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5. Epifàneiec

(Finney, Par. 10.4)

5.1. K‘lindroi. Sthn gewmetr–a h lËxh k‘lindroc qrhsimopoie–tai sun†jwc me m–a sten†
Ënnoia. Mporo‘me na thn epekte–noume kai na d∏soume Ënan genikÏtero orismÏ.

OrismÏc 11. K‘lindroc e–nai h epifàneia pou sqhmat–zetai apÏ Ïlec tic euje–ec oi opo–ec
(a) e–nai paràllhlec se dedomËnh euje–a tou q∏rou kai (b) diËrqontai apÏ dedomËnh kamp‘lh
sto ep–pedo.

Paràdeigma 5.1. An upojËsoume Ïti Ëqoume euje–a paràllhlh ston àxona z kai h
dedomËnh kamp‘lh sto ep–pedo xy e–nai k‘kloc, tÏte prok‘ptei o sun†jhc k‘lindroc. ⇤

Paràdeigma 5.2. An upojËsoume euje–a paràllhlh ston àxona z kai h dedomËnh kam-
p‘lh sto ep–pedo xy e–nai Ëlleiyh (p.q., x2+2y2 = 1), tÏte Ëqoume ton elleiptikÏ k‘lindro.
⇤

Paràdeigma 5.3. An upojËsoume euje–a paràllhlh ston àxona z kai h dedomËnh kam-
p‘lh sto ep–pedo xy e–nai parabol† (p.q., y = x2), tÏte Ëqoume ton parabolikÏ k‘lindro.
H ex–swsh tou kul–ndrou e–nai y = x2. AutÏ sumba–nei diÏti:
(1) kàje shme–o pou an†kei ston k‘lindro: an†kei se euje–a paràllhlh ston àxona z

pou pernàei apÏ shme–o thc parabol†c, Ëstw (x0, x20) dhlad† e–nai thc morf†c (x0, x
2
0, z)

(già kàje z). E‘kola blËpoume Ïti tËtoia shme–a ikanopoio‘n thn ex–swsh.
(2) AntistrÏfwc, kàje shme–o pou ikanopoie– thn ex–swsh y0 = x20 e–nai thc morf†c

(x0, x20, z) kai àra an†kei ston k‘lindro. ⇤

Sqhma 2. ElleiptikÏc k‘lindroc
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Sqhma 3. ElleiyoeidËc

Parat†rhsh 5. H dedomËnh kamp‘lh sthn opo–a tËmnei o k‘lindroc to ep–pedo xy
lËgetai genn†tria kamp‘lh tou kul–ndrou.

Mporo‘me t∏ra na do‘me Ïti kàje kamp‘lh g(x, z) = c sto ep–pedo xz e–nai h genn†tria
kamp‘lh già Ënan k‘lindro paràllhlo ston àxona y me ex–swsh g(x, z) = c. Ep–shc kàje
kamp‘lh h(y, z) or–zei Ënan k‘lindro paràllhlo ston àxona x me ex–swsh h(y, z) = c.
Pàntwc o àxonac tou kul–ndrou den e–nai aparait†twc paràllhloc me Ënan àxona sunte-

tagmËnwn.

5.2. Epifàneiec deutËrou bajmo‘. 'Hdh gnwr–zoume Ïti oi exis∏seic oi opo–ec e–nai
grammikËc wc proc x, y.z d–noun ep–peda ston q∏ro. To ep–pedo e–nai bËbai m–a eidik†
per–ptwsh epifàneiac ston q∏ro. Ja exetàsoume sta epÏmena epifàneiec oi opo–ec d–nontai
apÏ exis∏seic deutËrou bajmo‘.

Paràdeigma 5.4. (Sfa–ra) Genike‘oume thn ex–swsh tou k‘klou x2 + y2 = a2 kai
gràfoume stic treic diastàseic thn ex–swsh

x2 + y2 + z2 = a2.

Aut† d–nei epifàneia, ta shme–a (x, y, z) thc opo–ac apËqoun apÏstash a apÏ thn arq† twn
axÏnwn. H epifàneia e–nai h sfa–ra akt–nac a. H sfa–ra tËmnei to ep–pedo xy (dhl., to
z = 0) sthn kamp‘lh x2 + y2 = a2 (k‘kloc), thn opo–a br–skoume jËtontac z = 0 sthn
ex–swsh thc epifàneiac. Omo–wc, h sfa–ra tËmnei to ep–pedo xz ston k‘klo x2 + z2 = a2,
klp. ⇤

Den e–nai pànta e‘kolo na fantasto‘me th morf† epifanei∏n ston q∏ro. E–nai loipÏn
s‘nhjec na jewro‘me tomËc twn epifanei∏n me ep–peda (p.q., Ïpwc to ep–peda z = 0) oi o-
po–ec mac d–noun kamp‘lec. Jewr∏ntac tomËc me diàfora ep–peda mporo‘me na fantasto‘me
thn morf† thc epifàneiac.
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Sqhma 4. ParaboloeidËc ek peristrof†c

Paràdeigma 5.5. (ElleiyoeidËc) Genike‘ontac thn ex–swsh thc Ëlleiyhc x2/a2+y2/b2 =
1 gràfoume stic treic diastàseic thn ex–swsh

x2

a2
+

y2

b2
+

z2

c2
= 1.

• Oi tomËc thc epifàneiac me ta ep–peda xy, xz kai yz e–nai elle–yeic me àxonec b, c kai
c, a kai a, b ant–stoiqa. AutÏ to blËpoume jËtontac ant–stoiqa z = 0, y = 0, x = 0.
• To elleiyoeidËc tËmnei touc àxonec sta shme–a (±a, 0, 0), (0,±b, 0) kai (0, 0,±c).
• 'Ola ta shme–a tou elleiyoeido‘c ikanopoio‘n tic anisÏthtec |x|  a, |y|  b, |z|  c.
• H epifàneia e–nai summetrik† wc proc kajËna apÏ ta ep–peda xy, xz kai yz diÏti Ïlec
oi metablhtËc e–nai uyomËnec sto tetràgwno.
• Oi tomËc thc epifàneiac me ta ep–peda z = z0 |(z0| < c) e–nai elle–yeic:

x2

a2
+

y2

b2
= 1� z20

c2
) x2

a2(1� z20/c
2)

+
y2

b2(1� z20/c
2)

= 1.⇤

Paràdeigma 5.6. (ParaboloeidËc) H ex–swsh thc parabol†c z = x2 mpore– na genikeu-
te– stic treic diastàseic wc ex†c:

x2

a2
+

y2

b2
=

z

c
.

• H epifàneia Ëqei shme–a mÏno già z � 0 (Ïtan c > 0).
• TËmnei to ep–pedo xy (dhl., to z = 0) mÏno sto shme–o (0, 0, 0)
• Oi tomËc thc epifàneiac me ta ep–peda

x = 0 ! e–nai h parabol† z =
c

b2
y2

y = 0 ! e–nai h parabol† z =
c

a2
x2.
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Sqhma 5. (aristerà) MonÏqwno uperboloeidËc. (dexià) D–qwno uperboloeidËc

• H tom† thc epifàneiac me to ep–pedo

z = z0 > 0 ! e–nai † Ëlleiyh
x2

a2
+

y2

b2
=

z0
c
.

An a = b tÏte lËme Ïti Ëqoume Ëna paraboloeidËc ek peristrof†c (g‘rw apÏ ton àxona z).
⇤

Paràdeigma 5.7. (MonÏqwno uperboloeidËc)

x2

a2
+

y2

b2
� z2

c2
= 1.

Oi tomËc thc epifàneiac me ta ep–peda e–nai

x = 0 uperbol†
y2

b2
� z2

c2
= 1

y = 0 uperbol†
x2

a2
� z2

c2
= 1

z = z0 Ëlleiyh
x2

a2
+

y2

b2
= 1 +

z20
c2

. ⇤

Paràdeigma 5.8. (D–qwno uperboloeidËc)

z2

c2
� x2

a2
� y2

b2
= 1.
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Sqhma 6. UperbolikÏ paraboloeidËc

Oi tomËc thc epifàneiac me ta ep–peda e–nai

x = 0 ! uperbol†
z2

c2
� y2

b2
= 1

y = 0 ! uperbol†
z2

c2
� x2

z2
= 1

z = z0 ! Ëlleiyh
x2

a2
+

y2

b2
=

z20
c2

� 1, già |z0| > c.

H teleuta–a ex–swsh de–qnei Ïti h epifàneia qwr–zetai se d‘o mËrh, gi' autÏ onomàzoume to
gràfhma d–qwno uperboloeidËc. ⇤

Paràdeigma 5.9. (ElleiptikÏc k∏noc)

x2

a2
+

y2

b2
=

z2

c2
.

Ta uperboloeid† te–noun asumptwtikà proc ton elleiptikÏ k∏no (automelËth). ⇤

Paràdeigma 5.10. (UperbolikÏ paraboloeidËc)

y2

b2
� x2

a2
=

z

c
, c > 0.
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Oi tomËc thc epifàneiac me ta ep–peda e–nai

x = 0 ! parabol† z =
c

b2
y2

y = 0 ! parabol† z = � c

a2
x2

z = z0 ! uperbol†
y2

b2
� x2

a2
=

z0
c
.

H epifàneia pernàei apÏ thn arq† twn axÏnwn. Eàn kino‘maste sto ep–pedo xz Ëqoume
elàqisto sthn arq† twn axÏnwn, en∏ an kino‘maste sto ep–pedo yz Ëqoume mËgisto sto
–dio shme–o. H epifàneia Ëqei sagmatikÏ sq†ma. ⇤

5.3. Ask†seic.

'Askhsh 5.1. Sqediàste tic tomËc me ta ep–peda z = z0 già Ëna paraboloeidËc ek peri-
strof†c.


