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We presenta global iterative algorithmfor constructingspatial ��� -continuousinterpolat-
ing � -splines,whichpreservetheshapeof thepolygonalline thatinterpolatesthegivenpoints.
Furthermore,thealgorithmcanhandledataexhibiting two kindsof degeneracy, namelycopla-
narquadruplesandcollineartripletsof points. Theconvergenceof thealgorithmstemsfrom
the asymptoticpropertiesof the curvature, torsion and Frénetframe of � -splinesfor large
valuesof the tensionparameters,which arethoroughlyinvestigatedandpresented.Theper-
formanceof our approachis testedon two datasets,oneof syntheticnatureandtheotherof
industrialinterest.
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1. Intr oduction

Shape-preservinginterpolation,via functional, as well as parametricsplines,can be
regardedas a well studiedtopic for the planar case. Indeed, there exists an abun-
danceof papers,thatprovide schemesfor constructingmonotonicity-and/orconvexity-
preservingplanarsplines.On thecontrary, theliteratureon shape-preservinginterpola-
tion in thethree-dimensionalspaceis apparentlylimited. Thismaybepartiallyattributed
to thefact that,introducingandvalidatinga notionof shape-preservinginterpolationin
3D is notasstraightforwardasit is in 2D. As a consequence,thefirst relevantpapersin
the literaturehave beendevotedto introducingandinvestigatingalternative notionsof
shape-preservingspatialinterpolation,suchasthe inflectioncountof a curve in Good-
man[4] andtheshapepropertiesof coils in LabenskiandPiper[9]. In thesequel,the
literaturewasenrichedwith schemesthat enablethe automaticconstructionof spatial
shape-preservinginterpolantsusing rational cubic splines(seeGoodman& Ong [5],
[6]), polynomialsplinesof non-uniformdegree(seeKaklis & Karavelas[8]) andsextic
splines(seeAsaturyanetal. [1]).
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Our presentintent is to investigatethe ability of 	 -splines,introducedby Niel-
son[10], to construct
�� -continuousspatialinterpolantsthatconform,to thelargestpos-
sibleextent,with theshape-preservation criteriaadoptedin [8]. This investigationleads
eventuallyto a fully automaticalgorithmthatis capableto provide,afterafinite number
of iterations,appropriatevaluesfor the 	 -parametersthat determineshape-preserving
�� -cubic splineinterpolants.Given that working with low-degreepolynomialsplines
seemsto be a standardchoicefor the CAD/CAM community, the presentwork offers
the practicaladvantageof using the most widely usedlow-degreepolynomial spline,
namelythecubicspline,for spatialshape-preservinginterpolation.

Thecontentsof thepaperarestructuredasfollows. In section2, after introducing
somepreliminary material,we formulatethe shape-preservinginterpolation problem
(seeProblem ���� ) for theclassof 
�� -continuoussplinesthat, for a fixedparametriza-
tion ��� interpolateaspatialpointset � andsatisfyappropriate(unit tangentvector, zero
curvatureor periodic)boundaryconditions ��� Section3 provides the 	 -splinebasics,
namelythe 	 -splinerepresentationin which we have introducedthenovelty of dimen-
sionless	 -parameters,andthestrictly diagonallydominantlinearsystemswe getwhen
solvingthe 
�� interpolationproblemunderboundaryconditions� with 	 -splines.

Section4 focuseson investigatingthe asymptoticbehavior of a 
 � interpolatory	 -spline for large (positive) valuesof the 	 -parameters.This investigationleadsto a
seriesof results,including the asymptoticbehavior of the curve andits tangentvector
(seeTh. 4.7), aswell asits intrinsic characteristics.More specifically, Theorems4.10
and4.11dealwith theasymptoticbehavior of thecurvature,while Theorems4.12and
4.13dealwith theasymptoticbehavior of thetorsionandtheFrénetframeof a 	 -spline,
respectively. Thesetheoremsconstitutetheapparentlynovel partof � 4.

Section5 consistsof two subsections. In � 5.1 we derive appropriateincrease
patternsof the 	 -parameters,ensuringthe fulfillment of all the criteria of the shape-
preservation notion introducedin � 2, i.e., theconvexity criterion (seeLemma5.4), the
torsion criterion (seeLemma5.6), the coplanaritycriteria (seeLemmata5.7 and5.8)
andthe collinearity criterion (seeLemma5.9). Subsection5.2 exploits theselemmata
for composingan iterative algorithm,dubbedNUSSP(ShapePreservingNU Splines),
for spatialshape-preservinginterpolationvia 
�� -continuous	 -splines.Thequestionof
convergencealongwith the issuesregardingthe runningtime andthe storagerequire-
mentsof NUSSParealsodiscussedat theendof � 5.2.

Thepaperconcludesin � 6, wheretheperformanceof NUSSPis testedandgraph-
ically illustratedfor two datasets.Thefirst datacomprisesof pointstakenfrom a helix
(seeFigs. 1-4), while the secondone is industrial dataprovided by GeneralMotors
DesignCenter(seeFigs.5-8).

2. ProblemFormulation

Let �������! "�$#%�'&()&��+*-, beasetof pointsin thethree-dimensionalaffinespace. /�0
, with �! 21�3�! 5476 , #8�9&()&��+*;:<& , and =?> be thepolygonalline connectingthe
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pointsof � , @  �A�  5476 :B�  , C  �2@  EDF6�G @  and H  �JI @  KDF6 @  @  L476 I .
Accordingto Sauer([11], ChapterI, � 2.2), the vectors CM andthe quantitiesHN can
beusedfor establishinga kind of DiscreteDifferential Geometryof thepolygonalline�O� More specifically, CM QPSRTCM UR is the so-calleddiscrete binormal at �! Q� while HV 
specifiesthesignof theso-calleddiscretetorsion:

WX  Y� HV RTCQ UR�RTCM 5476(R � (2.1)

alongtheleg �  �  L476 of �O�
Furthermorelet Z[�\]� , \B^`_ \N6a�$\cbKd bea sufficiently smoothcurve, interpolating� with parametrization�e�f�g\V6g�$\ � �a�a�a�7�$\cbfhU\V6"i`\ � i3�a�a�7ij\cb�, andsatisfying

appropriateboundaryconditions� . In thiswork, weshalldealwith oneof thefollowing
threetypesof boundaryconditions:

1. Given unit-tangentvectors: kZl6TPSRKkZl6mRn�8ogp , kZUbEPSREkZUb�Rq�8o�b , where kZ� rhs�kZt�\u �� and o�p , o�b aregivenunit vectorsin
. v 0

.

2. Zerocurvatures:w7�\N6x�y�`wV�\cb����<z .
3. Periodicconditionsfor closeddatasets( �{6L|}�gb ): kZO6~� kZUb , �ZO6~���ZUb .

Let also wV�\]� bethecurvatureandbe X �\F� thetorsionof Z[�\F� , definedasfollows:

wV�\F�?� R kZ[�\]� G �Z��\F��RRKkZ[�\F��R 0 � X �\F�y� I kZ[�\]�U�Z��\]� ...Z��\]�aIRKkZ[�\]� G��Z[�\F��R � � (2.2)

We now proceedto accuratelyformulatetheshape-preservinginterpolationprob-
lem, that we shall attemptto handlein the forthcomingsectionswith the aid of 	 -���u�����V��� h
Problem( � ). Finda 
 � -continuouscurve Z[�\]� , \�^-_ \V6g�$\cbKd thatinterpolatesthepoint
set � with parametrization� , satisfiesboundaryconditions� andis shapepreserving
in thesense:

1. (convexity criterion)If CQ ��gCM 5476E��z , then:� �\]���gCM�l��z�� � �Y#��$#��<&m� � �\F�y� kZ��\]� G �Z��\F����\�^-_ \S Q�$\u L476�d�� (2.3)

2. (torsioncriterion)If HN 31�<z , thenX �\]��HN '��z�� \�^-_ \ 4 �$\ D 5476 d�� (2.4)

3. (coplanaritycriterion)If HN }�<z and

(a) CM ��gCM L476��Bz , then,for � �Y# and/or#f�<&�hR � �\F� G CM�VRR � �\]��R�RTCQ�7R i�� 6 � R � �\F��Rq1�<z�� \�^t�  � (2.5)

where ��6 is a user-specifiedsmall positive numberin �z��g&xd , and �V a user-
specifiedclosedinterval suchthat _ \u "�$\u L476$d7� �7 j¡j�\u KDF6g�$\S 54 � � .
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(b) C  ��C  L476 i�z , then,for � ��# and/or#f�<&QhR � �\]� G CQ�VRR � �\F��R�RTCM��R i��(6g� R � �\F��Rq1�<z�� \�^t¢]  £t¤N �� (2.6)

where � 6 is asabove, and ¢  ��_ ¥  E6 ��¥  � d and ¤  ��_§¦  K6 ��¦  � d areuser-
specifiedclosedintervals suchthat ¥¨ K6O©�\S ���\S ªif¥¨ � i3\c« and \]« i¦¬ E6lif\S 5476g�\S 5476O©®¦S � � for someuser-specifiedseparatingpoint \ « in�\S "�$\u L476x� .

4. (collinearitycriterion)If RTCM ¯R5�}z and @~ KDF6y�g@~ ���z , then,for � �<#®:�&m�$#2h
R kZ��\F� G @~�NRR kZ[�\]��R�RT@~�7R i�� p � \°^t±  � (2.7)

where��p is auser-specifiedsmallpositive numberin �z��g&xd , and ±� auser-specified
closedsubinterval of �\  EDF6 �$\  L476 � thatincludes\  asaninteriorpoint.

The notionof shape-preservation, adoptedin Problem ������ is essentiallytheone
introducedin Kaklis & Karavelas[8], thoughslightly modifiedin orderto beapplicable
to 
M� -continuouscurvesthatexhibit, in general,torsiondiscontinuitiesat thenodesof
theparametrization�¯² comparethe torsioncriterion in ���� with thatin [8].

Let us now provide the motivation underlying the above adoptedshape-pre-
servation criteria. To start with, the convexity criterion requiresthat the projections
of the interpolatingcurve Z[�\F� ontothetwo planesthatarenormalon CM and CM L476g�
shouldbelocally convex along _ \  �$\  L476 d�� Next, the torsioncriterion requiresthat the
signof torsionof Z[�\]� onto _ \ 4 �$\ D L476 d is thesamewith thatof HN Q� representingthe
signof theso-calleddiscretetorsionof thepolygonalline connectingthepoints �! EDF6!��! Q�g�! 5476 and �! L4 � � If thepreviousquadrupleis coplanar, thenthecoplanaritycriterion
suggestthat Z[�\F� shouldbeascoplanarastheuserneedsover a closedsubinterval �V 
of �\  KDF6 �$\  L4 � ��� which is alsouser-specified. Coplanarityis achieved by restricting
thedeviation betweenthebinormalof the interpolantandeitherof theparalleldiscrete
binormals CM MPSRTCM UR and CM 5476xPSRTCM L476³R at the vertices �! and �! 5476g� respectively,
of the polygonalinterpolant. Whenthe quadruple�  � � �9#2:j&m�a�´�´�´�$#A�}µ�� defines
a convex polygon(casea: CM }�{CQ L476��jz ), then �V contains_ \S "�$\u L476$d�� Whenthe
quadrupleof pointsdoesnot definea convex polygon, �V is split in two disjoint inter-
vals, ¢] and ¦S "� in orderto accountfor the fact that thediscretebinormalsat �! and�! L476 now possessoppositedirections.Finally, if threeconsecutive interpolationpoints,�!¶·� � ��#¸:Y&m�$#��$#9��&m� arecollinear, thenthecollinearity criterion requiresthat the
unit-tangentvectorof Z[�\F� shouldbe,alonga user-specifiedclosedsubinterval ±� of�\S EDF6g�$\S 5476x��� asparallelastheuserneedsto theline connectingthecollineartriplet.

Of course,thefour criteria,introducedin Problem ����x� do not constitutetheonly
possibledefinition of shapepreservation. One could imposemore stringentshape-
preservingcriteria. For example, in [6], the convexity criterion requiresthat, whenCM Y��CM 5476��<z�� theprojectionsof thecurve segmentbeconvex ratherthanmerelylo-
cally convex, or exhibit only oneinflectionpointwithin _ \S Q�$\u L476�d if CM ��gCQ L476�i�z��
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In the samework, the coplanaritycriterion saysthat Z[�\F� shouldbe exactly, not ap-
proximately, coplanarwith theplanarquadruple�! Q� � �Y#®:B&m�a�´�´�´�$#�� µ��
3. 	 -splineBasics

Introducedby Nielson[10], a 
�� -cubic 	 -splinecanbewritten in parametricform
asfollows:Z��\F���<�! E¹ 0p �º$�V�¼»] ¾½n ¾¹ 06 �º��N�¿»] L476�½� E¹ 0� �º��N�¿�! 5476$¹ 00 �º���� (3.1)

\�^}_ \S ��$\S 5476$d , where º¾�ÁÀ D À�ÂÃ Â with ½n 3�3\S L476Ä:¼\S ®�Åz is theso-calledlocal
parameter�ºx^?_ z��g&xd�� , ¹ 0¶ �º���� � �;z¬)&��)Æ�� are the standardcubic Hermite polynomials,
and »  arethetangentvectorsof Z[�\F� at theinterpolationpoints �  �m#ª�3&m�a�´�´�´��* . If
thesevectorsarespecified,thentheinterpolantis, in general,Ç 6 -continuous.To achieve
 � -continuity, thefollowing conditionsshouldbefulfilled at theinteriornodes:

�Z��\ 4 �È: �Z��\ D �?�eÉ	{ [»] "� É	{ <� 	{ Ê ½� KDF6T½n � #%�}µ)&��+*A:�&m� (3.2)

for someconstants	{ , the so-called	 -parameters.In the above conditions,thesepa-
rametersarenormalizedby the quantity

Ê ½  KDF6 ½  , so that they becomedimension-
less.This differs from theapproachusedin the literature,where 	 ’s representinverses
of lengths;see[10] andFarin [3]. The normalizingquantityhasbeenchosenso thatÉ	 ’s areinvariantwith respectto theorderingof thepointsin �O� Furthermore,if � is the
chord-lengthparametrization,thenthe É	 ’s areinvariantwith respectto uniform scaling.

Usingtheaboverelationandincorporatingtheboundaryconditions� , wearriveat
a linearsystemfor thequantities»] "�$#%�'&()&��+* , which is of theform:Ç~ ¾»] KDF6��¿Ë� E»] ¿� Ìn �»] L476L�}Í� �� #¸�'&()&��$ÎÈ� (3.3)

where Î<��* for theunit-tangentvectorandzero-curvatureboundaryconditions,andÎ¸�J*Ï:�&m�N» p hs�8»NÐ and »NÐ 476 hs�J» 6 for the periodic boundaryconditions. In
particular, for #%�}µ)&��$Î-:�& , we have:Ç~ ��-½n Q� (3.4)

Ë� ��-µ�½n KDF6���µ�½n ¿� &µ Ñ ½n EDF6�½n �	{ "� (3.5)Ìn ��-½n KDF6g� (3.6)

Íq ��-ÆnÒ ½n ½n EDF6 @? EDF6�� ½n KDF6½n @~ KÓ�� (3.7)

The remainingcoefficientsandright-handsidevectorsdependon theboundarycondi-
tions.More accurately:

1. Unit-tangentvectorboundaryconditions: Ç~�Ô�`Ìn�Ô��z , ËE�Ô�f&~�B	{�S� � �3&m��*��
and Í 6 �<o p � Í b �<o b � (3.8)
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2. Zero-curvatureboundaryconditions: In this casewe requirethe following condi-
tionsthatyield zerocurvatureat theendpoints:

�Z[�\ 4 6 �u� 	 6½O6 »�6a� (3.9a)

�Zt�\ Db �u� 	 b½¯bKDF6 »NbQ� (3.9b)

As a result,we get that: ÇE6Ä��Ì¯b`��z , Ç5b`�jÌO6K�f& , ËE�Ô�Åµ�� 6� 	{� , � �f&m��*and

Í 6 � Æ½O6 @ 6 � Í bKDF6 � Æ½¯bKDF6 @ bKDF6 � (3.10)

3. Periodicboundaryconditions: Ç 6 �9½ 6 , Ì 6 �9½ bKDF6 , Ë 6 �%µ�½ 6 �`µ�½ bÄDF6 �6� Ê ½l6�½UbÄDF6�	Õ6 and

ÍÔ6L�}Æ Ò ½UbÄDF6½O6 @E6�� ½O6½¯bKDF6 @5bKDF6 Ó � (3.11)

It canbeeasilyseenthatall theabove linearsystemsaresymmetric,undera diag-
onalscaling,andstrictly diagonallydominantfor 	{ ®Ö'z��$#J�%&()&��+* , thusuniquely
solvable.

4. Asymptotic Propertiesof 	 -splines

In this sectionwe shall investigatetheasymptoticbehavior of 	 -splines Z[�\]� for
large (positive) 	 -parameters.In particular, we will focuson deriving the asymptotic
behavior of Z��\F� andits tangentvector ×Z��\]��� theco-directionalto its binormalvector� �\F�?� ×Zt�\F� G�ØZt�\F�x� its curvature, wV�\F��� andtorsion, X �\]��� distributionsand,finally,
its Frénetframe ÙFÚT�\F���cÙNÛg�\F� and ÙF�]�\F� , where Ù ÚÝÜ Û Ü+� �\F� denotesthe unit-tangent/
binormal/ principalnormalof thecurve, respectively.

Dependingon the type of the imposedboundaryconditions,we shall make use
of the following conventionsregardingtheboundaryvaluesof thevectors CM andthe
quantities½n }��\S 5476?:�\S and 	{ .

1. Given unit-tangentvectors: ½¯p-hs�Þ½O6 , ½Ub;hs�Þ½UbÄDF6a�uC�6��Þogp G @E6 , C"bÁ�@5bÄDF6 G o�b and 	mpÄ�`	�b~476L�<z��
2. Zero curvatures: ½�p�hs�Þ½O6 , ½¯bÞhs�Þ½¯bÄDF6a�cCn6t�ÁC"b2�Ï�z���z���z³�·ß and 	mp��	 bL476 �<z��
3. Periodicconditionsfor closeddatasets: ½�pUhs�f½UbÄDF6 , ½¯behs�e½O6a��Cn6Q�3C"b3�@ bÄDF6EG @ 6 and 	 p hs�j	 bÄDF6 , 	 bL476 hs�}	 6 �

Sinceweareinterestedin theasymptoticbehavior of ourcurve,weshallrepeatedly
needandusethe à - and á -notation. The definitionsthat follow arethosein Cormen,
LeisersonandRivest[2].
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Definition ( à -notation)For a given function âc � � , we denoteby à¯ãâc � �$� the set of
functions

à�ãâ] � �$�y���¨ä� � �~h thereexist positive constantså¨6a��å � � and � p suchthatz¯©�å 6 âc � �Ä©�ä� � �?©Bå � â] � � for all � Ö � p ,
Definition ( á -notation)For a given function âc � � , we denoteby álãâc � �$� the set of
functions

álãâc � �$�?���¨ä� � �~h thereexist positive constantså and � p suchthatz�©Bä� � �L©BåTâ] � � for all � Ö � p¨,
In thesequelweshallabusethenotationa little andinsteadof writing, e.g.,â] � �5^álæä� � �$� , we shallwrite âc � �y�jálæä� � �$� .

4.1. Preparatory Results

We shall now derive threelemmasandthreecorollaries,that will be usedin the
subsequentsubsectionfor obtainingthemainresultsof this section.

Lemma 4.1. Thereexistsapositive numberçj� dependingon theset � , theparameter-
ization � andtheboundaryconditions� suchthat

RT»] ¯R�©�ç`� #%��&m�a�´�´�´��Î�� (4.1)

Proof. Thelinearsystem(3.3)canberecastas:Ç~ ËE Ôè ¶�é  KDF6�� è ¶�é  ¼� Ìn Ë� �è ¶�é  L476~��ê ¶�é  ËE � � �'&m�Tµ��TÆ�� (4.2)

or, in matrix form:

�ëÈ�¼ì?�?í» ¶ �;îÍ ¶ � � �'&m�Tµ��TÆ�� (4.3)

where í»]¶È�� è ¶�éï6l�a�a� è ¶�é b��·ß , îÍq¶��3aðSñóò ôõ ô ðuñ´ò �õ � �a�a� ð ñ´ò ö{÷�ôõ ö{÷�ô ð ñ´ò öõ ö �·ß and ì is thematrix of
thelinearsystem�ø�ùµ(� with its diagonalelementssetto zero.Groundedon thedefining
formulaeof Ë  �{Ç  ��Ì  (seeequs.(3.4)-(3.6)anditems1-3 in � 3), onecanwrite that,
for all boundaryconditions� :úúúú Ç~ Ë  

úúúú � úúúú Ìn Ë  
úúúú © &µ � #%�'&()&��$Î�� (4.4)

whichgives: R�ìQR�ûA© 6� . Combiningthis resultwith (4.3),wehave:

R{í» ¶ R�û3�fR¨�ë��¼ì~� DF6 îÍ ¶ R�û�© R îÍq¶xR û&K:}R�ì�R û © µuR íÍq¶!R ûü¯ýóþ 6$ÿ¬ Eÿ Ð ��Ë� Q, � (4.5)
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where íÍ3�� ê ¶�éï6Ô�a�a� ê ¶ãé Ð �·ß . But

Ë� �Ö üUýóþ �¨µ�½n ��g&{,qÖ ü¯ýóþ6$ÿ¬ KÿubKDF6 �¨µ�½n ��g&{,(� �u#�� (4.6)

Thus,

R{í»]¶�R û © µ�R íÍq¶xR ûü¯ýÝþ 6$ÿ¬ EÿubÄDF6a�¨µ�½� "�g&{, � (4.7)

Setting

ç � µ � R íÍÔ6�R �û ��R íÍ � R � û ��R íÍ 0 R � ûü¯ýóþ 6$ÿ¬ KÿubKDF6a�¨µ�½n "�g&{, � (4.8)

(4.7) leadsreadilyto thedesiredresult. �
UsingLemma4.1we cannow prove awell-known propertyof 	 -splines:

Lemma 4.2. � ýóü� Â�� û »] }���z���z���z³� ß (4.9)

Proof. At first, we rewrite equationsæÆ��ùÆ(� as:

»] <�<Ë DF6 �Í� <: Ç~ E»] EDF6?:�Ìn �»] 5476x��� (4.10)

Secondly, appealingto formulae(3.4)and(3.6)aswell asitems1-3 in � 3, we easilyget
thefollowing upperbound:

Ç~ "��Ìn Å© ü��
	6$ÿ¬¶�ÿubKDF6 �¨½n¶ ,5�<&m� (4.11)

Then,combining(4.10)with bounds(4.1)and(4.11)andtakinginto accountthat Ë� <�à�æ	{ ¾��� thevalidity of theLemmafollows readily. �
Applying theabove lemmafor »] KDF6 and »] L476 andusingthe bounds(4.11),equality
(4.10)yieldsthefollowing importantcorollary:

Corollary 4.3. � ýÝü� Â ÷�ô é � Â�� ô � û Ë� E»] <�}Í� �� (4.10)

Corollary4.3givesrise,in its turn, to anotherpair of corollaries:

Corollary 4.4. � ýóü� Â ÷�ô é � Â�� ô � û Ë� q�»] G @? M���}Æ ½n ½n EDF6 CQ (4.11)
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� ýóü� Â ÷�ô é � Â� ô � û ËE n�@? EDF6 G »] ����`Æ ½  KDF6½n CM �� (4.12)

Corollary 4.5. � ýóü��� � û Ë � �»  �G »  5476 �y���z���z���z³� ß � � �Y#��$#f�<&m� (4.13)

where � �Y# , if � �Y#f�<& and � �Y#f�<& if � �Y# .

Proof. By virtue of Lemma4.1, inequalities(4.11) and equations(3.3), we get the
estimateË��NRT»]�7RL�`ál)&�� , � �Y#��$#f�<& , whichyields:

Ë� EË� L476�RT»] G »] L476�RE©�Ë� �Ë� L476�RT»] UR�RT»] L476(RÄ�`ál)&���� (4.14)

The validity of the Corollary thenfollows from (4.14)andthe fact that Ë�� �¸à�æ	{��� ,� �Y#��$#f�}& . �
Lemma 4.6. If 	{¶����Y� � �<#®:�&()&�� #e� µ�� then:

Ë� �Ë� L476 úúú kZt�\F� �Z��\F� ...Z[�\F� úúú � &az��ÈHN ½� KDF6�½ � ½� L476 ��\�^-_ \ 4 �$\ D 5476 d�� (4.15)

Proof. Using(3.1)we arrive,aftersomestraightforwardalgebra,at theformula:úúú kZ[�\F���Z[�\]� ...Z[�\]� úúú �'&gµ�½ D�� I »]  @~  »] L476{Is� (4.16)

On using(4.16)in conjunctionwith Corollary4.3,we areleadto:

Ë� �Ë� L476{IÕkZ[�\]� �Z[�\]� ...Z��\F�aI�� &gµ�½ D�� I Íq �@~  Í� 5476{Is� (4.17)

as 	{ KDF6a�T	{ ��T	{ L476g�T	{ L4 � ��� , which, in view of thefactthat:

I Íq �@?  Íq L476{I(� � ½�� ½n KDF6T½n 5476 HN Q� (4.18)

givesthewantedresult. �
4.2. Main Results

Wearenow fully equippedfor materializingtheaimsof thissection.Tobegin with,
the ensuingtheoremfocuseson the asymptoticbehavior of a 	 -splineandits tangent
vectorin theparametricinterval _ \u "�$\u L476$d��
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Theorem 4.7. For \�^-_ \  �$\  L476 d ,� ýóü� Â é � Â�� ô � û Z[�\F�S�-�! �)&K:�º�� � )&~� µ{º��N�¿�! L476$º � æÆM:-µ{º���� (4.19)� ýóü� Â é � Â�� ô � û kZ[�\F�S����½ DF6 @? �º!)&Ä:�º���� (4.20)

Proof. Appealingto (3.1) andapplyingLemma4.2 for »] and »] 5476g� we readilyget
thelimiting relation(4.19).Next, directdifferentiationof (3.1)yields:

kZt�\F�y����½ DF6 @~ Kºa)&K:�º��F�¿»] q)&E:�º$�!)&E:-Æ{º$�V�¿»] L476$ºaæÆ{ºÈ: µ(��� (4.21)

which, in conjunction with Lemma 4.2 again, gives (4.20). Obviously, for \ �\S "�$\S L476g� (4.20)degeneratesto Lemma4.2. �
The next two results summarizethe asymptotic behavior of the vector � �\F�¸�×Z��\]� G ØZ��\]��� that sharesthe samedirection with the binormal ÙNÛa�\]� of the 	 -splineZ[�\]���
Theorem 4.8. If 	{¶����Y� � �Y#®:�&()&�� #¸�`µ�� with 	{ MPm	{ L476���åMÖ�z , then:

ËE� � �\F��� & �½n !#" �{ ½� KDF6 CM ¿)&K:�º�� � � " �Õé  L476½n 5476 CM 5476Sº �%$ � \°^-_ \S ��$\S L476$d��
(4.22)

for � �Y#��$#f�<& and " �{ Y�
� ýóü ��& é � Â'� û õ &õ Â .

Proof. Usingthedefiningformula(3.1)for Z[�\]��� wearriveaftersomestraightforward
algebraat theexpression:

ËE� � �\]�?�(��½ D � Ë��Ë� �Ë� �»] G @? ��!)&K:�º�� ��)��½ D � ËE�Ë  5476 �@? G Ë� L476T»] L476x� º �: µ�½ DF6 ËE�]�»] G »] L476x�!)&K:-Æ{ºN� Æ{º � ���
(4.23)

Appealingto Corollaries4.4and4.5andexploiting thehypothesisthat 	{ MPm	{ L476*�Ïå¨�
thevalidity of theTheoremfollows readilyfrom (4.23). �
A muchsimplerresultcanbederivedfor thenodalquantity Ë� �  , �  `hs� � �\u �� . In
particular, we have:

Corollary 4.9. � ýóü� Â ÷�ô é � Â� ô � û ��ËE �  M,�� & �½n KDF6�½n CM "� (4.24)
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Proof. For � �Y# and º?�<z , (4.23)degeneratestoË� �  <����½ D � Ë� ��»] G @~ ���:�µ�½ DF6 ËE n�»] G »] 5476x��� (4.25)

which, in view of Corollaries4.4and4.5givesthewantedresult. �
In fine, we turn to derive asymptoticresultsfor theactualgeometricquantitiesof a 	 -
spline,suchasthecurvature,the torsionandtheFrénetframe. For thebehavior of the
curvatureof a 	 -splinein theopeninterval �\u "�$\u L476x� wehave:

Theorem 4.10. If 	{¶+�,�Y� � �Y#®:B&()&�� #9:-µ�� with 	{ ¾Pm	{ L476-� åMÖ�z , then:

w7�\]�+Ë � � ½ � &gµuRT@? UR 0/.... " �{ ½n EDF6 CM )&K:�º�� º 0 � " �³é  5476½n L476 CM 5476)&K:�º�� 0 º .... �\�^?�\  �$\  5476 ���(4.26)

for � �Y#��$#f�<& and " �{ <�
� ýóü ��& é � Â�� û õ &õ Â .

Proof. CombiningTheorems4.8and4.7we arrive at thefollowing relation:

w7�\]�+Ë��¯� ËE�"R � �\]��RR kZ��\F��R 0 � 610Ã Â ...32 & ÂÃ Â ÷�ô CM n)&K:�º��+��� 2 & ò Â�� ôÃ Â�� ô CM L476�º)� ...4 ��½ DF6 RT@? ¯R�º!)&�:�º$�15 0 � (4.27)

theright-handsideof which is equalto thatof relation �ø�ùµ6�(� . �
Thecorrespondingresultfor thenodalcurvature,whichis adirectconsequenceof Corol-
laries4.3and4.9,hasasfollows.

Theorem 4.11. � ýÝü� Â ÷�ô é � Â�� ô � û w7�\  �+Ë D � � & �uRTCM OR½n EDF6�½n �RTÍq ÔR 0 � (4.28)

Wenow proceedto stateandprove thecorrespondingasymptoticresultfor thetorsion:

Theorem 4.12. If 	{¶7� �Y� � � #J:�&()&�� #���µ�� with 	{ ¾Pm	{ L4768� å}Ö8z andR�½ D 0 Ü � EDF6 CQ q)&K:�º�� � �¿åa½ D 0 Ü � 5476 CM 5476�º � R"1�}z , thenfor \°^-_ \ 4 �$\ D 5476 d :
X �\]�9� åxHV Æ�½ 0 Ü � EDF6 ½ 0 Ü � L476 R�½ D

0 Ü � EDF6 C  )&K:�º�� � �¿åa½ D 0 Ü � L476 C  5476 º � R D � � (4.29)

Proof. UsingTheorem4.8,Lemma4.6andthefactthat:� ýÝü� Â é � Â�� ô � û� Â Ü � Â� ô �;: Ë� Ë� L476 �}å'< ½n EDF6½n 5476 � (4.30)



228 M. I. Karavelas,P. D. Kaklis / Shape-preservinginterpolationusing � -splines

weeasilygetthatthetorsion X �\]� of a 	 -splinecanbeexpressedas:

X �\]�y� ËE ËE 5476 ËE ¾ËE 5476
úúú kZ��\]�U�Z��\]� ...Zt�\F� úúú= Ë� ... kZ[�\]� G'�Zt�\F� ...%> � � (4.31)

It is theneasilyshown that,underthehypothesesof theTheorem,theright-handsideof
thesecondequalityabove, tendsto thequantity:

å�< ½  KDF6½n L476 &az��ÈH  ½n EDF6�½ � ½n 5476 ..... & �ÈC  )&K:�º��+�½n KDF6�½� �¿å?< ½  KDF6½� L476 & �ÈC  L476 º+�½n �½� L476 .....
D � � (4.32)

whichprovesthewantedresult. �
Thelasttheoremof thesectionis concernedwith theasymptoticbehavior of theFrénet
frameof Z��\F� :
Theorem 4.13. 1. Unit-tangentvector:� ýóü� Â é � Â�� ô � û ÙFÚT�\F�y� @~ RT@  R �È\7^y�\u "�$\u L476x��� (4.33)

Moreover, if RTÍq ÔR"1�<z , then:� ýóü� Â ÷�ô é � Â�� ô � û ÙFÚT�\S M��� Íq RTÍq UR (4.34)

2. Binormal:

ÙNÛg�\]�9� ½ D 0 Ü � KDF6 CM n)&K:�º�� � �¼å!½ D 0 Ü � L476 CM L476Tº �R�½ D 0 Ü � KDF6 C  )&K:�º�� � �¼å!½ D 0 Ü � L476 C  L476 º � R �7\�^-_ \u Q�$\S 5476�d�� (4.35)

as 	{¶@���Y� � �Y#Y:l&()&�� #��Oµ�� with 	{ �Pm	{ L476�� åMÖ�z and R�½ D 0 Ü � KDF6 CM <)&u:qº��+�a�åa½ D 0 Ü � 5476 CM 5476�º � Rl1�'z . (4.35)retainsits validity for \��'\u '�\-�'\u L476�� aswell,
providedthat 	  KDF6 �T	  5476 �,�Ïæ	  �T	  L4 � ����� only.

3. Principalnormal:

ÙF�]�\]�6� æ½ D 0 Ü � EDF6 CQ q)&K:�º�� � �¼åa½ D 0 Ü � L476 CM 5476Tº � � G @~ R�½ D 0 Ü � KDF6 CM q)&E:�º$� � � å!½ D 0 Ü � L476 CM L476�º � R�RT@? ÔR �$\°^ �\S "�$\u L476x���
(4.36)

as 	{¶@���Y� � �Y#Y:l&()&�� #��Oµ�� with 	{ �Pm	{ L476�� åMÖ�z and R�½ D 0 Ü � KDF6 CM <)&u:qº�� � �åa½ D 0 Ü � 5476 CM 5476�º+��R"1�}z . Also, if RTÍq UR"1�}z , then:� ýóü� Â ÷Õô é � Â�� ô � û ÙF�]�\S M��� CQ G Íq RTC  R�RTÍ  R � (4.37)
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Proof.

1. Limiting relation(4.33) is a direct consequenceof Theorem4.7, whereaslimiting
relation(4.34)stemsfrom Corollary4.3.

2. Relation (4.35) is a result of Theorem4.8 and limiting relation �ø�ùÆmz³� ; relation
(4.37)canbederivedfrom Corollary4.9.

3. The resultsfor the principal normal Ù � �\F� stemreadily from thoseof the tangent
vector ÙFÚT�\F� andthebinormal ÙNÛa�\]� , sinceÙF�c�\]�?�YÙNÛa�\]� G ÙFÚT�\F� . �
We shall concludethis subsectionby describingin more qualitative terms the

asymptoticresultsobtainedabove. To start with, Theorem4.7 implies that, as 	 -
parametersincrease,a 	 -spline tendsto a Ç 6 cubic parametrizationof the polygonal
line that connectsthe verticesof the point-set �O� From this point of view, 	 -splines
resembleto tensionsplines,themajordifferencebeingthatthetensionparameters in 	 -
splinesarenot associatedwith parametricintervals,asit is thecasefor theexponential
splinesin tension, but with parametricnodes.As a result,convergenceto thepolygonal
line over thewholeinterval _ \u "�$\S 5476$d requiresthatboth 	{ and 	{ 5476 tendto infinity.
Furthermore,asoneshouldexpect,thelimit parametrizationof thepolygonalline ceases
to beregularatthenodesof � (correspondingly:verticesof � ), wherethetangentvector
vanishes;seeeq. (4.20)for ºy�<z��g&m�

Theorem4.8 andCorollary 4.9 summarizethe asymptoticbehavior of thevector� �\]��� ×Zt�\F� G°ØZ��\]� that, as alreadystatedat the beginning of this section,is co-
directionalto the binormal of Z[�\]� . Taking into accountthat the quantities Ë  are
positive (seeeq. (3.5)),Corollary4.9guaranteesthat,for sufficiently largevaluesof the	 -parameters	{ EDF6 and 	{ L476a� the vector � �\F� at the node \}�ª\S (equivalently, at
thevertex �  ) will tendto beparallelto theso-calleddiscretebinormal C  PSRTC  R at�! . To obtaina similar result for the whole parametricinterval _ \S "�$\u L476$d�� Theorem
4.8 requiresthat 	{ and 	{ L4 � shouldincreaseaswell andthat thegrowth ratesof 	{ 
and 	{ L476 shouldbe asymptoticallyequivalent æ	{ �Pm	{ L476A� å�Ö�z³� . Under these
hypotheses,(4.22)implies that � �\]����\7^y_ \u "�$\S 5476$d�� will remainin theacuteangleof
thediscretebinormalsat CM and CM 5476g�

Theorems4.10and4.11exhibit theasymptoticbehavior of thecurvature wV�\F� of a	 -splinefor largevaluesof the 	 -parameters.Since� �\]� appearsin thenumeratorof the
rationalexpressionfor wV�\]��� Theorems4.10and4.11inherit the 	 -parameterincrease
patternsadoptedby Theorem4.8 andCorollary 4.9. Thus, given that Ë��<� à�æ	{����
the limit relation (4.26) implies that wV�\F� will tend to zerowithin eachopeninterval�\u "�$\S 5476x��� On the contrary, the nodalcurvature wV�\S Q� will tendto infinity at a rate
of à�æ	� ��² seeeq. (4.28). Now, if � is two-dimensional,thenonecanspeakof signed
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curvatureandthelimiting relations(4.26)and(4.28)degenerateto theonesbelow :

w7�\]�+Ë��B� ½�� &gµuRT@  R 0 = " �¨ ½  KDF6 C  )&K:�º�� º 0 � " �Õé  L476½  5476 C  5476)&K:�º�� 0 º > ��\7^~�\S "�$\u L476x���(4.38)� ýóü� Â ÷�ô é � Â� ô � û wV�\  �+Ë D � � & � C  ½n EDF6�½� ¯RTÍq ¯R 0 � (4.39)

with C  denotingthenon-zerocomponentof CM "� thatis verticalto theplaneof �O� The
above limiting relationsdisplaytheconvexity-preservation propertiesof 	 -splinesin the
planefor, if thevectors CM and CM L476 sharethesamedirection,it is ensuredthat, for
sufficiently large valuesof 	{¶+� � � #A:`&()&�� #Á:�µ�� the curvaturewill retainconstant
signover _ \  �$\  5476 d��

Onemay legitimately assertthat the contentsof Theorems4.10and4.11canbe,
moreor less,anticipatedon thebasisof the remarkthat,asthe 	 -parametersincrease,
a 	 -interpolanttendsto thepolygonalline with verticesat �O� This remark,however, is
uselessfor anticipatingtheasymptoticbehavior of thetorsionof a 	 -spline,for thetor-
sionof astraightline is notwell defined.Thesoughtfor behavior is derivedin Theorem
4.12, statingthat, if 	 ’s increaseas in Theorems4.8 and4.10, then the restrictionof
torsion X �\]� on _ \ 4 �$\ D L476 d will tendto a well-definedlimit, thatsharesthesamesign
with the so-calleddiscrete torsion H  of the polygonalline that connectsthe vertices�!�¬� � �Y#®:�&()&�� # � µ��

Finally, wearecomingto Theorem4.13,whichcollectstheasymptoticbehavior of
theFrénetframeof a 	 -splinefor largevaluesof the 	 -parameters.Thus,if 	{ and 	{ 5476
tendto infinity, thenthe unit-tangentvector ÙFÚ$�\F� in the openinterval �\u "�$\u L476x�EDF\
will tendto theunit-tangentvectorof thelinearsegment,thatconnectstheinterpolation
points �! and �! L476a� At thenodes,\[�}\S Q�mÙFÚT�\S M� will tendto apositive combination
of the unit-tangentvectorsof the two neighboringlinear segments. As for the binor-
mal ÙNÛg�\F� in _ \  �$\  L476 d�� if 	 ’s increaseas in Theorem4.8, it will tend to a positive
combinationof theneighboringdiscretebinormals,namely CM��PSRTCQ�7Rg� � ��#��$# �`&m�
Thelimiting relationsfor theprincipalnormalarea directconsequenceof therelations
betweenthevectorsof theFrénetframe.

5. A DiscreteAlgorithm for Constructing Shape-Preserving 	 -splines

In this sectionwe shall provide sufficient andpossiblynecessaryconditionsfor
ensuringthata 
 � -continuous	 -splinewill beshape-preservingin thesensespecifiedin
Problem���� of � 2. In addition,weshallpresentpatternsfor increasingthe 	 -parameters
sothatthecorrespondingsufficientconditionswill eventuallybesatisfied.Thismaterial
is collectedwithin thefirst subsection;thesecondsubsectionis devotedto presentinga
discreteanditerative algorithm,that is ableto constructinterpolatoryshape-preserving	 -splinesafterafinite numberof iterations.
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5.1. SufficientConditionsandIncreasePatterns

We startby statingtwo lemmata,which will be usedin thesequel.We only prove the
secondlemma;thefirst oneis concernedwith thewell known necessaryandsufficient
conditionsfor aquadraticBernsteinpolynomialto bepositive in _ z��g&xd .
Lemma 5.1. Let ä��º$����FO)&K:�º��+�y�HGQº)�?�AI�ºa)&K:�º�� . Then ä��º$�L�Bz for º5^-_ z��g&xd�� if
andonly if Fy��G¼��z and µ Ê F�Gt��I°��z .
Lemma 5.2. Let ä��ºx²KJ¬����Fl)&?:�º��ML��(GQºNL , º5^�_ z��g&xd , JlÖ�µ , Fy��G¼Ö�z , I F5I���I GLI]1�<z .
Then: ü¯ýóþÚPORQ pxéï6�S ä��ºx²KJ¬�y� F�G�F ôT ÷Õô �HG ôT ÷�ô � L DF6 � (5.1)

Proof. The Lemmacanbe readily obtainedby noting that äVUæ�º�²KJ¬�l�Áz admitsof a
uniquesolutionat:

º p � F ôT ÷�ôF ôT ÷�ô ��G ôT ÷Õô � (5.2)

andthat ä U U �ºx²KJ¬�xÖEz�� �
Convexity Criterion (seeitem1 in Problem( � ) of � 2)

Expandingthedefiningexpressionfor � �\]�y� ×Z[�\F� G ØZ[�\]� we arrive at:� �\F�y� �  n)&K:�º$� � � �  L476$º � �8W¬ �º!)&Ä:�º���� (5.3)

where �  �����½ D � �»] G @~ ���:-µ�½ DF6 �»] G »] 5476x��� (5.4a)�  L476 ����½ D � �@  ÅG »  L476 �È: µ�½ DF6 �»  �G »  5476 ��� (5.4b)W¬ �� µ�½ DF6 �»] G »] 5476x��� (5.4c)

Usingnow Lemma5.1with F�� �  ��+CQ� , G°� �  L476u�)CM� and I��XW¬ ��)CM� , expansion
(5.3) readilyleadsto thefollowing necessaryandsufficient conditionsfor theconvexity
partof theshape-preservationcriterion:

Theorem 5.3. If CM ��)CM L476��Bz , thentheconvexity criterionis satisfiedin _ \u "�$\S 5476$d
if andonly if theensuingconditions(1) and(2) hold true.

1. �3Y ��CM�O��z�� � �Y#��$#f�<&m� � �Y#��$#f�<&m�
2. µ Ñ  �  ���CM��] �  L476y��CQ���N�8WS B�gCM�l��z�� � �<#��$#e�<& .

Theensuingresultprovidesanincreasepatternof 	 ’s thatpermitsthefulfillment of the
conditionsin Theorem5.3.
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Lemma 5.4. (i) Conditions(1) in Theorem5.3 will hold for sufficiently large values
of 	 L , where J¯�Y#®:�&m�$#e�<& for � �Y# and J¯�Y#��$#e� µ for � �Y#f�}& .

(ii) Conditions(2) in Theorem5.3 will hold for sufficiently large valuesof 	 L , J<�#®:�&m�$#��$#��<&m�$#e� µ .
Proof.

(i) It is a direct consequenceof Corollary 4.9, the positivity of Ë Y andthe fact that,
underthehypothesesof Theorem5.3, C Y �gCM�O�Bz��

(ii) UsingagainCorollary4.9wehave that,as 	 L �Z� , J¯�Y# : &m�$#��$#3�Y&m�$#f�¿µ ,Ñ Ë� �Ë� L476 �  �  ��gCM��] �  L476y�gCM�¬�[� & � Ñ �C  ��C � �]�C  L476 ��C � �½n Ê ½� KDF6u½n 5476 � (5.5)

Theright-handsidein thelimiting relation(5.5)is strictly positive for C  ��C  L476 �z . On theotherhand,we canwrite:Ñ ËE ¾ËE 5476¨PW¬ ���CM���?� Ë  Ë  5476 PW  ��C � �Ê Ë� �Ë� L476 � (5.6)

which, in view of theestimate�ø�ó&!øÕ� andthefactthat Ë � �jà�æ	 � � , � �Y#��$#�� & ,
impliesthat: Ñ Ë� EË� L476¨PW¬ Y�gCM�¬�[��z�� (5.7)

as 	 L � � , J � #��$# �Þ& . Combining (5.5) with (5.7), we conclude
that the left-handside quantity in Condition (2) of Theorem5.3, multiplied byÊ Ë� �Ë� L476g� tendsto a strictly positive quantity, which yieldsthesought-forresult
for
Ê Ë� �Ë� L476 is positive. �

TorsionCriterion (seeitem2 in Problem( � ) of � 2)

Theorem 5.5. Thetorsioncriterionis satisfiedin _ \ 4 �$\ D L476 d , if andonly if:/  EHN Å��z�� (5.8)

where
/  }��I »] �@?  »] 5476{I .

Proof. In view of (4.31), the sign of the torsion in _ \ 4 �$\ D L476 d is determinedby the

signof thequantity IÕkZ[�\]� �Z��\]� ...Z��\F�aI , which, in view of �ø�ó& �(� , coincideswith thatof/  . �
Thecorrespondingpatternfor increasingthe 	 -parametersis suggestedby Lemma4.6,
yielding thefollowing

Lemma 5.6. Condition �\��]�(� will besatisfiedfor sufficiently largevaluesof theparam-
eters	 L , JÔ��#®:�&m�$#��$#e�<&m�$#e��µ .
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CoplanarityCriterion (seeitems3a and3b in Problem( � ) of � 2)

Thevarioususer-definedquantities,encounteredin thiscriterion,arechosenasfollows:

- If C  �gC  5476 ��z�� then �  ��_ \  �$\  L476 d
- If CM '�ÕCQ L476°i¸z�� then the separatingpoint \ « is setequalto the uniqueroot in_ \  �$\  5476 d of thenumerator(andalsodenominator)of the limit of ÙNÛg�\]� as 	 ¶_^ � ,� �Y#®:�&()&�� #e� µ , with 	{ Y�}	{ L476 (seeTh. 4.13,rel. (4.35)):

\ « �Y\u ¿� ½n ½ 0 ÜM� 5476 Ñ RTC  R½ 0 ÜM� L476 Ñ RTCM ¯R�� ½ 0 ÜM� KDF6 Ñ RTCM 5476�R � (5.9)

while ¢] ª� _ \u "�$\a`  d and ¤V A�J_ \cb �$\S L476Td , with \�`  and \cb beingany parameter
valuein �\u "�$\ « � and �\ « �$\u L476x� , respectively.

Thefollowing lemmaensuresthatpart (a) of thecoplanaritycriterion,dealingwith the
casewhentheplanar4-gon �! EDF6g���! Q���! L476g���! 54 � is convex, will befulfilled for appro-
priatelylargevaluesof the 	 -parameters.

Lemma 5.7. Let d
�\]�y�eR � �\]��R � RTCM UR � � � 6 :<R � �\F� G CM UR � (5.10)

and

d
� �

d
�\ � � , � �Y#��$#f�<& . If H  �Yz and C  �gC  L476 ��z , then:

(i)

d
�O��z for largeenoughvaluesof theparameters	{�ÕDF6 , 	{�m476a� � �<#��$#f�<& ,

(ii)

d
�\]���ªz , \�^�_ \u "�$\u L476$d for large valuesof the parameters	{ KDF6a�T	{ , 	{ L476 ,	{ L4 � �

Proof. Part (i) of theLemmastemsdirectly from Corollary4.9, theassumptionCM }�C  5476 ��z andthepositivity of Ë  and Ë  L476 .
Let usnow concentrateon proving Part (ii) of theLemma.Using(5.3) we easily

arive at theformula:

R � �\]��RT�n�%R �  �R � )&K:�º$� � ��R �  L476mR � º � �ÅRKW¬ ¯R � º � )&K:�º�� ��Mµ �  � �  L476 � º � )&K:�º�� � �¿µ �  � W  �!)&K:�º$� 0 º�Mµ �  5476y� W¬ ��!)&E:�º$� º 0 � (5.11)

Moreover, we have :

R � �\]� G CM ¯R � ©jµ�R �  G CM UR � )&K:�º�� � � µ�R �  5476 G CM ¯R � º ��Qµ�RKW¬ G CM ¯R � º � )&K:�º�� � � (5.12)
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Combining(5.10) with (5.11) and (5.12), we deducethe following lower boundfor
d
�\F� : d

�\F�MÖ3_ãR �  RT��RTC  RT�a��� 6 :-µ�R �  ÅG C  RT�xdÕ)&K:�º�� ��¯_ãR �  L476mR � RTCM ÔR � � � 6 :-µ�R �  L476 G CM UR � dgº ��¯_ãRKW¬ ¯R � RTCQ ¯R � � � 6 : µ�RKW¬ G CM ¯R � dgº � )&K:�º�� ��q�¨µÄ �  B� �  L476��Õº � )&E:�º$� � � µÄ �  B�eWS ��])&K:�º�� 0 º�QµÄ �  L476y� WS ��])&E:�º$� º 0 ,V� � 6 RTCM UR � � (5.13)

Appealing,onceagain, to Corollary 4.9 and the positivenessof Ë� and Ë� L476 , and
usingthefactthat,undertheassumptionsof this lemma,wehave C  �}åxC  L476 , whereåK�fRTCM ÔRxPSRTCM L476³R���z , wecaninfer thatthereexistsapositiveconstant*¯6 suchthat,
for every 	{�O� *U6 , � �Y#®:�&()&�� # � µ , thefollowing inequalitieshold true:

R � �VR � RTCM ¯R � � � 6 :-µ�R � � G CM ¯R � �Bz�� � �Y#��$#e�<&m� (5.14)

�  �� �  5476E��z�� (5.15)

Next, let º�6 beany numberin �z��g&�� . Thenfor every º¾^�_ z��$ºT6$d andfor every 	{�[�`*U6!�� �Y#®:�&()&�� # � µ , we canstrengthen(5.13)asbelow:d
�\]�QÖ &µ _ãR �  UR � RTCM ¯R � � � 6 :-µ�R �  G CM ¯R � dÕ)&�:�ºT6�� ���_ãR �  5476 R � RTC  R � � � 6 :-µ�R �  5476EG C  R � dgº �

��)&K:�º�� �_f &µ _ãR �  UR � RTCM ÔR � � � 6 :-µ�R �  G CM UR � dÕ)&K:�º�6T� �: úú RKW¬ ÔR � RTCM UR � � � 6 :-µ�RKW¬ G CM UR � úú � � 6 RTCM ¯R �
:Eµ�R �  ¯R�RKW¬ ÔRS� � 6 RTCQ UR �hg

�MµÈ� � 6 RTCM UR � º � )&K:�º���_´ �  B� �  L476x�])&K:�º�6��È:<R �  5476�R�RKW¬ UR$d³�
(5.16)

By virtue of (5.14) we can say that the first term in the right-handside of (5.16) is
positive, whereasthesecondis non-negative for 	{�[�<*U6 , � �j#9:Y&()&�� # �Bµ . Next,
recallingthedefiningrelation(5.4c) of thequantity W¬ "� Corollary4.5and,onceagain,
4.9 andthepositivity of Ë� "� we concludethat thereexistsa positive number * � such
that, for every 	{���A* � � � ��#;:Å&()&�� #Þ�jµ , the multiplier in the curly brackets
of the third term in the right-handsideof (5.16)will bepositive. Employing thesame
argumentation,(5.15)impliestheexistenceof apositive number* 0 suchthat,for every	 � �Y* 0 � � �`#%:B&()&�� #®��µ , themultiplier in thesquarebracketsof thefourth term
in right-handsideof (5.16)will be positive too. Collectingthe above results,we can
saythatthefunction

d
�\]� will bepositive on _ z��$ºT6�d for 	{�t�Y* ` � ü��
	 ��*¯6g��* � ��* 0 ,(�� �j#9:�&()&�� # �Bµ�� In a completelyanalogousmannerwe canprove that thereexists

apositive number* b suchthatif 	{�Ô�B* b , � �Y#f:¼&()&�� #�� µ , wehave

d
�\]�Ä��z for
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every ºL^ _ º 6 �g&xd . Let *  _iKj � ü��
	 ��* ` ��* b , . Thenfor 	 � � *  _iKj , � �<#Y:l&()&�� #��Ôµ
thepositivity of

d
�\]� is ensuredin theentireinterval _ \S ��$\S L476Td . �

Thecasewhenthe4-gon �  KDF6 ���  ���  L476 ���  L4 � is planarbut non-convex is handledby
theensuinglemma,establishingthatpart(b) of thecoplanaritycriterionwill befulfilled
for appropriatelylarge 	 ’s:

Lemma 5.8. If H  �<z and C  �gC  L476 i�z , then:

(i)

d
�O��z , for largeenoughvaluesof theparameters	{�ÕDF6!�T	{��476 , � �Y#��$#e�Y& ,

(ii)

d
�\]���Åz , \�^Y_ \u "�$\�`  dS£ _ \kb �$\u L476$d , for large enoughvaluesof theparameters	{ KDF6g�T	{ Q�T	{ 5476g�T	{ L4 � , with 	{ <�`	{ L476 .

Proof. Theproof of Part (i) of theLemmacoincideswith thatof Part1 of Lemma5.7.
Using theexpansionof � �\]� in (5.11),aswell asthefact that ºM^Y_ z��g&xd , we easilyget
thefollowing lower bound:

R � �\F��RT�UÖml�R �  UR7)&E:�º��+�Ä:<R �  5476�R¬º+�En � :<RKWS ¯RT�:�µ�R �  R�RKW  R?:-µ�R �  L476 R�RKW  Rg� (5.17)

Now, let o
 }� Ñ R �  ¯RÑ R �  �RÈ� Ñ R �  L476�R � (5.18)

which, if 	{ and 	{ 5476 increaseunder the constraint: 	{ � 	{ L476g� will tend to the
quantity �\ « :¿\S ��$Pm½� "� asit is readily implied from Corollary 4.9 andthe defining
formula (5.9) of \c« � It is thenlegal to saythat thereexistsa positive number*¯6 such
that,for every 	{�°�`*¯6 , � �Å#%:Y&()&�� #®�Bµ�� with 	{ Å�}	{ 5476g� thequantity

o
 will

lie strictly in betweenº+`  and ºMb � i.e.,

º `  i o
 Åi º b � (5.19)

Furthermore,onecaneasilyverify that R �  R7)&�:¼º��+��:jR �  L476 R¬º)� is a non-negative
decreasingfunctionof º in _ z��

o
 Ed . Combiningthiswith (5.19),we concludethatunder

the sameassumptionsfor which (5.19)holds, R � �\]��R canbe boundedfrom below in_ z��$º1`  d asfollows :

R � �\F��RT�¯Ö 4 R �  ¯R7)&�:�º1`  �+�Ä:<R �  5476�R7�º+`  �+�E5 � :YRKWS URT�:Eµ�R �  UR�RKW¬ ÔR~:-µ�R �  5476�R�RKW¬ ÔRg� (5.20)

Theabove inequality, in conjunctionwith Corollaries4.5and4.9aswell astheassump-
tion: \a`  i�\c« � impliestheexistenceof apositivenumber* � ��*¯6 suchthat,for every	{�O��* � , � �Y#�:-&()&�� #���µ and 	{ }�}	{ L476g� thequantity Ë¾� R � �\F��RT� , is uniformly
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boundedfrom below in \ ^�_ \  �$\ `  d by a 	 -independentstrictly positive number. On
theotherhand,inequality(5.12)alongwith thefactthat ºL^ _ z��g&xd , gives:

R � �\]� G CM ¯R � ©Bµ = R �  G CM UR � ��R �  5476 G CM ¯R � �ÅRKW¬ G CM ¯R � > � (5.21)

which, in view of the afore-mentionedcorollaries and assumptions,suggeststhatË � R � �\F� G CQ UR � canbecomearbitrarily small if 	{� , � �¸#Þ:j&()&�� #ª�jµ aread-
equatelylarge. Hence,thereexists a positive number * ` �A* � suchthat, for every	{�Ô�B* ` , � �Y#®:�&()&�� # � µ and 	{ }�}	{ L476 , we have

d
�\]�K��z , \°^-_ \S ��$\a`  d . In a

directly analogousmanner, onecansecurethe positivity of

d
�\]� on \'^3_ \ b �$\S L476$d

for 	{�Á� * b , � � # :�&()&�� #Ï�eµ�� with * b being a sufficiently large positive
numberand 	{ � 	{ L476a� Then, the validity of Part (ii) of the Lemma follows for	 � � ü��
	 ��* ` ��* b , , � �Y#®: &()&�� # � µ and 	  �}	  L476 � �
CollinearityCriterion (seeitem4 in Problem( � ) of � 2)

The user-specifiedinterval ±� �� encounteredin this criterion, is chosenas follows:±  � _ \a`  �$\cb d , with \�`  and \kb being any parametervalue in �\  KDF6 �$\  � and�\S ��$\S 5476x��� respectively. Then,thefollowing lemmaensuresthatthecollinearitycrite-
rion of Problem( � ) will hold in _ \ `  �$\ b d for appropriatelylarge 	 ’s.

Lemma 5.9. Let

¦��\]�?�fREkZ[�\]��R � RT@  R � � �p :<RKkZ[�\]� G @  R � (5.22)

and ¦S <�`¦��\S M� . If CM }�}z and @~ KDF6y�g@~ ���z , then

(i) ¦S ��Bz for largeenoughvaluesof theparameters	{ KDF6g�T	{ 5476 ,
(ii) ¦��\a`  �5��z for largeenoughvaluesof theparameters	{ KDF6a�T	{ ,

(iii) ¦��\cb  �L��z for largeenoughvaluesof theparameters	{ Q�T	{ L476 ,
(iv) ¦��\]���2z , \e^9_ \a`  �$\cb d , for large enoughvaluesof the parameters	{ EDF6g�T	{ ,	{ 5476 .
Proof. Part (i) of the Lemmais obtainedby applyingCorollary 4.3 andnoticing thatË� is positive aswell as,underthegivenassumptions,Íq Á1�fz and Íq G CM e�ez .
Parts(ii) and(iii) of the Lemmaaredirect consequencesof limiting relation(4.20)of
Theorem4.7andthefactthat,if CM <�<z , then @~ KDF6 G @? }�<z .

Weshallnow concentrateonPart (iv) of thelemma.Let:p 6�rq���s��~�<� �p Rtq5R � RtsÄR � :<Rtq G sÄR � (5.23)

and p � rq���s?�tuÕ�~�}� �p rq��vs��VRKuFR � :Brq G uÕ���³rs G uÕ��� (5.24)
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Usingthedefiningexpression(4.21)of kZ��\]� , ¦7�\F� canbewrittenasfollows :

¦��\]�K��¦S ¿)&K:�º�� � )&K:�Æ{º$� ��¾º �9w Æ6�È� �p RT@~ ¯R � RTog ¯R � )&K:�º�� � � p 6��»] 5476g��@? M�]æÆ{ºy:�µ(� �
�n&gµÈ� �p RT@? UR � �oa B��»] 5476��]æÆ{ºy:-µ(�!)&E:�º��vx�¾ºa)&K:�º��!)&K:-Æ{º��yw¾&gµÈ���p RT@? URT�y�oa ��g»] M�])&K:�º���Mµ p � �»  ��»  L476 ��@  �]æÆ{º�:-µ(� x �

(5.25)

where oa '�Å@~ ¾½ DF6 . Let º�6M^��z�� üUýóþ � 60 �$º b ,{� . Then,for \-^�_ \u "�$\u ���º�6�½� Kd , the
above expressionfor ¦��\F� canbeboundedfrom below asfollows :

¦��\]��Ö�¦S ¿)&K:�º�� � )&E:-Æ{º$� ��¾º)��wÄÆ6�È���p RT@~ ¯RT�LRTog ¯RT�y)&K:�º�6��+�Ä:�ø�I p 6¨�»] 5476g��@? M�aI:Eµ{øy���p RT@  RT�ÄRTo  R�RT»  5476 R x�¾ø�ºa)&K:�º��!)&K:-Æ{º��ywÄÆÈ� �p RT@? UR � �oa ��g»] M�])&K:�º��: I p � �»] ���»] L476g��@~ ��aI x
(5.26)

By virtue of Part (i) of the Lemma,thereexists a positive number *U6 suchthat, for
every 	{ KDF6g�T	{ 5476��j*U6g� we have ¦S ��jz . Next, Lemma4.2 implies that thereexists
a positive number* � suchthat,for every 	{ L476Q�}* � � themultiplier of º � in theright-
handsideof (5.26)is positive. Finally, Corollary4.3 impliestheexistenceof a positive
number* 0 suchthat, for every 	{ KDF6g�T	{ L476n�'* 0 � we have oa }�m»] ®��z . Hence,for	{ EDF6g�T	{ L476���* 0 � themultiplier of ºa)&�: º$�!)&�:¿Æ{º$� in (5.26)is boundedfrom below
by thequantity:

ÆÈ� �p RT@~ ¯R � �oa Y�g»] ��])&K:�ºT6x��:%I p � �»] "��»] L476g��@~ ��aIs� (5.27)

UsingonceagainLemma4.2andCorollary4.3,theabovequantitybecomespositive for	  EDF6 �T	  L476 greaterthansomepositivenumber* � . Thepositivity of ¦��\]� in _ \  �$\  �º�6�½n Äd is thenguaranteedby choosing	{ KDF6a�T	{ L476��B* ` , where * ` � ü��
	 6$ÿ¬¶�ÿ��N*"¶ .
For \�^-_ \u ¿�¼º�6�½n Q�$\ b d , ¦��\]� canbeboundedfrom below as:

¦��\F��ÖjÆ6�È���p RT@  RT�LRTo  RT�]º)� 6 )&K:�ºMb �+�:Eµ{øy� �p RT@? ¯R � RToa ¯R7�RT»] ÔRÈ��RT»] 5476�Rx�È:�ø�I p 6¨�»] ���@? M�aI:Äø�I p 6��»] 5476���@? M�aI{:A�KI p � �»] ���»] L476���@~ ��aIs� (5.28)

Groundedoncemoreon Lemma4.2, we concludethat all but the first of the termsin
the right-handside of the above inequality tend to zero as 	{ Q�T	{ L476 tend to infinity.
Thus,thereexistsa positive number* b suchthat, for every 	{ Q�T	{ 5476n�'* b � we have¦��\]�Q�`z for \¼^B_ \u �� º�6T½n Q�$\kb d . This resultcanbededucedfor theentireinterval_ \u "�$\cb  d by simplychoosing	{ EDF6g�T	{ "�T	{ 5476E� ü��
	 ��* ` ��* b , .
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The proof that ¦��\F�U��z for \`^�_ \ `  �$\  d is directly analogousto the onepre-
sentedabove for \�^-_ \S ��$\cb  d . �
5.2. ThealgorithmNUSSP

Basedon the theoremsandlemmata,derived in theprevious subsection,we pro-
posetheensuingalgorithmNUSSPfor constructinginterpolatory
 � -continuousshape-
preserving	 -splines. This algorithmis global in the sensethat, within eachiteration,
the 	 -splineinterpolationproblemhasto be solved for a differentsetof 	 -parameters.
Furthermore,NUSSPmakesextensiveuseof apredicate,called

v æäc��_ zu�K{�d���� thatreturns
thenumberof realrootsof a polynomial ä��º�� in _ zS�K{Td�� providedthat ä�Pz��)ä��{a�{1��z�� This
is donewith theaidof thefollowing theorem,thatexploits thepropertiesof theso-called
Sturmsequenceof apolynomial;see,e.g.,[7, � 5.2].

Theorem 5.10. Let ä�r|F� beapolynomialwith realcoefficientsand �¨ä p r|]� , ä 6 r|]� , �a�a� ,ä Y r|F�T, bethestandardsequencefor ä�r|]��� definedas:ämp�r|]�c��ä�r|F��� (5.29)ä 6 r|]�c��ä U r|]��� (5.30)ämp�r|]�c� è 6�r|F�)äÕ6gr|F�È:-ä � r|]��� (5.31)
...ä{¶�DF6�r|]�c� è ¶$r|]�)ä{¶$r|]��:-ä{¶ó476gr|F��� (5.32)
...ä Y DF6gr|]�c� è Y r|]�)ä Y r|F��� (5.33)

Then the numberof distint real rootsof ä�r|]� in Pzu�K{a� is }�i�:�}SÛ�� where } : denotes
thenumberof variationsof thesubsequenceof �¨ä p �åg� , ä 6 �åg� , �a�a� , ä Y �åg�T, obtainedafter
droppingits zeros.

Theafore-mentionedpredicateis usedfor calculatingthenumberof roots,over specific
parametricintervals, of the quarticpolynomials

d
�\]� and ¦��\]��� involved in Lemmata

5.7,5.8and5.9,respectively.
NUSSPalways converges after a finite numberof iterations. The convergence

issue,alongwith thequestionsregardingtherunningtime andthestoragerequirements
of NUSSP, arediscussedat theendof this subsection.

STEP0.0.

(i) Evaluatethescalars½  �Y\  L476 :�\  , #%�'&()&��+*A:B& , andset:
- ½¯p���½l6 and ½¯b��'½¯bKDF6 for unit-tangentvectorandzero-curvatureboundary
conditions,
- ½�pE�}½¯bKDF6 and ½¯bY�}½O6 for periodicboundaryconditions.
Evaluatethevectors@? , #ª�Å&()&��+*A:�&m� andset:
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- @ p �<o p and @ b �}o b for unit-tangent-vectorboundaryconditions,
- @LpK�<@K6 and @Lb<�<@5bÄDF6 for zero-curvatureboundaryconditions,and
- @LpK�<@LbKDF6 , @5b��<@E6 for periodicboundaryconditions.
EvaluatethevectorsÍq , usingrelations æÆ���~�� , æÆ��]�(� , æÆ��ó&az³� and æÆ��ó&�&�� .
EvaluatethescalarsHN }��I @~ KDF6�@?  @~ L476¨I , #%�'&()&��+*A:�& .

(ii) Set �¬bY���³&m�Tµ��a�a�a����*�, anddeterminethefollowing index sets:
- Thethree-dimensionalityindex set:� 6?�Å�g#Á^��¬bKDF65h(HV f1�<z�,(� (5.34)

- Theconvexity index set:� pE���g#Á^��¬bKDF6Äh(CM ��gCQ L476�� z�,(� (5.35)

- Thecoplanarityindex sets:
If
� 6~��� , set �ªpE�X�Þ6L��� andGOTO STEP0.2. Otherwise:�¸pE�Å�g#Á^��¬bKDF65h(HV <�<z�� CM Y�gCM L476E��z�,(� (5.36)�Þ6L���g#2^��¬bKDF6Äh³HN <�<z�� CQ B��CM 5476Ei�z�,(� (5.37)

- Thecollinearity index set:� pE���g#2^��¬b`h]RTCM ÔR5�<z�� @~ KDF6y�g@~ ��Bz�, (5.38)

for unit-tangentvectorandperiodicboundaryconditions,while� pE���g#2^��¬bKDF6����³&{,"hFRTCM UR5�<z�� @? EDF6y��@? ���z�, (5.39)

for zero-curvatureboundaryconditions.

STEP0.1.If � p £�� 6 ��� GOTO STEP0.2. Otherwise:

(i) Specifythecoplanaritytolerance ��6E^-�z��g&xd .
(ii) For #Á^��Þ6 specifytheparametervalues\�`  ^¼�\S ��$\c« � and \kb ^¼�\c« �$\u L476x� ,

where\ « is givenby equ. �\�� � � .
STEP0.2.If

� pK��� GOTO STEP 0.3. Otherwise:

(i) Specifythecollinearity tolerance ��pM^-�z��g&xd .
(ii) For # ^ � py�¯�³&{, specify the parametervalues \ `  ^A�\u KDF6g�$\S M� . For # ^� p�����*-, specifytheparametervalues\cb ^-�\S ��$\S L476x� .
STEP0.3.Set ���3z , initialize theparameters	� pt� �fz , # �9&()&��+* , andspecifythe
constant½U	t^-�z��%��� .
STEP1. Evaluate»] , #%�'&()&��+*[� by solvingthelinearsystemsæÆ��ùÆ(� .
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STEP2. Determinethe“f ailure” sets:� px6 ���g#Á^ � p h �  �gC  ©�z�� �  �gC  L476 ©�z�,(� (5.40)� p � ���g#Á^ � p�h �  5476y�gCM �©�z�� �  5476È�¨CM L476E©�z�,(� (5.41)� p 0 ���g#Á^ � p9�� � px6È£ � p � �~hµ Ñ  �  B�gCM�¬�] �  L476y�gCQ��F�8WS B��CQ�Ô©�z�� � �<# or #f�<&{,(� (5.42)� 6$6~���g#Á^ � 6Kh /  �HV j©�z�,(� (5.43)�ªpx6L���g#2^7�¸p�h
d
 '© z�,(� (5.44)�ªp � ���g#2^7�¸p�h

d
 5476�©�z�,(� (5.45)� p 0 ���g#Á^7� p �MP� px6 £�� p � �Lh v 

d
��_ \  �$\  5476 d��5��z�,(� (5.46)�Þ6$6L���g#2^7�Á6Kh

d
 '© z�,(� (5.47)�Þ6 � ���g#2^��Þ6Kh

d
�\ `  �5© z�,(� (5.48)�Þ6 0 ���g#Á^7�Á6��MP�Þ6$6È£��Þ6 � �Lh v 

d
��_ \S q�$\ `  d��5��z�,(� (5.49)� � 6L���g#2^��Þ6Kh

d
�\ b �5© z�,(� (5.50)� �$� ���g#2^7� 6 h

d
 5476 ©�z�,(� (5.51)� � 0 ���g#Á^7�Á6��MP� � 6�£�� �$� �Lh v 

d
��_ \ b �$\S 5476$d��5��z�,(� (5.52)� px6~���g#Á^ � p�hÕ¦S Å©�z�,(� (5.53)� 6$6L���g#2^ � p����³&{,�hÕ¦��\ `  �5©�z�,(� (5.54)� 6 � ���g#Á^ � p[�Q � 6$67£ � px6�£°�³&{,{�5h v �¦V��_ \ `  �$\S Ed��L��z�,(� (5.55)� � 6L�Å�g#Á^ � p9�E��*-,"h�¦��\ b �5©�z�,(� (5.56)� �$� �Å�g#Á^ � p9�� � � 6�£ � px6�£[��*-,{�5h v �¦V��_ \S q�$\ b d��5��z�,(� (5.57)
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STEP3. Set 	V��� 476�� �}	V��� � , �c# . Let :� p7� � p 0 £ � 6$6V£��¸p 0 � (5.58a)� 6]� � px6�£��¸px6�£��Þ6$6È£ � px6g� (5.58b)� � � � p � £�� p � £�� �$� � (5.58c)� 0 � � �$� £ � 6 � � (5.58d)� ��� � 6$6a� (5.58e)��� � � � 6 � (5.58f )��� �A�Á6 � £��Þ6 0 £�� � 6�£�� � 0 � (5.58g)

If ��
¶��]p � ¶N����� (5.59)

thenSTOP. Elseset: � DF6F� � p?£ � 6�£ � 0 £ � �~£ ��� � (5.60a)� p�� � p?£ � � £ � 0 £ � �~£ � � £ ��� � (5.60b)� 6 � � p £ � 6 £ � 0 £ ��� £ � � � (5.60c)�
� � � p?£ � � £ ��� � (5.60d)� � ��� � (5.60e)

Let � �3  ,¢¡  �76 be the partition of
�

with the properties:(1) if #��$#A�f&�^ �
, then#��$#Á�f&�^ �  

for some £9^¤� ¡ and (2) if #�6a�$# � ^ �
, with #�6-iA# � , then#�6g�$# � ^ �  

for some£ ^¥� ¡ if andonly if #�6È� � ^ �  
, � � ^���z��a�a�a���$# � :�#�6!, .

Without loss of generalitywe can assumethat if £ 6 i¦£ � , then # 6 iÁ# � �M�u# 6 ^�   ô �$# � ^ �   � . Then,for unit-tangentandzero-curvatureboundaryconditions,set:

	 ��� 476�� KD L �}	 � � � KD L � ½¯	���#2^ � L ��Jl^��³:"&m��z��g&m�TµÕ,(� (5.61)

providedthat #®:AJl^�� b , whereasfor periodicboundaryconditions,set:

	 ��� 476��¶ �  Eé L � �}	 ��� �¶ �  Eé L � � ½¯	���#2^ � L ��Jl^��³:"&m��z��g&m�TµÕ,(� (5.62)

where� �#��KJ¬�~���#®:AJ��¿*%:B&��t üB§©¨ *��V�<& ; also,if ç �j& and(at least)oneof
thefollowing threeconditionsholds

1. &Q^ � 6 and *Þ^ � ¡
2. &Q^ � 6 and *%:�&M^ � ¡
3. µ�^ � 6 and *Þ^ � ¡

set � 6]� � 6�£ � ¡ � (5.63)çJ�-ç :B&m� (5.64)
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Finally for all boundaryconditions,set:

	 ��� 476�� �<	V� � 476�� L476 � ü��
	�RO¢ª�« �¨	 � � �� �T	V��� ���476 ,L� ½¯	���#Þ^ �¬  �A£�^�� ¡ � (5.65)

increase� by oneandGOTO STEP 1. 
Step0 of NUSSPis thepreprocessingstepof thealgorithm,devotedto computing

quantitiesrelatedto the parametrizationand the geometryof the polygonal line that
connectsthe interpolationpoints. Within this stepwe furthermoredeterminethe index
setsandspecifythetolerancesassociatedto thevariouscriteriaof theshape-preservation
notionintroducedin Problem ���� of Section2 and,finally, initialize the 	 -parameters.

In Step1 wesolve thelinearsystemfor thecurrent	 -parameterdistribution,while
Step2 is responsiblefor the computationof the failure index sets,i.e., the setsthat
determinetheparameterlocationwherethesufficient,andpossiblynecessary, conditions
of � 5 fail to be true. As alreadymentionedat the beginning of thecurrentsubsection,
Step2 reliesonthepredicate

v æäc��_ zu�K{Td���� thatreturnstherootsof thepolynomial ä��º$� in_ zu�K{�d�� providedthat ä�Pz��)ä��{a�M1�jz�� However, in orderto avoid redundantcomputations,
thealgorithmexploitsBolzano’sTheoremandappealsto

v æäc��_ zu�K{Td�� only if ä�Pz�)ä��{!�L�z��
Thealgorithmconcludeswith Step3, in whichwecheckif theunionof thefailure

setsis the emptyset. If this is the caseNUSSPstops;otherwise,the valuesof the 	 -
parametersareincreasedappropriatelyandwe iterateby goingbackto Step1.

Steps0, 1 and2 arefairly straightforward.Onthecontrary, Step3 is rathercompli-
catedandfull of technicaldetails.Nevertheless,weshallnotgetinto thedetails;instead,
weshallprovide thegeneralunderlyingideaandskip theboundaryconditiondependent
details.Thesets� � ¶·, �¶��]p containtheindicesfor whichthecorrespondingor someneigh-
boring 	 -valuehasto be increased.At this point we do not careabout 	 -valueshaving
to be equalto eachother. Which 	 -valueshave to be increasedis determinedby the
lemmataof � 5 relatedto the failuresetscomprisingeachof the

� ¶ ’s. Then,depending
on which

� ¶ contains#�� we might have to increase	{ EDF6!�T	{ ��T	{ L476 or 	{ L4 � . This is
exactly what thesets � � L , �L �7DF6 correspondto: given #J^ � ¶ , � L contains# if 	  KD L
hasto beincreased.Therearesituations,however, relatedexclusively to thecoplanarity
criterion,wheresome	 -valueshave to beequal.This is thepurposeof introducingthe
set

�
; it containsall those# ’s for which 	{ and 	{ 5476 have to be increasedunderthe

constraint:	{ ���	{ 5476 . Thepartition � �   ,¢¡  �76 of
�

is donein orderto guaranteethat
if #��$#��j& arein

�
, then 	{ Å�'	{ 5476E��	{ L4 � afterwe increasethe 	 -values.Step3

endsby increasingthe 	 ’s appropriately. Notethata specific 	 ��� 476�� maybeassigneda
valueseveraltimesduringtheexecutionof Step3, but at theendof thestepit will have
thecorrectvalue.

ThealgorithmNUSSPstopsonly whentheset £ �¶��76 � ¶ ��� . Therefore,in orderto
prove convergencefor NUSSP, we only needto prove thateachoneof the failuresets,
constitutingthe

� ¶ ’s,becomestheemptysetaftera finite numberof iterations.This can
bedoneby appealingto thevariouslemmataof � 5.1. In particular, theconvexity failure
sets � � p)¶+,��¶��76 and

� p 0 will becomeempty in view of Part (i) andPart (ii) of Lemma
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5.4, respectively. Regardingthe torsion failure set
� 6$6 � it will becomeempty due to

Lemma5.6. Next, in thecaseof convex coplanardata,Part (i) of Lemma5.7 ensures
that the failure sets �ªpx6 and �ªp � will becomeempty, whereasPart (ii) of the same
lemmaimplies that the failure set �ªp 0 will becomeemptytoo. Now, for non-convex
coplanardata,it is Lemma5.8,Part (i), thatsecuresthat thefailuresets�Þ6$6 and � �$�
will becomeempty, while thesameconclusionfor thesets� 6 � �6� � 6 �6� 6 0 and � � 0 �
is inferredfrom Part (ii) of thesamelemma.Finally, asfor thecollinearity failuresets� px6g� � 6$6a� � � 6 and � � ¶ � , �¶��76 � they will eventuallybecomeemptyasParts(i), (ii), (iii)
and(iv) of Lemma5.9guarantee,respectively.

In orderto computetherunningtimeandspacerequirementsof ouralgorithm,the
following factsshouldbetakeninto account:

1. A tridiagonalsystemof Î equationscanbesolvedin à��Î?� time using à��Îy� space.

2. Thecostof computingthequotientandremainderof thedivision of two polynomi-
als � and è of degrees# and � ij# , respectively, is ál �  � :¼#��$� . This implies
that the cost to computethe standardsequenceof a polynomial ä of degree " isál " � � . Moreover, thecostto computethevalue ä�r|F� of ä at | is ál " � . Combin-
ing theabove boundswith the fact that thestandardsequenceof ä containsál " �polynomials,of monotonicallydecreasingdegree,we concludethat the total cost
to computethe predicate

v æäc��_ zS�K{Td�� is ál " � � : ál " � � operationsto computethe
standardsequenceof ä , ál " ��� operationsto computethevaluesof thepolynomials
in thestandardsequenceat z and { , and ál " � operationsto determinethenumber
of variationsin signof thefinite sequencesof thesevalues.

3. Let ® beasetand ¯q+�s� abooleanfunctionoperatingon theelementsof ® . Let also® Ú ���¢F�^�®®hh¯q�FÈ�L��º�, , º¾^ ��z��g&{, . If ¯q+�s� canbecomputedin ál)&�� time and
space,thentheset ®�Ú canbecomputedin ál�I ®�Iï� time andspace,where I ®�I is the
cardinalityof ® . Moreover, if ® is sortedthen ®qÚ canbecomputedto besortedin
theabove timeandspacebounds.

4. If ®O��� aretwo sortedsets,thenthe time neededto compute®°��� and ®�£°� isál�I ®tI{�'I ��Iï� . Thespacerequirementis ál�I ®�I¨�'I �MIï� aswell, and ®±��� , ®'£[�
canbecomputedto besortedin theabove timeandspacebounds.

5. Let ® be a sortedinteger set. Let � ®/²�, ³² �76 be the (unique)partition of ® with
the following properties:(1) if #��$#ª�f& ^±® , then #��$#2��&¿^±®#² for some´ ^7� ³ and(2) if #�6g�$# � ^�® , then #�6g�$# � ^�®/² , for somé ^7� ³ , if andonly if#�6�� � ^�®#² , � � ^-��z��a�a�a���$# � :�#�6!, . This partitioncanbecomputedin ál�I ®�Iï�
timeandspace,andthesets®/² canbecomputedto besorted.

In the sequelwe shall assumethat all setsthat areresultsof the above mentionedset
operationsaresorted.

As far asalgorithmNUSSPis concernedwe notethefollowing:

1. The computationof eachoneof the nodalgeometricquantitiesneedsál)&�� space
andtime.
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2. Thedegreeof thepolynomials ¦7�\F� and

d
�\F� is four. Hence,thecostto compute

thepredicates
v �¦V��_ zu�K{�d�� and

v 
d
��_ å¨� " d�� for any realnumberszu�K{¨��å¨� " is ál)&�� .

3. All thesetsinvolvedaresortedintegersetsandof cardinality ál�*�� .
4. The assignment(5.65) takes ál�*�� total time: we need I �   I time to computetheü��
	 �RO¢ª « �¨	V��� �� �T	V� � ��m476 , , and µ ¡  �76 I �   I��`ál�*�� time to performtheassignments.

Basedon theabove,we readilyconcludethatthespacerequirementsfor our algo-
rithm is à��*�� , whereasthe runningtime is à��*�� per iterationor à��*·¶ Ã � � in total,
where¶ Ã � is thenumberof iterationsthatthealgorithmperforms.

6. Numerical Examples

In this sectionwe will presentthe performanceof the algorithmNUSSPon two
datasets.Eachdatasetcomprisesa family of datapointsalongwith informationrelated
to theadoptedparametrizationandtheboundaryconditionsto beimposed.Thefirst data
setis of syntheticnature,obtainedfrom [6], while thesecondoneis an industrialdata
set,kindly providedby GeneralMotorsDesignCenter(Warren,Michigan).

The NUSSPoutcomeis documentedwith the final setof 	 -parametersanda set
of figures; seeFigs. 1-4 for Example1 and Figs. 5-8 for Example2. The dashed
line in thesefiguresdepictsthe outcomeof NUSSPfor zero 	{¶ ’s, i.e., the standardÇM� -continuouscubic spline interpolant. On the otherhand,solid line correspondsto
the shape-preserving
 � -continuous 	 -spline interpolant, that possessesthe final 	 -
parameterdistribution providedby NUSSP. In bothexamples,theboundaryconditions
arefixedunit-tangentvectorsor fixedtangentvectorsfor zero 	{¶ ’s,while thestep ½¯	 of
increasingthe 	 -parameters,aftereachiteration,is setequalto 0.5.Weshalldiscussthe
choiceof ½¯	 at theendof this section.

Example1

The dataconsistsof twenty five points, sampledfrom the helix P¸ §�¹ ¥� ¹�ýóþ ¥¬��¥Õ�
with ¥ -stepequal to ºVPmÆ�� The imposedboundarytangentvectorsare inheritedfrom
thoseof the two circulararcs,interpolatingthefirst andlast threeinterpolationpoints.
Thechordalparametrizationwasused,while thecoplanaritytolerance��6 wassetequal
to 0.2.

The Ç � -cubicspline(seedashedline in Fig. 1) failedto meetthetorsion,convex-
ity andcoplanaritycriteria.Thealgorithmendedaftereightiterations,yielding ashape-
preserving	 -spline(seesolid line in Fig. 1) that possessesthe following 	 -parameter
distribution: 	 ¶ �ªÆ��]\ , � ��&m�TÆ��Tµ�Æ��Tµ6\ , 	 ¶ �ªµ , � �Aµ��$ø�Tµ�µ��Tµ{ø , and 	 ¶ �¸z , for the
remaining� ’s. In particular, the ÇM� -cubicsplinehadthewrong torsionsign in _ \ � �$\ 0 d
and _ \ � 0 �$\ � �!d (seeFig. 2). As far as the convexity criterion is concernedthe binor-
mals � � PSR � � R and � � ��PSR � � ��R of the ÇM� -cubic failed to comply with it. Finally, theÇM� -cubic failed to be shape-preservingwith respectto thecoplanaritycriterion for the
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chosentolerancein thefirst andlastparametricintervals; seeFig. 4 for thecoplanarity
ratio in _ \N6g�$\ � d .
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Figure1. The » � -cubic (dashedline) and � � -cubicshape-preservingspline(solid line) interpolatingthe
helicaldatawith theunit-tangentvectorboundaryconditionsdescribedin thetext andchordalparametriza-

tion.

Example2

The dataare given in Tables6.1 and6.2. The ÇM� -cubic spline interpolant(see
dashedline in Fig. 5 ) failedto satisfythetorsionandconvexity criteria. Thealgorithm
endedafterfive iterations,yielding ashape-preserving	 -spline(seesolid line in Fig. 5)
thatpossessesthefollowing 	 -parameterdistribution: 	{¶��Åz��]\ , � �e&()&���~ , 	{¶È�Åµ , � �& \)&��x& � , and 	{¶5��z for the remaining� ’s. In particular, the Ç � -cubicsplineexhibited
wrong sign for its torsion in _ \ � �$\ 0 d , _ \ � �$\ � d and _ \ 6 � �$\ 6�¼ d (seeFig. 6), whereasits
binormal � � PSR � � R failed to be in conformity with the convexity criterion in _ \N6a�$\ � d ,
since� � �gCn6¾i z�² seeFig. 8 for thecorrespondingconvexity ratio.

As far asthestep ½U	 is concerned,we canoffer, for thepresentversionof theal-
gorithmNUSSP, but somegeneralguidancebasedonqualitative remarksandour, sofar
obtained,numericalexperiencewith NUSSP. Choosingtoobig astep½¯	 resultsquickly
in a shape-preservingcurve thatis, however, toocloseto thecorrespondinglinearinter-
polantand,thus,not visually pleasing(fair). On the otherhand,too small a step ½¯	
increasesthe runninngtime asa resultof permittingtoo many unnecessaryiterations.
Our numericalexperiencesuggeststhatvaluesin betweenz��ó& and & seemto bea good
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Figure2. The torsiondistributionsof the »�� -cubic (dashedline) and ��� -cubic shape-preservingspline
(solid line) of Example1.
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Figure3. Thecurvaturedistributionsof the » � -cubic (dashedline) and � � -cubicshape-preservingspline
(solid line) of Example1.

compromisebetweenthetwoconflictingrequirementsstatedpreviously, namelyimprov-
ing fairnessanddecreasingrunningtime– pleaserecall that in our formulation 	 ’s are
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Figure4. Thecoplanarityratio of the » � -cubic (dashedline) and � � -cubicshape-preservingspline(solid
line) in ½ ¾ ô�¿ ¾ ��À of Example1; thecoplanaritytoleranceÁ ô is equalto 0.2.

non-dimensional(seeSection3). This is the reasoningbehindthe choice ½¯	��Az��]\��
madein theexamplespresentedabove.
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Figure5. The » � -cubic (dashedline) and � � -cubicshape-preservingspline(solid line) interpolatingthe
dataof thesecondexample;thetwo curvesareessentiallythesame.
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1 0.0 5088.062500000 7.906158924 1025.970947266

2 0.0526315789473684 5085.933593750 50.088546753 1025.114746094

3 0.10526315789473701 5082.252441406 92.210144043 1024.650390625

4 0.15789473684210501 5076.693847656 134.211181641 1023.926940918

5 0.21052631578947401 5069.430175781 175.916946411 1023.537658691

6 0.26315789473684198 5060.208496094 217.127090454 1022.765319824

7 0.31578947368421101 5048.564941406 257.767242432 1021.563720703

8 0.36842105263157898 5034.916992188 297.822265625 1020.773681641

9 0.42105263157894701 5019.403320313 337.164062500 1018.875549316

10 0.47368421052631598 5001.769531250 375.606842041 1016.703918457

11 0.52631578947368395 4982.209960938 413.023437500 1014.270690918

12 0.57894736842105298 4960.532226563 449.337707520 1011.526733398

13 0.63157894736842101 4936.054199219 483.775268555 1008.486572266

14 0.68421052631578904 4907.513671875 514.686279297 1004.340209961

15 0.73684210526315796 4874.898925781 541.243225098 1000.899230957

16 0.78947368421052599 4839.287109375 563.890319824 995.753234863

17 0.84210526315789502 4802.104003906 583.373291016 990.441406250

18 0.89473684210526305 4764.125488281 601.033081055 985.327575684

19 0.94736842105263197 4725.323730469 617.624389648 980.590759277

20 1.0 4685.979980469 632.172729492 975.273193359

Table6.1
The Ã , Ä , Å co-ordinatesof thepointsof Example2 andthecorrespondingparametervalues¾ .

Ã Ä ÅÆ�Ç -11.038033 801.759583 -57.116488Æ � Ç -758.641754 249.218852 -132.963858

Table6.2
The Ã , Ä , Å co-ordinatesof theinitial tangentvectorsat theendpointsfor Example2.
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Figure6. The torsiondistributionsof the »�� -cubic (dashedline) and ��� -cubic shape-preservingspline
(solid line) of Example2.
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