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Chapter 1

Introduction

In the area of Computational Geometry, Voronoi diagrams are one of the most studied
and researched topics, having numerous applications in various fields of science, ranging
from epidemiology (sources of infection) to computer graphics, and from ecology to au-
tonomous robot navigation. In the present work, based upon [3], we present the InSphere
predicate, allowing us to determine the position of a query sphere in three-dimensional
space relative to the tangent sphere of four given spheres.

Initially we present the abstract ideas, as well as practical results in two dimensions.
Later on, we generalise our concepts in three dimensions and give a concrete result for the
problem at hand.

1.1 General Discussion

We first define what a Voronoi diagram is. Informally, it is a special decomposition of
a metric space into subspaces. In the simplest case, it is the partitioning of a plane into
n convex regions in such a manner that each region 7, contains exactly one (generating)
point p,, and every point in 7; is closer to p, than any other point on the plane.

The convex polygons formed in the process are called Voronoi cells, and the set of all
Voronoi cells form the Voronoi diagram. A special case is the Apollonius diagram, also
known as the additively weighted Voronoi diagram, where the cells are defined in relation
to a common metric, modified by weights assigned to the generating points. The weighted
points comprising an Apollonius diagram can be represented by circles, the center being
the point itself, and the radius being the weight of the point. In three dimensions we can
think of the sites as spheres, where again the center corresponds to the center of the site,
and the radius corresponds to the weight of the given site. The terms site, sphere and circle
will be used without discrimination, as long as no confusion is introduced. We examine the
case where the metric is the Euclidean norm || - ||, and define the distance 0(p, B) between



Figure 1.1: A simple Voronoi diagram for a set of points (left, source:
http: //www.dma.fi.upm.es/mabellanas/tfcs/fvd /voronoi.html) and a sam-
ple  Apollonius diagram for a set of weighted sites (right, source:
http://www.cgal.org/Manual /latest /doc_html/cgal manual /packages.html).

a point p and a site B = {b,r} as:
6(p, B) = llp = 0|l =,
as well as the distance between two sites:
8(Bi, Bj) = ||bi = bl — 7 — 1.

Focusing on the case in two dimensions, to construct the Apollonius diagram of a given
set of sites, we need to be able to determine the relative position of a query site and a site
tangent to any three sites given from the initial set.

1.2 Inversion

The Inversion mapping is one of the basic tools presented in [3], and is also the basic
tool used in the present work. It is a transformation, a mapping which, so to speak, turns
a circle “inside-out”.

More formally, in two dimensions, let B;, B}, By be our three given sites, and let them
be contained in the complex plane Z. We define B}, v =i, j, k, to be the sites with centers
b, and radii 7} = r, — r;. It is obvious that r; = 0, and the other two sites may have
negative radii. We call the plane containing the sites B the Z* plane. The standard
inversion mapping

Z — Z
N P
between the complex planes Z* and VW maps circles on the Z* plane that do not pass
through z; to circles on the W plane, and circles that pass through z; on the Z* plane to
lines on the W plane.

This approach proves to be very efficient and simple. We will have a detailed look at
the inversion mapping in the next section, where an example is given.


http://www.dma.fi.upm.es/mabellanas/tfcs/fvd/voronoi.html
http://www.cgal.org/Manual/latest/doc_html/cgal_manual/packages.html

Chapter 2

The case In two dimensions

Please note that all the material in this chapter already exists in [3]. It is presented
here to better show how the third dimension is added to our setup and from where do the
results emerge.

2.1 General discussion

We have already said a few words about Voronoi diagrams and their applications. We
have also noted that to construct the Apollonius diagram of a given set of weighted points
(sites), we need to be able to determine the relative position of a query site B, with respect
to the circle tangent to three given sites B;, B; and Bj. More precisely, given B;, B; and
By, we assume that they define a unique common tritangent circle B; that has the following
properties:

e B, touches the three sites at the points ¢;, t; anf ¢;, and the triangle ¢;¢;t; is counter-
clockwise oriented.

e B, either lies in the complement of the union of the disks bounded by B;, B; and By,
or lies in the intersection of the three disks bounded by B;, B; and Bj.

Notice that, under the conditions above, B; does not always exist. If, however, it exists, it
is also unique. Moreover, we will assume that our sites are disjoint; this is not a restrictive
requirement; in fact, the analysis presented throughout this thesis carries over to the general
case, i.e., to the case where the sites can possibly intersect, or even have negative weights.

In the sequel we will not discuss at all the problem of existence of B;; we will consider
it granted that the circle B; exists, and we will focus on our actual predicate:

Do the disks bounded by B, and B, intersect?

This question is equivalent to asking for the sign of the expression 6(By, B,). There are
three possible outcomes to this question:
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Figure 2.1: Initial experiment setup (Z-space).

1. The sign of 6(B;, B,) is positive; in this case the disk bounded by B, does not intersect
the disk bounded by B; and the InCircle predicate returns outside.

2. The sign of §(By, B,) is zero; in this case B, is externally tangent to B; and the
InCircle predicate returns on.

3. The sign of §(By, B,) is negative; in this case the disk bounded by B, intersects the
disk bounded by B; and the InCircle predicate returns inside.

We will now demonstrate how the Inversion mapping can be employed to help us find
an easy and efficient way to answer the InCircle predicate. Later on, we will present the
mathematics behind the process.

The idea is quite simple, actually. To gain better understanding of the subject, we will
present an example. Let us consider the setup presented in Fig. 2.1.

As we can see, the site B; has the smallest radius, therefore after applying the trans-
formation ), = r, — r;,v = 1, J, k, there will be no negative radii. Subtracting the radius
r; from the radii of all sites, the setup is transformed into the state in Fig. 2.2.

Now, if we had a site tangent to the initial sites, after altering the radii it should remain
tangent to all three sites. This means that it would be tangent to the sites B; and By, in
Fig. 2.2, and pass through the center of the site B;, since its radius is now 0. This leads
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Figure 2.2: Setup after the transformation % = r, — r;, v = i, j, k (Z*-space).

us to the conclusion that if we apply the inversion mapping through the center of the site
B;, the tritangent circle would be transformed into a line tangent to the sites B; and By,
according to the theory. The site B; would then be situated at infinity.

There is another way to think about what the inversion mapping does. As we said, the
site B} is now situated at infinity, but the tritangent circle, should it exist, would continue
to be tritangent. Therefore, we can consider the site By to be a circle centered at infinity,
having a radius of infinity. So the site B, has such a big radius that when we “zoom in”
to be able to see the sites B} and By, we can consider it to be a line.

Having this in mind, consider another detail: given two circles, we can find four bitan-
gent lines — two internal and two external. Which one do we need to find? The answer is
quite clear if we remind ourselves that this is the line which comes from the transformation
of the tritangent site B;. It is then obvious that the sites B} and Bj must be situated on
the same side of the line, therefore we are searching an external tangent. To select one of
the two possible solutions, we define a orientation of the line, and request that there is a
concrete ordering to the sites. This provides for a unique solution of the problem, and as
we will see, it is the solution that proves to be correct.

So, following that train of thought, we apply the inversion mapping, and also find the
tangent line to the sites B} and B;; which satisfies the aforementioned requirements. The
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Figure 2.3: Inverted sites and bitangent line (W-space).

result is shown in Fig. 2.3.

What we now have is the line which corresponds to the circle tangent to our three
initial sites. According to what we discussed before, it would suffice to calculate the sign
of the signed distance of a point p from the line, instead of controlling whether the point
p is at the internal of the circle B;,. We will see later how this sign is defined and what
conventions we make.

To prove our theory that the line corresponds to the site we are searching, we will make
one last step and apply the inversion mapping to the line. It sends us back to the initial
space Z, and what it transforms into is a circle whose equation will be presented in a while.
Just below is the figure of the initial setup, along with the line mapped into the space Z
through the inversion mapping. We can very well see that it is indeed the tritangent site
we are in search of (see Fig. 2.4).

2.2 The DistanceFromBitangent Predicate

Now it’s time to become more formal and give austere mathematical explanations for

the previous discussion.
We define the site B = {b,r} = {(b,,b,),r} and the line L := ax + By + v = 0. The
signed distance of B from L is defined as follows:

axy + Byy + 7y

d(B,L)=46(b,L) —r, where 6(b,L)= N7
a

10
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Figure 2.4: Initial setup with the resulting tritangent circle (Z-space).

We consider three sites B;, B; and By, and the oriented line L;; which has the following
properties:

e [;; is tangent to both B; and B;
e B; and B; are to the left of L;;

e Moving in the positive direction of L;;, we encounter B; first and B; next

Our goal is to compute the sign of the distance of By, from L,;. This is more general
than what we discussed previously, as in the previous discussion we assumed that the point
p has a weight of 0, for simplicity. We will see how the task is affronted when we want to
check the situation of a weighted point in relation to the bitangent line.

Consider a;jz) + bjjyn + ¢;j = ra, A = ¢, to be the system of equations the bitangent
line satisfies. We need another restriction to be able to determine the coefficients a;;, b;;
and c¢;;, so we will use the condition a?j + b?j = 1. The computations necessary are present
in [3], and the resulting coefficients are as follows:

= Di. Dy + Dij\ /A
T+ (DY)

)
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DYDY — DA

b” B 2 2
(D5)"+ (DY)
o — DEDI + DYDY + DY\ /Ay
1] - |
(Dg)* + (DY)
where
Diu: Zi\ i ) D/s\f/: Zi ii ) S’te{%y,r}, A)ye{i’j},

and

Ay = (D5)"+ (DY) — (D))"

Taking into consideration the fact that a?j + b?j = 1, and substituting the above equa-
tions into the expression for §(By, L;;), we get the following result:

Di D+ DLDY + Dij/A

j ijk ijk N/ i
T oy
where
sy th 1
Dﬁw: Su ty 1, s,t € {x,y,r}, MNup,ve{ijk}.
s, t, 1

The sign of the quantity d(By, L;;) clearly depends solely on the numerator, so we need

to determine the sign of the quantity Df;D{j, + DJ; D + Difh\/Aij.
It is notable that the above quantity is of the form X+ XY , where Xo = D5 D) +

)

D%DZ/T X1 =D and Y = A;;. The sign of X, + X1VY can be determined as follows:

ijk? ijk
sign(X) ,ifY =0
sign(X1) ,if Xo=0
sign(Xo + X;1VY) = { sign(X,) X, =0
sign(Xo) , if sign(Xy) = sign(X;)
sign(Xy) sign(XZ — X?Y) , otherwise

where the function sign(X) returns the sign of the quantity X as follows:

1L X <0
sign(X) = 0 ,ifX=0.
1 ,ifX>0

We have shown that the answer to our initial question can be given by calculating
the above quantity. It is shown in [3] that the algebraic degree of the DistanceFrom-
Bitangent predicate is 6. We will now proceed to describe a setup in the 3-dimensional
Euclidean space and find a similar method to answer the same question in 3 dimensions.

12



Chapter 3

The case in three dimensions

To be able to affront the problem in three dimensions, we follow the logic we previously
discussed. We must generalize, however, so we need to redefine our setup and follow in the
steps presented in the previous chapter.

3.1 Problem formulation

Since we will be working in three dimensions, our sites will now be spheres. A site will
be defined as B = {b,r} = {(bs,b,,b,),r} and we will have four given sites B;, B;, By
and B,, in our initial setup. What we search is the relative position of another, query site
B,, with respect to the site tangent to out initial sites: we need to determine if the ball
bounded by the sphere B, that is tangent to B;, Bj, By, and B, is intersected by the ball
bounded by B,. As in the 2D analogue, this is equivalent to determining the sign of the
distance §(By, B,). This is our InSphere predicate, and as in two dimensions, it has three
possible outcomes:

1. The sign of 6(B;, B,) is positive; in this case the ball bounded by B, does not intersect
the ball bounded by B; and the InSphere predicate returns outside.

2. The sign of §(By, B,) is zero; in this case B, is externally tangent to B; and the
InSphere predicate returns on.

3. The sign of 6(B;, B,) is negative; in this case the ball bounded by B, intersects the
ball bounded by B; and the InSphere predicate returns inside.

Notice that the three spheres B;, Bj, By and B, can have may commonly tangent
spheres. Among those we are interested in those that satisfy the following conditions:

e The common tangent sphere B; either lies in the complement of the union of the
balls bounded by B;, B;, By and B,,, or lies in the intersection of the balls bounded
by the four spheres.

13



Z-axis

Figure 3.1: Initial experiment setup (Z-space).

o If t;,t;,tk, tn, are the points of tangency of B;, B, By, B,, with By, respectively, the
tetrahedron ¢;t;t,t,, is required to be positively oriented.

The sphere B; that satisfies the above requirements does not always exist; if it exists,
however, it is unique. Determining its existence is beyond the scope of this thesis. In what
follows we will assume that the four input spheres B;, B;, By and B,, are such that the
sphere By, satisfying that conditions above, is indeed defined.

As in the two-dimensional case, affronting the problem directly is quite difficult, more
so now that we have to deal with another dimension. We shall see that the inversion
mapping is a very handy tool and offers a simple solution.

3.2 Presentation

We saw in the previous chapter that the tangent site in two dimensions was “trans-
formed” into a line. Much alike, in three dimensions, the tangent site is transformed into
a plane. Therefore, following the same line of thought, instead of determining the position
of our query site in relation to our tangent sphere, we only need to determine its position
in relation to a tangent plane, which is much easier to find and calculate. It may be a little
too soon, but we will present some experimental results, and later on we will concentrate
on the theory.

Fig. 3.1 presents the initial setup for our experiment.

14
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Figure 3.2: Setup after the transformation r} = r, —r;, v =i, j, k, q¢ (Z*-space).

As in the previous procedure, we apply the transformation v} = r, — r,,,v =1, j, k, m.
Note again that the site B,, has the smallest radius, therefore the transformation will lead
to non-negative radii. Applying the transformation of the radii, our system falls into the
state shown in Fig. 3.2.

The next step is to apply the Inversion mapping to our whole system. Generalising
from the case in two dimensions, it is easy to see that we must apply the mapping through
the point b, the center of B} . Spheres that do not pass through this point will be mapped
to spheres on the W-space, and spheres that do pass through b, will be mapped to planes
in this space. Therefore, our initial system transforms into a system of three spheres, and
the site B}, now merely a point, is situated at infinity. Again, holding in mind that, should
we have a sphere tangent to our sites, it would be transformed into a plane (for reasons
discussed earlier), we proceed to find the tangent plane. Our results are shown in Fig. 3.3.

Now, to show that the plane we have found in the W-space corresponds to the tangent
sphere in the Z-space, we apply the inversion mapping to the plane. We can see in Fig. 3.4
that the results are quite what we hoped for.

So we conclude that the plane we found in the W-space indeed corresponds to the
sphere we are searching in the Z-space. Analogously, it is equivalent that we determine
the relative position of a query site B, to the tangent plane in the WW-space instead of the
tangent sphere in the Z-space. We will show how much simpler expressions we will have to
deal with and will present the criteria based on which we proceed during the computations.
We must also justify the selection of our plane: given three spheres in general position,
there are eight planes tangent to them: which one do we need to choose, and why? The

15
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answer follows in the next section.
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3.3 Application

Formally, we define the site B = {,r} = {(8s, 5y, 5:),r} and the plane II := ax +
by 4+ cz + d = 0. Now, the signed distance of B from II is defined by the relation
afy + 08, + B, +d

(B, 1) =6(B, 1) —r, where o(p,11) =
and a®*+b*+cf =1
Consider four sites, B;, Bj, By, By, and the (oriented) plane II,j, such that:
1. The centers of the sites B;, B; and By, are not collinear
2. I, is tangent to B;, B; and By,
3. B;, B; and By, are situated on the positive! side of 1L
4. Moving counter-clockwise on 1l;;, we encounter B;, B; and By, in this order

What we seek to compute is the sign of the distance of B, from II;;;. Let a;jrxy +
bijkyr+cijkzn+dijr =75, A =1,7,k, bethe equations of the tangent planes in question.
Assuming a3, + b7, + ¢, = 1, we have four equations to determine the four coefficients
@ik biji, Ciji and dijp, of the plane tangent to all three sites.

1
2
3

4

@ijki + bijrYi + Cijrzi = 1 — dijy
@iji®i + bijky; + Cijrzy = 15 — digk
@ijkTh + bijrYr + Cijpze = T — dijk

2 2 2
Qe + b+ Cije =1

o~ o~ o~
~— — ~—— “—

From the first three equations, it is easy to verify by Crammer’s rule that the following
solution holds:

yzr Yz xzr xz xyr zy
a = Dup — e, Dy —dDg o Dyp — dDiy
(YL TYz ) (YL xrYz ) 1)k xrYz I

Dyjy Dy Dy
where
Dr Syt sy th 1
pst st __ .o
Dy =1 su tu|, Diw =8 tu 1, Apvedlijk}, pstel{ryzr}

Pv Su by S, t, 1

From (4) we get that

(DU = dDy)" + (D3 = dD)* + (D = dDh)" = (Dif)”

ijk

!The positive side of II; ;5 is defined to be the half-space in the positive direction of the normal to the
plane, namely, the vector [a, b, c]”.

17



Expanding the squares and reordering the terms of the equation leads us to a second
order polynomial with respect to d:

[(Dg;k)Q + (D) + (Dfﬁc)Q] d* —2 DYDY + DI Dl + Dy D] d
+ [(D5)* + (D) + (D) = (D7)] = .

Considering the equation to be in the form Ad? + Bd + I' = 0 with

A= (D5)" + (D) + (D)
B — _2 [DyzrDyz + szr xz + DryTDfﬂJ

ijk —ijk ijk ~ijk ijk
I = (D) + (D) + (D) = (D)

and knowing that (a + b+ c)? = a® + b* + ¢ + 2ab + 2ac + 2bc, we employ the discriminant
identity A’ = B? — 4AT":
B = 4|(D5iD

YZT MYZ TYTYT HTY
+2ngk Dz‘jkDijk Dijk

)2 + 2DyZTDyZ DTET DHTZ

2 zzr yzz | 2 TYr MTY
)"+ (DI Dis) +(DijkDijk iik Yk Vijk Pijk

TZr T2 TYr MxryY
+ 2D2jk: DijkDijk Dzjk}

1Ar =4 | (DY DY;

5eD5) + (DEEDE) + (D DE)” — (D DL

+ (DyZTD?CZ)Q—i—( 2T xz)2+ (Dgcj;;ch:pz)Q_ (D?ﬁyZchz)Q

igk gk ijk ~ijk ijk igk ~ijk
2 2 2 2
YT MY T2r TYTY TYr My TYzZ MTY
+ (Dz]k Dzyk) + (Dwk Z]k) + (Dljk‘ Dljk) o (DZ]k Dljk’) i|

After eliminations and regrouping, we get that:

N =4 [(DEE DL + (DR DG) + (DI D)

2 2 2
ITZT yz .'I:y"' yz 'yZT xTrz
- ( ijk Dijk) B (Dijk: Dijk) - (Dijk ijk)
2 2 2
xyr xrz Yyzr xry €Tzr xry
- (Dz’jk Dijk) - (Dijk Dijk) - (Dijk Dijk)
yZT yZ €Tzr €Tz yZT' yZ wy?" .'L'y €T2ZT €Tz .'L'yT xy _
+ 2055, Dy Divi Diy + 2D55 D Dyjy Dyjy. + 2D Dy Dy Dijk] =
2 2 2 2 2
TYZ Ty Tz Yz T2r TYYZ YT Mz
4 [(Dijk) [(Dijk) +(D5)" + (D) ] — (D D, — Dy Digie) ™ =

— (DI DY, — DYDY

2 TYr Moz zzr YTy | 2
ijk ~ijk ijk zjk) - (D D — ijk ngk)

ijk Pijk

It can be proven that the following relations hold:
DD, - DD = DYDY,
DDy — DDl = DD

Dacle?c _ Dbed pac abcng

ijk ijk ijkYijk — Yijkijk

18



where a,b,c,d € {z,y,z,r}.
We are now able to proceed a little further in our simplification and A’ takes the form

)+ (D) + (D5)! — (D3) — (D5)* — (0)°]

2 Tz 2 z ) 2 xr 2 T\ 2 2T 2
; )+ (D) + (D) = (D)= (D) — (i)
or, equivalently, A’ = 4 (Dfﬁf) A, which will prove more useful in the sequel.

Supposing that A’ > 0, the solutions for d should be

N =4(D)* (3

ijk ijk

We introduce the quantity A = (D;},

J —~B+ VA 2[DIiDY, + DI DE + DI D] &+ VA
1,2 = =
24 2 [(D%/Z )+ (Dgﬁ)2 + (Dfﬁcﬂ

ijk

+ DD + DI DY £ DIEVA

ijk —ijk
(D) + (Dz)" + (D)

Dyzr Dyz

From our initial assumptions, it follows that if ¢;,¢; and ¢; are the common points of
the plane II;;;, and the sites B;, B; and Bj, respectively, then these points are not collinear
(since the centers of the sites are not collinear). This translates into the triangle formed
by t;,tj,tx having non-zero area, which in turn means that D" # 0. This is a result we
will use a little later.

The conditions presented along with the formulation of our problem in Z-space are
equivalent to requiring, in W-space that:

1. The spheres B;, B; and Bj, must be on the positive side of the plane II;jy.

2. The triangle t;t;t; lying in the plane II;; must be properly oriented. The actual
requirement in Z-space is that the tetrahedron ¢;t;txt,, is positively oriented. The
same must hold for the tetrahedron ¢;¢7t;b, in Z*-space. However, the inversion
transformation maps b, to the point at infinity, which means that the triangle t;¢;¢;
in W-space must be positively oriented when seen from the point at the infinity.
We can see this positive orientation in the following manner: we consider a point
p = (2, Yp, 2p) in our space. If the point p is on the positive side of the plane II;;;,
then the (signed) volume of the tetrahedron {t;,t;,ts,p} is positive. If we let the
point p move towards infinity (while staying on the positive halfspace with respect
to Il;jx, then sign of the afore-mentioned volume is expressed by the cross-product
of the vectors v;; and v, which, as we discuss below, in our case is equivalent to the
cross-product of the vectors ¢;; and ¢, with respect to direction.

Recall that we have assumed that moving counter-clockwise on the plane II;j, we
encounter the sites in the order B;, Bj, By. If we are to define a “positive” side on our
plane, we need a way of knowing which side is which. An excellent way of defining the
positive side of our plane is the cross product. Since we requested that the sites are visited
in the order B;, B;, By, while moving counter-clockwise, and having in mind the right-hand
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rule, let us consider the points ¢;,;, ¢, as defined previously. It has been shown that these
points form a triangle, and we can define the vectors connecting them: let the vector v;;
be the vector beginning at ¢; and ending at ¢;. Then the quantity we are interested in
would be the cross-product of the vectors v;; and v;,. These points can be found, but
at this stage they are unknown. We can consider, however, the triangle b;, b;, b, formed
by the centers of the sites, and it is evident that the triangle ¢;,¢;,¢; is the projection
of the triangle b;,b;, by onto the plane II;j;. Therefore, instead of calculating the cross-
product of the vectors v;; and vj;, we only need to calculate the cross-product of the
vectors ¢;; = [x; — x4,y — Ui, 2, — 2] and ¢ = [Tk — T4, Yk — Vi, 2 — 2). 1f we call this
quantity P, i.e.,
Pyl = ¢ij X Cig,

after a few computations we find that P, = [ngjzk, D73, DfﬁC]T
From our discussion above it is clear that the condition that we need to satisfy is that
the dot product of the vectors P;;; and 7 be positive, i.e., we require that:

Pijk'ﬁ>0.

It is known that the normal vector to a plane given in the form ax + by + cz 4+ d = 0 is the
vector [a, b, C]T, hence in our case 17 = [aijk, bijk, cijk}T or, in expanded form

T
Yyzr Yz 2T Tz zryr ry
= Dz‘jk - dDz'jk Dz‘jk - dDijlc Dijk - dDijlc
— TYZ ) - TYZz ) TYZ
Dijk Dijk Dz‘jk

In sequel are presented the steps to calculate the inner product Py, - 7i:

T
Yyzr Yz T2T Tz Tyr Yy
P 7 — (DY vz oy Dijk - dDijk Dijk - dDijk Dijk - dDijk
ijk "= ( ijkr — Mijko ijk) ) DYz T DEE ) DYz
ijk ijk ijk
yzr Yz T2 Tz ryr ry
— DY? Dijk dDzyk Tz Dijk dDzyk + D% Dijk dngk
- “ijk Dmyz ijk Dzyz ijk nyz
ijk ijk ijk
2 2 2
Yzr nyz Yz T2T T2 Tz TYT MyTY Yy
Dijk Dijk d (Dmk) Dijk Dijk d (D’ij‘) Dijk Dijk d (Dljk)
- TYz - TYz TYZ - TYz TYZ - TYZ
2 2 2
Yzr nyz TZr T2 TYr Mmry Yyz Tz zy
Dy Dy + D Dy + Dy, Dy J (Df)” + (Dg)” + (Dif)
- Yz - TYZ .
Dijk Dijk
Substitution for d yields:
Yzr myz xTZr T2 TYyr Nnry
P —._DijkDijk+DijkDijk+DijkDijk
ijk * TV = D:cyz -
ijk
2 2 2
Yzr Nnyz TZT T2 TYr mry Yz Yz Tz Yy
|:[Dijk Dy, + Dy D + Dijk Dijk} + D v A] [(Dijk) + (Dijk) + (Dijk) }

(D) + (D53)" + (D3)*| D3
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DyZTDyZ +DJ}ZT’ Tz _|_D{13y7"D{L"y

_ Pk Pk ijk “ijk ijk Mijk
D}
DS DY + DD + DI D+ DESEVA
DY

:—<i¢Z>
We need the result to be positive, in other words
Py -i>0 < —(iﬂ) > 0.

Since A > 0 by hypothesis, we conclude that the the solution we are interested in is

d= = Q_A‘/Z, or
_ DYDY + Dy Dy + DD — DIt VA
(D) + (D5)" + (D3)°

Substituting in the initial relations, we conclude that

DyZT _ dDyZ

QAijk = W
DY | (D) + (D5)” + (D3)°| = D | DY DY + Dt D+ D DI — DEVA
DI (D) + (D23)” + (D33)]
DY [(Dz)* + (DI)°] = DY, (D2 D2+ D DI + Dy DY /A
D (D) + (D) + (D)’
_ Dy [D5 D5, — D DY) + D [D4 D — DI DY) + DI DA
DI (D) + (D) + (D)’
_ D5 [-D D] + DY [~ DDl + D Dl VA
D [(D5)" + (05)" + (D3)']
_ ~DiDg, — DDy, + DIVA
(D) + (D) (D)
bijk = ——D%TD_W{D%
ijk
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Dy (D) + (D3)” + (Di)’] + Dii [ DY DY + D Dz + D Dy — Dy V|
) D3 [0+ (03" + (03)]

D5 (D) + (D)) + Dii [D Dy + DI D) = D DA

) D3 [(05)" + (05 + (D))

_ Digi [DgE D = Dt Digi] + D [DU D — Dgi Diji| = D D VA

D3 [(D1)" + (D52) + (D)’
| + Dy [-D5i D] — D DA
D (D) + (D) + (D3]
_ DDt — D5.Dij — D/
(D) + (D) + (D)

ry TYz myxr
_ Dz‘jk [Dijk Dijk:

and

D3y — dD7,
ok =
ijk

_ D |5+ (B’ + (3] - D3 [ DD

ijk ijk —igk

DI (D) + (D) + (D)’

+ chzerzk + D?ZITD{UZ/ _ Dityz A]

ijk ~ig ijk “ijk ijk

D [(D5)" + (D22)°] = DI [DY DY + Di D) + DI DI/A
D (D) + (D) + (DIR)’]
_ D (D Dy — DDy + D [DEY D — Dy Dij) + DI DI VA

DI (D) + (Dz3)" + (D33)]

_ D [D Dl + Dy [Di Dig] + D DAVA
D (D) + (D) + (D)’

DDy + DDy + Dijp VA

(D) (D) (D)

Finally, our equations are:

—D.D5, — DYDY+ DY/A

aijk _ ik~ ijk gk ij
2 2 2 )
(D) + (D5)” + (D)

D D _ DYz DA ijiﬂ

b"k _ gk ijk ijk~ijk
v z 2 Tz 2 T 2 )
(D%:)” + (D) + (Dif)
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DYDY, VA

)2

xrz xr
DijkDijk + Dzjk
D¥z

ijk zjk+
2 xy
zjk) + (Dijk
TYr Ty

Cijk =

Tyz
Dijk

VA

(D5)" + (
Ll L Dzjk
ijk — )2

ijk
DyZTDyZ + Dzjk ijk
2 x

ijk ~ijk
(D) + (Di

Let us recall that, given B, = {(x,, ., x,), ¢}, the signed distance of B, and the plane

I1;;1, is given by
Qi Lq + bijkyq + Cijk<q + dijk

6(By, Wijr) =
\/a’?jk + b?jk +

2
Cijk

2

. o . . 2 2
From our initial assumptions, we have that \/ a0 + G,

to compute the sign of the expression

q

= 1, so we really need

_Tq:

0(By, ijk) = aijury + bijryq + Cijrzqg + digi — 7 =
_ | =DiDg: = DDy + DEVA |
(D) + (D) + (D) |
, [Ppz - DEDg, - DEVA]
(D5)*+ (Dg)" + (D7) |
N [ DY DY+ D3 D% + DIy VA .
| (D5 (D) + (D) ]
DY Diji+ Dt D + Dl D = D VA
(D) + (D) + (D)’
- DDy, — DY, + DA
(D) + (D) + (D)’
 [DDg, — D5Dg, - D] w,
(D) + (D) + (D)’
X DYDY, + DD+ DIWA
(D) + (D) + (D)
Dy Dy + D3 Diji + Dy Diji = Dif VA
(D) + (D) + (DF)°

Yz Tz zy
Dz‘jk Dijk Dijk

)+ (
)+ (
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)2] Tq

Dy)?

D%’ + (Dz

ijk



[~DY .y + Dy, — Dy + DY DY

o iJ i ijk ijk ijk
2 2 2
zy Yz xrz
(D) + (D) + (Dg)
zZr T rz 2T Tz
[_Dijkxq + Dijyzq — Dijrg + Dijk} D%,

(D) + (DY) + (D23
[=Diyq + DYyzg — Dirg + DY) DY

+ ijk ij ijk ijk
(D) + (D) + (D)
[—DYfq + D&y — Doz + DI VA
(D) + (D) + (D5’
_ DD+ DIt i+ D, Dl — D/
) (D) + (D5)" + (D) |
where the following representations have been used:
Uy Uy W, My u, v, w, 1
Uy Uy Wy My| _ rovwm Uy vy Wy 1 uw
uy vy wy ma| A oy w1 T o
Uy Vyp Wy My ug vy wy 1
w,v,w,m € {x,y,z,r}, v\ 0 €{i,jk,q}.
In conclusion:
(b1 — DD+ DLDS + DG — DR
(Di)” + (D) + (D)

Since the quantity (Dfﬂg)z + (D%fzk)2 + (ijzk)2 is strictly positive under the hypothesis
that there are no degeneracies, the the sign of the distance of the site B, from the plane

I1;;% is determined by the sign of the quantity
Q= D™ D™ 4 D¥r D% + DY DV: _ D™ /A

ijkqijk ijkq 13 ijkq " ijk ijkq
where the expressions represent, respectively:
Uy Uy Wy uy vy 1
uvw uv __
D)\,uu = Uy Uy Wy ) v Uy Uy 1 ,
Uy, UV, Wy, u, v, 1
U Vo W My U Ve W, 1
wowm __ |UX Ux  Wx 1) wow __ |[UXN Ux W) 1
KAV ’ KAV — ’
Uy Uy W, My u, v, w, 1
Uy, UV, W, My, u, v, w, 1
u7v7w’m€{x’y7z7r}7 ,{/7>\’/‘L7V€{Z7]7k7Q}7

A= (D)’ + (Dg)" + (D) — (D) — (DY) — (D)
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3.4 The InSphere predicate

Now let us consider the problem we initially set to solve. All sites are considered to be
spheres in our three-dimensional complex space Z, and are in the form By = {b\,r\} =
{(xx,yr, 22),ra}. Our setup consists of four sites, B;, B;, By, By, and let B, be the site
tangent to all four sites. Given another site By, we want to determine the situation of B,
in relation to B;.

According to our previous discussion, if we apply the inversion transformation to our setup,
the procedure would be as follows:

e The first step is to apply the transformation r* = r, — r,, v € {4, j, k, £}, which will
transform the sites B, into the sites B3, v € {i, j, k,¢}. Obviously, the radius of the
site By is now 0, hence the site has been reduced to the point by = {x¢, ys, 2¢}.

e Next we must apply the inversion transformation through the point b,. For every
site we now have:

T* * o r*
u,, - _:, U]/ - y_:) wll = _:7 pl/ = _:
by P, by by
T, =T, = Te, Y, =Y — Yo Z, = 2, — 2,
* *\ 2 *\2 *\ 2 *\2 ..
b, = (xu) + (yu> + (21/) - (ru) ) S {17.]7 k}

Note that if the quadritangent sphere B, were present, it would be transformed into
a plane by the inversion. The point b,, on the other hand, is situated at infinity,
related to our remaining objects. We are now working in the space W, and our sites
will be mapped onto the sites W, = {(u,,v,,w,), p, }, v € {1,7,k}.

e We proceed to find the plane II := au+bv+cw+d = 0 tangent to the sites W;, W;, W.
As we previously showed, the coefficients a, b, ¢ and d are found to be

ik = _D%DZE _ D;le;fDinij + Dk 2 A
(Dfﬁ;) + (D;%) + (D;%)
o = DBDi = DD~ DA
(Dfﬁé) + (D;%) + (D;%)
Corn = D%%DZ@2+ DZ}””ZD%’; + D;r%\/QZ
(DZ)JUI;) + (Dlujqﬁ) + (D;ﬁ)
ik = Diyi” Dii + D?J';ZPD% - ZE?Z’D%% _ZD?ﬁw A
(Dfﬁ;) + (D;%) + (D;L;w
where
kx €y my b6 1
Dy = |k by my| DY, =k, €, 1|
k, ¢, m, el
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k,t,m € {u,v,w}, A, v € {i, g, k}
and
A= (D) + (D) + (D) — (D) — (Dif)" = (Dif)”

e Now, to find the sign of the distance of the query site B, from the quadritangent
plane, we can apply the inversion transformation previously described, thus ending
up with the inverted site W,. It is now sufficient to calculate the sign of the distance
of the site W, from the tritangent plane II. As previously shown, our quest boils
down to determining the sign of the quantity

Q= DYDY + DD + DI DYY — Ds/A,

ijkq 13 ijkq igkqijk i7kq
where

k., l. m. n, k., (. m, 1

Dkimn _ Ex £n my ny Dkim _ kx €y, my 1

v Y v 9
RAM k, £, m, n, RAM ky, £, m, 1
ku El/ my, 1y ky f,/ my 1
k7€7m7n€{uavawap}a K7A7M7V€{iajak7Q}

and the other quantities remain as previously defined.

Note that all the expressions are now expressed in terms of the space V. In the previous
section we used x,y, z and r (which belong to the space Z) to simplify our calculations,
but we must be careful with our variables. What we would like, is to express our results
in terms of our initial variables, so that we need not apply the inversion transformation.
We seek an expression as fast and simple as possible.

It is easily seen that the following holds:

* *
u; v; 1 non 1 |% Y D
uv . . _ |2 75 _ * * *
ijk — Uj Uy 1 - p;f p;f 1 _p*p*p* $j y] p] )
up vy 1 e Yeoq A TS TPy U
PL P
U; V; W P, P Py 1 Ty Yi %
ik — (Wi Vi W =1y o = oo [ Y; =
U Uk Wk Ty Yp IR |z oy 2
Py, Dy Pp
Hence we define the quantity
* * *
ky 6 mj y
* * * | m
kﬂ €u m;, _E/\;w’
* * *
kl/ gl/ ml/



and it holds that

D7r0 _ 1 klp won 1 kfm
AUV T s ko kT AUV AV Tk sk ok AUV
p;P;Dpy, a . P;DP;Dy.

Ty = k:j/pztv 0, = E:i/p;, M = mZ/pl*,,

7T797n€{u7v7w710}7 k7£7m€{x7y7z7r}7 A7M7ye{i7j7k7Q}'

It is easily verified that A can be easily transformed into an expression of out initial
coordinates:

A= (D) + (D) + (D3)" = (Di5)" — (Dif)" — (D) =

k ik ik ijk ijk ijk
1 1%7, . . i . ) ~
= |:p’?‘p"fpz:| [(Ezﬁp)Q + (Ez‘jkp)2 + (Eiyjkp)2 - (Ez'jkp)2 — (Eiyj,f)2 — (Ez.j,f)Q]
ilj

We consider the expression

F = [pimei] T = (B)" + ()" + (B5)" = (B50)" — (BD) — (E5E)°

which will prove useful in porting Q into out initial coordinates. Now we observe that the
relations between the quantities D and F holds again in four dimensions:

1
PiD;pLD;

kémn

kémp mno
D Apv€ o

ABVE T sk ok ok AUVE ) Apv€ T

m, =k, /p}, 0, =10,/p;, n, = m,/p,, o, =n,/p,,

7r79777’0-€{uﬂv7w7p}7 k7€’m7n€{$’y7zﬂr}7 A’M?”?SG{i7‘j7k‘7q}'

We can now express the solutions we have found for the coefficients of the plane in
terms of the initial coordinates:

—EZTESY — EPWEYT 4 EYPT

R ijk ijk ijk gk ijk
Wijk = yzp) 2 z2p) 2 zyp) 2
(EGD) + (B50) + (B5Y)
TYP TTP YZD [ZTD TZp
by = Eijk Ez’jk - Eijk Eijk - Eijk r
Yk 2 2 2
(B52)" + (52 + (B32)
YzZp yYrp TZP I XTP TYyp
i = Eijk E@'jk + Ez‘jk E@'jk + Eijk r
Yk 2 2 2
Yzp TZp ryp
(EGD) + (B0) + (B
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diip = 1jk ik ijk “ijk ijk “ijk ijk
! (EGE) + (B + (B

If we apply the Inversion transformation to the plane with the above coefficients, we
end up with the equation of a sphere, as we expect:

_ @ik B biji _ Cigk \ 1
(m xg+2dijk)+(y yg+2dijk)+<z zz+2dijk) A2

ijk

We conclude that the sphere tangent to our initial four spheres has its center situated

Ak bijk Cijk
by = (2, — —3k N L )
¢ < o T gy YT 2di

at

and its radius is equal to r; = ﬁ — 14, where recall that By = {(x¢, ye, 2¢),7¢} is the site
ij
through which we apply the inversion.
We can now proceed and transform the quantity Q:

_ uvp uv uwp uw vwp vw uvw , / : S
Q= Dijquijk + Dijquijk + Dijquijk - Dijkq A

1

[ ESYTP gRUD | pEETD (UEp | YRt puzp | payzp, [T
K ok gk 2 >k
(pipjpk) Py

ijkq “ijk ijkq ijk ijkq ijk ijkq

1
(p3p§p;)2p;
left with the expression

Since the quantity is constantly positive in the non-degenerate case, we are

Q' = EWPEWP { ErIPEP 4 [P Ry peyip /T

ijkq ijk ijkq gk ijkq —ijk ijkq

We observe that the expression can be viewed in the form
Q' =Y, + ¥Vl
where

Yo= BB+ EGyEyy + EGRER
V= -E
We have already seen in Chapter 2 that the sign of quantities in the above form can be
determined in the following way:

sign(Yp) it =0
sign(Y7) ,ifYp =0

sign(Yp + Y1vT) = { sign(Yp) ,ifY1 =0 .
sign(Yp) if sign(¥o) = sign(%3)
sign(Yp) sign(YZ — YT , otherwise



If we denote the degree of an algebraic expression by the operator deg(X ), we can easily
see that

deg (El)ff;c?) =3, deg (Eke") =4, deg (E’/\“f;’zf?) =4, deg (Ekemp> =5

Apv Apvé

A?M’”?fe{i7j7k7q}7 k7£7m7n€{x7y727q}'
It is obvious that
deg(l') =8, deg(Yp) =9, deg(Y1)=>5.

To determine the sign of the quantity Q”, we may need to compute the sign of the quantity
Y —Y?T. At a first glance, the algebraic degree of the expression Y — YT is 18. However,
it can be shown that Y — Y2T' can be factorized as follows:

YE)Q _ Y12F — [ FRYTP pIYP | [RATP XD | [yTP Eyzp} 2

ijkq ijk ijkq gk ijkq ijk
— (B) (B + (B0) + (B2) = (Ep) = (E0) = (0]
= [(B)" + (B + (BG)] [ (Bn) + (B5)” + (E5)" = (E52)°)

The quantity (Efjip )2 + (Efﬁcp )2 + (Eszp )2 cannot be zero, since this would amount to Y;
being zero, and this case has already been taken into account. We can therefore conclude
that the sign of the above quantity is strictly positive. Hence, the InSphere predicate can
be answered by computing the sign of the quantities I', Yy, Y7 and Q, where:
Q — (pryrP 2 ) Dt 2 VAP 2 Fryzp 2
- ( ijkq) +( ijk:q) +( ijkq) _( ijkq) .

The algebraic degree of the quantity Q is 10. We, thus, arrive at our main theorem in this
work:

Theorem 1. The InSphere predicate can be evaluated by determining the sign of quantities
of algebraic degree at most 10 (in the input quantities).
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