5.10), (5.12), and Z = 0, Q = 0, we derive the relative
entropy identity comparing the two solutions, (5.13), we can write
- Vo
)

a, (w(F, 6|F,6) + (n—1)(6 — 0) + o — @\2) — div ((u —0) - (S =T+ Vo) + (0 - Ok~

_ o o 2 0|2 0-veo
:—etn(F,eyF,9)+Ft:E(F,H\F,o)—euwg‘—ekvgz’Jruw-vwkv gv .
(5.16)

(It should be noted that if we were to start with a solution U = (F,v,6)T which is an entropy weak

solution of (5.14) then the above identity would hold as an inequality.)
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Throughout this section, we assume the usual Gibbs thermodynamics stability conditions,
Yrp >0, and 7y > 0. (G)
Before we proceed, lets give some remarks related to (G):
(i) Since eg = Ony > 0, it follows that VA is nonsingular. The map
U= (F,v,0)—~ AU) = (F,v,1[v]* + e(F,0))
is globally one-to one. We may invert the map V = A(U) and express U = A~Y(V).
(i) If we write H(V) = 7(A~'(V)), then a calculation as in Remark 4.1 shows that

(G) <= H(V) is convex in V. (5.17)

(iii) The positivity of the matrix V2)(U) — G(U) - VZA(U) is equivalent to (G).

(iv) The existence of entropy-entropy flux is guaranteed by the consistency of the theory with the

second law of thermodynamics.

Next, we place some growth hypotheses: For the internal energy we assume there is a constant

c> 0 and p, ¢ > 1 such that
c(|FIP+67) —c<e(F,0) <c(|FIP+6%) +c, V(F0) €cR>™ xRT. (a1)

For the stress ¥ and entropy 7 in (5.1) we place the growth restrictions

X(F,0)|

1=V
\F|P-}£Iql—>oo |F'|P 4 64 ' (a2)
In(£,0)]
———=0.
(P49 00 | F|P + 04 (83)
In the sequel, we employ the notation

so that @ H)(U|U) = I(U|U) and define the compact set
Paps={(F,0,0): |[F|<M,|[5|]<M,0<6<6< M}

where M and J are some positive constants. When employing this set, the constants are selected
so that the smooth solution U = (F,v,0)" takes values in T M,s- The following lemma establishes

bounds on I(U|U) that serve later for comparing two solutions U and U.
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Lemma 5.2. Assume that (F,v,0) € Tz 5 and that ¢(F,0) € C3 (R4 x[0,00)), n(F,0), S(F,0) €
C?(R? x [0,00)) satisfy the conditions (5.1) and (G). Under the growth hypotheses (a1), (ag)
and (a3), the following hold true:

(i) There exist R = R(6, M), K1 = K1(6, M, ¢) and Ko = K5(§, M, ¢) such that

HF o b1F.5.8) > 1K <|F\P:|_ 09 + yv|2> IF|P + 69+ 0]2 > R 6519
K2<]F —F 10— +|v— @\2) |FIP + 69+ |v]2 < R
for all (F,9,0) € T 5.
(i) There exists a constant C > 0
In(F,0|F,0) < CI(F,v,0|F,v,0) V (F,v,0) (5.20)
for all (F,9,0) € Ty
(iii) There exists a constant C > 0
|S(F,0|F,0)| < CI(F,v,0|F,v,0) ¥V (Fv,0) (5.21)
for all (F,v,0) € Tpr5.
(iv) There exist constants K1 and Ko such that
HF 0 b17.0.0) > 1 (|F —FIP+10— 07 + v — @|2) |FIP+ 69+ [v]2 > R 522

K2<|F PR |0—0P + v @|2) |FI|P + 69+ [v]2 < R
for all (F,9,0) € Tpr5.

Proof. Fix p > 1 and q > 1 and consider (F,9,0) € I'pzs. If we select the radius r = r(M) :=
MP + M9+ M?, it follows that Ty 5 C By = {(F,v,0) : |F[P+ 69+ |v|?> <r}. The proof is divided
into four steps.

Step 1. We rewrite the quantity I(F,v,0|F,v,0) as
I(F,U,G‘F,T),é) :e(F70) —¢(Faé) _wF(Fvé) : (F_F) _éﬁ(Fva)‘f‘%’U_@‘Q (523)

and proceed to estimate it for (F,v,0) € I'ps5. Using (a1) and Young’s inequality we obtain

I > min{e, 1} (|F[P 4 09 + |v|*) — C1|n(F,0)| — Co|F| — Cslv| — Cy
> Ki(|[FP + 67+ [vf*) — Ciln(F,0)| - Cs
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where K1 = 1 min{c, 1}. Using next (az), we select R > (M) + 1 sufficiently large such that
nlE ] Ky P q 2
I(F,v,0|F,0v,0) > ?(|F| + 07+ |v|*) (5.24)

for |F|P + 09+ |v|? > R and (F,,0) € Ty

In the complementary region |F|P 4+ 69 + |v|? < R, equivalently U € Bg, we use the expression

%I(F,v, 0|F,5,0) = H(U|U) = H(AU)|AD)) (5.25)
= H(A(U)) — H(A(U)) — Hv(A(U))(A(U) — A(U))
and recall that H(V) is convex in V = (F, v, E)” to get
I(F,v,0|F,5,0) = 0H(AU)|A(D))
> Urreli;lR {9va(A(U))} |A(U) = A(D)|? =: K2 A(U) = A(U)[?, (5.26)
§<O<M

where Ko := 0 ; rﬁ%g )HVV(V) > 0. Note that at this point we use the regularity assumptions of
€ R

¥ and n in (F,0). Next, we write

v-0l=| /01 LA AW) + (1= AD))] dr

5.27)
1 (
< / (Vi (A" (FAU) + (1 = 1) A0))dr| |A(U) — A(U)| < C|A(U) - A(D)|
0
1 —
where C' := sup / (Vi (A Y (TAWU) + (1 — 7)A(U))dr| < oo. Hence,
U€eBg,Uel 5 1/0
K .
I(F,v,0|F,v,0) > 6|U - U] for U € Bpg. (5.28)
Thus the proof of part (i) is complete.
Step 2. Now, using n = —g—}g and the expansion
we have
[n(F,0|F,0)| < [n(F,0)|+ C1|F|+ Ca0 + C3
for all (F,0,9) € I'jr5 with C; constants depending only on I'jss. It follows by (a3) that
F,0|F,0 F,0|F,0
lim sup In(E6|F, 6)] = limsup n(F, O, 6)] 5 = (5.30)
|Flp+69—00 | F|P + 09 |Flp409-+]of2—00 | F P+ 09 + |v]
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Using (5.29) and (5.30) and selecting R > (M) + 1 sufficiently large, there exists C' > 0 such that

C(|F|P+ 07+ |v*) + C for |F|P + 67+ [v|> > R

_ _ , 5.31
C(|F—F?+10—0>+v—2?) for |[FP+61+|v]*> <R (5:31)

\MRmFﬁHS{

for all (F,v,0) and for (F,v,0) € I'rrs € By Note that the same R can be used in both bounds
(5.19) and (5.31) by adjusting the constants in these bounds. Hence, we conclude

In(F,0|F,8)] < CI(F,v,0|F,5,0).

0
Step 3. Similarly, using ¥ = a—;ﬁ and the expansion

S(F,0|F,0) =%(F,0) — X(F,0) —vp(F,0): (F—F)—s(F,0)(0—0), (5.32)

it follows by (a2)
S(F,0|F,0
lim sup Z(F01F,0) =0. (5.33)
|Flp+0a—occ | F[P + 01
and we proceed as in Step 2 to prove part (iii).

Step 4. To show (iv), recall that (F,9,0) € I'y;5 C B,. We then have

|F —FIP 410 — 0|94 v —0|* < (|F| + M)? + (6 + M)? + (Jv| + M)?

Since )
Fl+M)?+ 0+ M)? M
i  (FLE M+ O M0+ (ol M0
|F|P+69+|v]2—00 [F'[P + 67 + [v]
we may select R such that
|[F—FP+10—0|"+|v—2]* <2(|]FP +0¢+ |[v|*) for |[FPP+6%+v]*>R (5.34)
Equation (5.22) follows by combining (5.24) with (5.34) and the proof of Step 1. O

Now, we state and prove a convergence result recovering the smooth solution U of thermoelastic
nonconductors of heat from solutions of (5.14) as p, k — 0+4. From here on, we denote the solution
to the system of thermoviscoelasticity by U** = (F,v,0)7 to give an emphasis on the dependence
of the solution on the functions p = p(F,0) and k = k(F,0). We note that the dependence of the
solution U** = (F,v,0)T on u and k will be specified on the state vector U** and for convenience
we drop it from the components F', v and 6. As before, to avoid technicalities, we work for now in

the spatially periodic case with domain Qr = T¢ x [0,T) for T € [0, o0).
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Theorem 5.3. Let UF be a strong solution of the system of thermoviscoelasticity (5.14) satisfying
the constitutive relations (5.1), (5.3) with

Z = u(F,0)Vo, Q=k(F,0)V0,

defined on a maximal domain of existence Qr~, and let U be a smooth solution to the system
of thermoelastic nonconductors of heat (5.15) defined on Qr, 0 < T < T* and emanating from
initial data U(’)“L”C and Uy, respectively. Assume that Hypotheses (G), (a1), (a2) and (ag) hold true
and suppose that U € Lars for some constants M > 0 and 6 > 0. Then there exists a constant
C = C(T) such that fort e (0,T),

T s ) s 2
/I(U“’k(t)|U(t))dx <C (/ I(U(’f’k\Uo)dx+/0 /HZES;|VQ7(5)|2+1<;|V:((S))| dxds) . (5.35)

Moreover, if

\M(F79)9| < MO|€(F> 9)’7 |k(F7 9)‘ < k0|€(F, 9)‘ ) (Hu,k)

then for every data satisfying liI%Jr/I(UéL’k\UO)dm =0, it follows
Ho—
ko—0-+

sup /I(U“’k(t)]U(t))da: —0 as o, ko — 0+ . (5.36)
te(0,7)

Proof. Integrating the identity (5.16) and combining with the estimates (5.20) and (5.21) of Lemma

5.2, we get
<[ 1(F,v,01F,5,0) daz+/0 Vol | VO 4, <
dt o g 0 =
_ _ _ _ Vol |V
< [ 10dio(E 0P 01+ 15 EF Dl do+ [ pvelvel+x T T g,

<C/\IFU 9\FU€]d:B+</9,u ) (/M§IV17]2dx>
/2 2 1/2
5 [VO[2\! / Vo)
—i—(/@k 02 k 7 dz

2 2 9
SC/H(F’”’e'F’ﬁ’é”d“r%/@ <MWU’ + 1Y ) dx+§/u V5 |2+k9|v90| dz

0 Z
(5.37)

for some constant C' = C(|04|, | F;|). Hence, Gronwall’s inequality gives

/ TU™ ()| (1) )dr < et / (Fo. 60l Fo, B0) + Yoo — Tol? + ((Fo. 6) — n(Fo, Bo)) (6o — fo)dz
t s n s 2
+ %/0 eCt=) [/ ,uggsi]VE(s)F + k:‘v;((s)ﬂ d:n} ds
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and (5.35) follows. Last, uniform energy estimates are obtained by integrating the energy equation

(5.4)3 which, for periodic boundary conditions and for r =0, f = 0, gives
Lo
—|v]* +e(F,0)dx < C.
Td 2

Hence, if (H, ) is satisfied then combining the above with (a1), we arrive at [|u(F,0) 0(¢)| 11 (pay <
po K and [[k(F, 0) L1 (1ay < ko K for all ¢ € [0,7T] and K is some uniform positive constant. Taking
the limit in (5.38) as po — 0+ and kg — 0+, (5.36) follows. O

Remark 5.4. One can check by direct computation that Hypothesis (Hs), assumed to prove the
convergence of the zero-viscosity limit for general hyperbolic-parabolic systems (1.4) in Theorem 2.2,
does not lead to the elegant condition (H, ;) imposed on the parameters p and k& of Theorem 5.3.

To obtain this condition one needs to work out the special case.

5.4 Uniqueness of smooth solutions in the class of entropic measure-valued
solutions

In this section, we consider the system of adiabatic thermoelasticity (1.1), determined via the
constitutive theory (1.2) for some Helmhotz free energy function ¢ = (F,0), subject to the
entropy inequality (1.3) for weak solutions.

Let U = (F,v,0) be a weak solution of (1.1) satisfying the entropy inequality (1.3) and let
U = (F,v,0) be a strong solution to (1.1). The latter necessarily satisfies the entropy identity

On(F,0) = (5.39)

Syl

In Section 5.2 we showed that U and U can be compared via the relative entropy inequality
d <I(F,v, 0|F, 7, é)) — div ((v —7) (D - i)) < —0,y(F,0|1F,0) + F, : S(F,0|F,0).  (5.40)

In this section we establish an analog of (5.40) valid for entropic measure-valued solutions and
eventually establish the uniqueness of classical solutions in the class of dissipative measure—valued
solutions for the equations of adiabatic thermoelasticity (1.1). This theory will be the analog of the
general theory in Section 3 when specified to (1.1). However, there are some important differences

in the treatment of concentrations, and Theorem 3.2 does not apply directly and has to be adapted.

5.4.1 Entropic-mv solutions for adiabatic thermoelasticity

An entropic measure-valued (mv) solution for (1.1) consists of a Young measure v = (Vz.t){(z.1)c07}

a non-negative Radon measure p € M™(Qr) describing concentrations and functions (F, v, ),
F= <V(z,t)7 )\F> ) v = <V(x,t)7 )\U> ) 0= <V(x,t)7 )‘9>
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with F € L®(LP), v € L*°(L?), § € L>(LY) that satisfies in the sense of distributions the averaged

equations
at<1/, )‘F> = V<V7)"v>

at<V7)\v> = div <V32(>\F>>\9)> (5.41)
6t<<u, L2+ e(Ar, M) + u) = div (i, Ao - S(Ap Ag)) + (v, 1)

and the averaged form of the entropy production equation

2 (5.42)

Some justification of the above definition is needed: Typically mv-solutions of (1.1) will appear

(v, n(Ar, \g) > (v,

as limits of some approximating problem like the system of thermoviscoelasticity. The natural
available bounds are provided by the energy conservation equation (given some mild hypothesis on
the energy radiation term r which for simplicity is assumed here as a given bounded function). It
leads to the bound

/W e(F*,0°) + Lo Pdz < C (5.43)

where ¢ stands for the approximation parameter. Under the growth assumption (a;), the uniform
bound (5.43) in turn yields that F€ is uniformly bounded in LP, v® in L? and 6° in LY, with p, ¢ > 1.
The family generates (along subsequences) a Young measure v = v, ,,y that characterizes the weak
limits (e.g. [30, 2]). The action of the Young measure is well defined for functions that grow slower
than the energy and characterizes their weak limits:

wk — lim f(F<,0%,6%) = (v, f(Ap, Ap, Ng))

5.44
V continuous f such that lim BACYE )\2’ Ao)l =0 (5:44)
IAFIPHA 2+ () 700 [AR [P + | Au]? + (M)

We impose the growth assumptions (ag) on the stress, (a3) on the entropy and in addition the

growth restriction

lim 5
|Fp409-+[v2| =00 | F|P + 09 + |v]
on the power of the stresses. With these restrictions all the actions of Young measures appearing

in (5.41) and (5.42) are well defined, except for that on the total energy.

=0, <a4)

Classical Young measures do not suffice to characterize the weak limit of e(F*, 6°)+3|v°|? due to
the appearance of concentrations. This problem is undertaken by DiPerna and Majda [13] and leads
to the introduction of generalized Young measures with concentrations; a general representation
theorem is obtained by using the recession function, see Alibert-Bouchitté [1]. Let £ be an open
subset of R" and {u,} a bounded sequence in L!(£2;R™). The goal in [13, 1] is to represent weak

limits of the form

lim | o(y)g(un(y)) dy

n—oo Q
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for ¢ € Cp(Q2) and for test functions g of the form

9(&) = g(§)(1 +[¢])  for some g € BC(R"),

where BC(R™) denotes the bounded continuous functions on R"™. We list below the representation
result and refer to [13, 1] for details and to [3] for a quick presentation that can serve as an

introduction to the subject. Define
Fo={h € BC[R"): h>(¢&) = le h(s€) exists and is continuous on S"~! }

Fi={geCR"): g(&) =h(E)A+[¢]) forheFo}.

(I{rec)

Given X a locally, compact Hausdorff space, let M(X) denote the Radon measures on X, M (X)
the positive Radon measures, and Prob(X) the probability measures. Given a Radon measure A on
Q set P(\; X) = L5y (dA;Prob(X)) be the parametrized families of probability measures (vy)yecn
acting on X which are weakly measurable on the parameter y € Q. When A is the Lebesgue
measure we denote P(\; X) = P(Q; X).

Theorem 5.5 (DIPERNA AND MAJDA [13], ALIBERT AND BOUCHITTE [1]). Let {u,} be bounded
in LY(Q;R™). There exists a subsequence {un,}, a nonnegative Radon measure y € M4 () and

parametrized families of probability measures v € P(;R™) and v™ € P(\; S 1) such that

oo 00

g(un,) = (v, 9) + (>, 0%) . weak-x in M(Q)
for g € Fy.

The theorem is applied to represent the weak limits wk — lim f(F*¢, v, 6%), where the family
(F©,v®, 6°) satisfies the uniform bound (5.43), e(F, 6) grows according to (a;), and f is a continuous

test function with growth
f(F,0,0)| <CA+|FP+vf>+69) FeR™ ver? hecRrRT.

To this end apply the change of variables (A, b, c) = (|F|P'F, |v|v, 87) € R¥? x R? x RT to the test
function f and define

f(Fv,0) = g(|F‘p_1F, |v[v, 09)
The test function g(A, b, c) satisfies the growth hypothesis |g(A,b,c)| < C(1 + |A| + |b] + ¢) and

Theorem 5.5 is used to represent the weak-* limits for test functions g satisfying (Hyec):

g (A, b,c) = lim 9(s4, 5b, sc)

ists and i ti for (A, b d*+d _
5 T s(A| + 8] + o) exists and is continuous for (A4,b,¢) € S N{c> 0}
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There are probability measures N ;) € P(Qp; R+, NG,y € P(Qp; ST*) and a positive
Borel measure M € M™% (Qr) such that

g(Ana bna Cn) - <N) g()‘Av )‘b) )\c)> + <N007 goo()‘A’ )‘b7 )‘C)>M .
This in turn implies

f(Fn, Un, Qn) — <I/, f()\F, )\v, )\.9)> + <I/OO, foo()\p, )\U, /\9)>M (545)

where v(; ;) and V‘(Dtox) are defined via

(W, FOF v M) = (N, g(IAr P A, Aol A, (A0)D)) (5.46)
(L, F(Ars Av, 20)) = (N, g (AR~ AR, (Aol Aw, (A0)?))
Formulas (5.45), (5.46) are applied to represent the weak limit of the total energy e(F, 6)+ 3|v?|.

It is necessary to assume that the recession function

1 1
1 e (sPF,s‘I¢9> + 3slv?
F,0)+ = [v[*)™ = i
(6( ) )+ 2|U’ ) Sgrolo 1+5(’F|p+9q+ |U|2) (a5)

exists and is continuous for (|[F[P~LF, |v|v,07) € ST+ N {c > 0}
and the theorem gives that along a subsequence
: e pe 1 €12 1 2 00 1 PARS
wk—*—hm(e(F ,0%) + §|U | ) = (v,e(Ap, Ng) + §|)\1,\ )+ (v, (e(Ar, Ng) + §|)\v| )YM (5.47)
Due to the hypothesis (a1), we have (e(Ap, Ag) + 5|Av[?)™ > 0 and thus
1 o0 —
p= (v, (e(Ar, Ng) + §|)\v’2) )M € My (Qrp).

The representation formula (5.47) justifies the nature of the definition of entropic-mv solutions for
the equations of adiabatic thermoelasticity, as it pertains to the format of the energy conservation

equation (5.41)s.

5.4.2 The averaged relative entropy inequality for adiabatic thermoelasticity

The objective is to compare an entropic-mv solution with the strong solution (F, v, 0). Motivated

by (5.6) and (3.17), we define the averaged relative entropy

Hw,UU)=—(v,n)+i1—=: WA A\p—F) — = - (v, \, — 1)

|
Q>|‘ gl
| <

(5.48)
(v e M) + SN = e(F,0) = 322)) + )
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The reader should note that the formula, which now involves the concentration measure u, is easily

recast in the form
_ 1 _
H(v,U,U) = 0<<u T(Ar, Aoy M| P, 5,8)) + )

where  I(Ap|U) = I(Ar, Ay, M| F, 5, 0) (5.49)

= (Ap, M| F,0) + (n(Ar, Xg) — n(F,0)) (Ao — 0) + 3|Xy — 0]

and Y(Ap, A\g|F, 0) is given by (5.7).
Using equations (5.41), (5.42) for (A, Ay, Ag) and (1.1), (5.39) for (F,,0), we obtain

—§8t<1/,77()\p,)\9)— F 0_)>—iat<l/,)\F—F>—@at< )\ >
+ 00 (v, e, M) + 3 = e(F,0) — LJol) +
<=E:VW, A —0) —0-div(v,E(Ap, Ng) — Z(F,0))

+ div <u,)\v YO, N) — 7 B(F, 9)> - 0<u, Aie - g> o — 7).

This inequality is understood in the sense of distributions, meaning that one multiplies by a test
function ¢(z,t) > 0 and integrates by parts; this is possible since (F',7,0) € W and since p is a
measure, exploiting the fact that there is no multiplier in the term coming from the energy. Next
we integrate by parts, exploiting again the fact that (F',v,0) is a strong solution, and take account

of (5.49), to derive the inequality

a, [<u, I(0|0)) + u} — div (v, Ay — 0) - (S(Ap, Ag) — B(F,0)))
8t <V )\F,)\@) (F,§)>—8t§_] <V7)\F—F>—at17'v<y,)\v—@>

WA —0) - divE + (0, S(Ap, Ng) — B(F,0)) : Vi — §<u, Ai - %> +v,r—7)
0

<-4 <u,n(AF,)\9|F,§)> IO <u, E(AF,A9|F,§)> + <u, (Aie - %)(Ag - é)>. (5.50)
The last inequality follows from (5.7), (5.2), (5.39). The derivation is analogous to the one leading
to the derivation of (5.13) and is omitted. The final identity (5.50) is the averaged version of
the relative entropy inequality comparing the entropic measure valued solution (5.41), (5.42) to
a Lipschitz solution U. The reader should note how the concentration measure x enters in both
(5.42) and (5.50).

Next, we establish the recovery of classical solutions from entropic measure—valued solutions as
defined above in the framework of adiabatic thermoelasticity. The theorem should be contrasted
to the theory for general hyperbolic systems in Section 3. Interestingly the example deviates from
the workings of the general theory with respect to the function of the concentration measure. For

simplicity, from here and on, we set r = 7 = 0 and denote by (U, v, u) the entropic mv solution
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to the system of adiabatic thermoelasticity with associated Young measure v and concentration
measure g € M as constructed in Section 5.4.1.

The result is the following:

Theorem 5.6. Suppose that (G), the growth assumptions (a1), (az2), (as), (as) and hypothesis
(as) hold true. Let (U, v, ) be an entropic measure—valued solution to (5.41), (5.42) subject to the
constitutive assumptions (5.1) with r = 0. Let U € WH*(Qr) be a strong solution to (1.1), (5.39)
with 7 = 0 such that U € Cas, Yz, t) € Qr for some M > 0 and § > 0.. Then, if the initial data
satisfy po = 0 and vo, = dg,(x), it holds v = 6 and U = U almost everywhere on Qr.

Proof. We use the average quantity (5.49) which satisfies the inequality (5.50) in distributions.
Let {&,} be a sequence of monotone decreasing functions, with &, > 0 ¥n € N, converging to the
Lipschitz function £ given by (3.25) as n — co. We multiply the inequality (5.50) by ¢(z,7) =
&.(1) € CL([0,T7), and get the integral relation

/ / dg” )\U|U)> dwdr + M(dwdﬂ} >
/ En(r) =0 (v, n(0p, M| 0)> +F <u, S(Ar, M|, 9‘)>}]dmd7 (5.51)
/gn (v, T(Aup | Do) >d:c+p0(dx)} ,

for all n € N. Passing to the limit as n — oo and then € — 04, we arrive at

/<I/ IAuw|U () dx<C’/ / v, I(A\yn|U(T ))>dmd7+/ [<V,I()\UO]UO)>dx+u0(dx)
(5.52)
Indeed, the above estimate holds true because p > 0 and |[p(Ap, M\g|F,0)] < CI(Ay|U) and
IX(Ap, M| F,0)] < CI(Ay|U). by Lemma 5.2 since U € T'yy5, V(z,t) € Qr and (a1), (az) and (ag)
are satisfied under the constitutive theory (5.1). For data with p, = 0, applying Gronwall’s in-

equality we conclude

/(v,]()\U(t)|U(t))> dz < et / (v, I(Auy|Uo)) da . (5.53)
The proof follows easily by (5.22). O

Remark 5.7. We conclude with remarks concerning the current status of such theorems in Eulerian
coordinates. As already noted in [9], relative entropy calculations are available in Eulerian coordi-
nates. A new difficulty arises, even for the definition of measure-valued solutions, when attempting
to represent the weak limits of fluxes under the available energy estimates. Assumptions like (ag)

or (a4) although valid for the Lagrangian fluxes are violated for the Eulerian fluxes. A technique
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to overcome this difficulty using the recess function to represent the concentration measures works
well for isothermal systems, see [3], [19]. For non-isothermal systems, a remedy is to substitute the
notion of entropic measure-valued solution by the notion of dissipative solutions, which is based on
an integrated (in space) form of the energy identity thus avoiding to represent the fluxes, see the

recent work [4] concerning the system of gas dynamics in Eulerian coordinates.

A Useful Lemmas

Here, we adapt an idea from [11] which leads to useful bounds for the relative entropy and the
relative stress when u is restricted to take values in By under the growth restrictions (A1), (As)
and (Ag) on the constitutive functions n(u), Fy(u) and A(u). These bounds have been used to
establish the uniqueness results of Section 3 and also to interpret the relative entropy as a “distance
formula”.

Using (2.12), (2.15) the relative entropy is expressed in two forms :

) — H(A(u)) = (Vo H)(A(u)) (A(u) — A(w)). (A1)

As H(v) is uniformly convex on compact subsets of R", it follows
n(ula) >0 for u,u € R, u #u
with n(ula) = 0 if and only if A(u) = A(u) and, by (H;), if and only if u = a.

Lemma A.1. Let (Hy), (Hg), (Hs) and the growth assumptions (A1), (Az) and (As) be satisfied,
and let uw € Byy. There exists R > M and constants c1, co > 0 depending on M such that

N2 _
_ ci|A(u) — A(@)|”  Jul < R, [a] <M
n(ula) = | | , (A.2)
e2n(u) lul > R, |a| < M
Moreover, there exists a constant C3 depending on M such that for each o =1, ...;d
|Fo(ulu)| < Csn(ula) foru € R™, u € By . (A.3)

Proof. Observe that (A.1) gives

n(ulu) = n(u) —n(u) - G(a) - (A(uv) — A(a))
> n(u) — C1 — Ca A(u)| for u € By .
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Using successively (Asz) and (A;) we select R > M sufficiently large so that

A@W)] < —=1(u)

— 20, |u| >R (A'4)
4Cy < n(u)
Then
1
n(ulu) > Zn(u) for |u| > R, u € Byy.

On the complementary interval |u| < R, u € By, we employ (A.1)s. Hypothesis (H3) states

that H (v) is uniformly convex on compact subsets of R™, hence
| A(u) — A@)? < n(ula) < C|A(u) — @) for |u| < R, (A.5)
since u € By; C Bpr, where

c= inf (ViH)(A(x)) >0,  C= sup (VaH)(A(z)),
|z|<R |z|<R

and (A.2) follows. Let us also note that on account of (H;) there are constants ¢ and C' such that
clu —al* < n(ula) < Clu — al? for [u| < R, u € By C Br. (A.6)
Indeed this follows easily using the mean value theorem,
Au) — A(@) = (/01 VA(tu+ (L~ t)a)di ) (u — ) = VA u+ (1~ 7)) (u — )

for u,u € Br and the invertibility of VA(u).
Coming next to the proof of (A.3), observe that (2.19) is estimated for w € By as follows:
[Fa(ul@)] = [Fa(u) = Fa(@) = VE(@)VA(@) ™ (A(u) - A@))
< |Fo(u)| + Kq]|A(u)| + Ko

In view of (Az) and for R as selected in (A.4) we have
|Fo(ula)| < Ksn(u) for |u| > R, u € Byy.

On the complementary region
|Fa(um)| < |Fa(u) - Fa(ﬂ) - VFa(ﬂ)(u - ﬂ))|
+ |VF(u)VA(@) ' (A(u) — A(a) — VA1) (u — a))|
< Ky4|A(u) — A(a)|? for [u| < R, u € By,

and we conclude via (A.2) that (A.3) holds. O
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There is also a variant of Lemma A.1 that indicates the relation of n(u|z) to a norm for 4 € Byy.

Lemma A.2. Under the hypotheses of Lemma A.1, one may select R > M + 1 and constants ¢1,
¢y depending on M so that

12 _
Sl > {q\u—u\ jul < .|
- |

A7
alu—af |ul R A7

Proof. The proof proceeds as in Lemma A.1 up to the point of selecting R > M using formula
(A.4) such that
1
n(ulu) > Zn(u) for |u| > R, u € Byy.

By Hypothesis (Aj), we may select R so that
n(u) > %Mp for |u| > R.

In addition, we select R even larger (if necessary) so that for u € By and any |u| > R

—qlp M
fu—al” <1 N i)p <9,
Jul? [ul
Combining we conclude
1
n(ult) > () > Dl > P —alp > R e By

On the complementary interval |u| < R, 4 € B)s, we have as in Lemma A.1
n(ulw) > c|A(u) — A(a)[? for |u| < R, u € By,

where ¢ = ‘ i|nf (V2H)(A(z)) > 0. Using the mean value theorem we have for u, % € Bg
z|<R

1
A(u) — A7) = (/ VA(tu + (1 — t)a) dt) (u—1a) = VAt u+ (1 — t*)a) (u — a)
0
and by (I,),
lu —a| = ‘VA(t*u + (1 —t")a) H(Au) — A(a))\ < C*|A(u) — A(a)|

what completes the proof of (A.7). O
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