CONTRACTIVE RELAXATION SYSTEMS AND THE SCALAR MULTIDIMENSIONAL CONSERVATION LAW by Markos A. Katsoulakis^1 and Athanasios E. Tzavaras^2 1 Department of Mathematics and Statistics University of Massachusetts Amherst, MA 01003 2 Department of Mathematics University of Wisconsin Madison, WI 53706

1. Introduction

It is a classical result, Kruzhkov [16], that the Cauchy problem for the scalar multidimensional conservation law,

(1.1) ∂_tu + n∑ i=1 ∂_{xi} F_i(u) = 0, x ∈ R^n, t > 0, u(x, 0) = u_0(x),

with u_0 ∈ L^1(R^n) ∩ L^∞(R^n) has a unique global weak solution u(x, t) satisfying the Kruzhkov entropy conditions

(1.2) ∂_t|u − k| + n∑ i=1 ∂_{xi} [ (F_i(u) − F_i(k))sign(u − k) ] ≤ 0 , in D^′, for all k ∈ R.

Weak solutions of (1.1) are constructed via finite difference approximations, Conway and Smoller [4], or as zero-viscosity limits of parabolic regularizations, Volpert [27] and Kruzhkov [16], and the solution operator defines a contraction semigroup in L^1(R^n), Crandall [5].

The research of MAK is partially supported by the National Science Foundation. The research of AET is partially supported by the National Science Foundation and the Office of Naval Research.

Typeset by AMS-TEX

In this article, entropy weak solutions of (1.1) are constructed as the singular limit of associated relaxation systems. The relaxation models can be loosely interpreted as (and their selection was motivated by) discrete velocity kinetic equations. The relaxation parameter plays the role of the mean free path and the system models the macroscopic conservation law at a ”mesoscopic” level. In that sense they are a discrete velocity analogue of the kinetic equations introduced by Perthame and Tadmor [24], Lions, Perthame and Tadmor [19], which also describe entropy solutions of (1.1) as the mean free path tends to zero and provide a kinetic formulation for the scalar conservation law. Furthermore, we may go back to the ”microscopic” level and build a stochastic interacting particle system, which: (a) in mesoscopic scales approximates the relaxation model and (b) in the fluid-dynamic limit converges to the entropy solution of a scalar conservation law. This issue was addressed by Perthame and Pulvirenti [23] for interacting particle systems corresponding to the kinetic formulation of conservation laws in [19], and is undertaken in a companion article [14] for interacting particle systems induced by the relaxation schemes proposed here. These results as well as part of the work in the present article are announced in the note [13].

The presence of relaxation mechanisms is widespread in both the continuum mechanics as well as the kinetic theory contexts. Relaxation is known to provide a subtle ”dissipative” mechanism for discontinuities against the destabilizing effect of nonlinear response [20], as well as a damping effect on oscillations [3] - at least when assisted by nonlinear response. We refer to Chen, Levermore and Liu [3] for a discussion of a general mathematical framework for studying relaxation processes, and to Jin and Xin [12] for a use of relaxation to construct nonoscillatory numerical schemes.

The objective of this work is to elucidate the ”dissipative” effect of relaxation, by studying compactness properties and the associated dynamics - in the zerorelaxation limit - for a simple but revealing paradigm. We introduce a class of systems, on the physical space R^n × [0, ∞), describing the dynamics in the state space R^{n+1} of the state vector (w, Z), with Z = (z_1, . . . , z_n). We call them contractive relaxation systems, and the main example is

(1.3) ∂_tw + n∑ i=1 ω_iV_i∂_{xi} w = 1 ε n∑ i=1 (h_i(w) − z_i)

∂_tz_i − V_i∂_{xi} z_i = 1 ε (h_i(w) − z_i) , i = 1, ..., n. In (1.3), the quantities z_i are convected with velocities U_i = −V_iê_i (V_i is a speed and ê_i are the unit coordinate vectors), while the quantity w is convected with velocity U_0 = (ω_1V_1, . . . , ω_nV_n) (ω_i are proportionality constants between velocity components). The functions h_i(w) describing the interaction rates between w and z_i are smooth and strictly decreasing. The system (1.3) is equipped with a conservation law,

(1.4) ∂_t(w − n∑ i=1 z_i) + n∑ i=1 ∂_{xi} V_i(ω_iw + z_i) = 0 ,

and may be interpreted as a discrete velocity model with a (strange) collision operator, or as a model for a chemical reaction between the quantity w and each of the components of Z.

As ε → 0, it is expected that the local equilibrium, z_i = h_i(w), i = 1, . . ., n, is enforced and that the limiting dynamics of (1.3) is described by weak solutions of

(1.5) ∂_t(w − n∑ i=1 h_i(w)) + n∑ i=1 ∂_{xi} V_i(ω_iw + h_i(w)) = 0 .

The first task is to study the compactness properties for families of solutions to (1.3), in strong topologies - in connection to the effect of relaxation on discontinuities - as well as in weak topologies - with regard to the effect on oscillations. Accordingly, to establish convergence in the zero-relaxation limit to regular weak solutions, in the former case, and to measure-valued solutions, in the latter case, of (1.5).

There are two points of interest in the above question: First from a kinetic theory viewpoint, (1.3) may be thought as describing the dynamics of a state vector in a box of R^{n+1} which approaches, in the zero-relaxation limit, to a curve of local equilibria. The dynamics on the curve of local equilibria is formally described by the conservation law, and the relevant question is how the limiting process occurs. Second, the convergence process provides an example in the geometric theory of singular perturbations, in a case where lack of smoothness does not allow application of the conventional techniques of center manifold analysis.

The second task is to study whether any given multidimensional, scalar conservation law

(1.6) ∂_tu + n∑ i=1 ∂_{xi} F_i(u) = 0 ,

can be realized as a zero-relaxation limit of solutions to (1.3). In view of the relation between (1.3) and (1.5), the question is rephrased whether (1.6) can be transformed to the form (1.5), with the functions h_i, describing the curve of local equilibria, being strictly decreasing. It turns out (Lemma 4.1) that this is possible whenever ω_i > 0 and the fluxes F_i(u) satisfy the conditions

(1.7) n∑ i=1 1 V_i dF_i du > −1 , 1 V_i dF_i du < ω_i 1 + Ω ( 1 + n∑ i=1 1 V_i dF_i du ) , where Ω = ∑_n i=1 ω_i. Note that the second equation implies n∑ i=1 1 V_i dF_i du < Ω and (1.7) is a multi-dimensional analogue of the subcharacteristic condition (c.f. Liu [20]). Lemma 4.1 gives a geometric interpretation to (1.7) in connection to our problem.

The key analytical property is that, under the hypotheses for the functions h_i:

(H_1) dh_i dw < 0 , h_i(0) = 0 , and lim_{w→±∞}h_i(w) = ∓∞ ,

(1.3) is an L^1-contraction. Then, in the spirit of Crandall and Tartar [6], the conservation law (1.4) induces comparison principles and associated maximum principles. The role of L^1-contraction in fluid-dynamic limit problems was pointed out by Kurtz [17] in his study of the fluid-dynamic limit for the Carleman model. Natalini [21] and Tveito and Winther [26] indicate the role of L^1-contraction in convergence theories from ”nonequilibrium” relaxation models to the one-dimensional, scalar conservation law. It is shown in [21] that, if f satisfies the subcharacteristic conditions −1 <^1_c f^′(u) < 1, then

(1.8) w_t + cw_x = 1 ϵ ( f ( w − z 2c ) − w + z 2 )

z_t − cz_x = 1 ϵ ( f ( w − z 2c ) − w + z 2 )

has the L^1-contraction property, and solutions of (1.8) converge to solutions of the scalar, one-dimensional conservation law. We refer to Friedman and Tzavaras [9] for a use of L^1-contraction on uniqueness questions for certain semilinear hyperbolic-diffusive systems in several space dimensions, and to Perthame and Tadmor [24] for the use of L^1-contraction in the fluid-dynamic limit of kinetic schemes.

We begin, in Section 2, by considering a class of relaxation systems, c.f. (2.1), that are equipped with a conservation law and are contractive in the L^1-norm. This class encompasses but is not limited to, (1.3). (For instance, the class includes (1.8), while (1.3) clearly does not). We show that, under structural conditions on the relaxation functions G_i(w, z_i), the class generates an L^1-contraction, admits comparison principles, (uniform in ε) invariant regions and also a class of entropy inequalities. In Theorem 2.3, we state a global existence theory in L^1 and in BV and list the relevant properties. The contractive relaxation systems turn out to propagate BV -stability of initial data into BV -stability of solutions, and L^∞-stability of data into L^∞-stability of solutions. In Section 3, we discuss the compactness properties of BV -stable families, emanating from data that are ”almost Maxwellian” (c.f. assumption (d_ε)). It is shown that the ”moment”

(1.9) u^ε = w^ε − n∑ i=1 z^ε_i converges to a weak solution of the conservation law (1.5), that satisfies the Kruzhkov entropy conditions. If also {u^ε_0}_{ε>0} converges in L^1, the Kruzhkov uniqueness theorem [16] ensures convergence of {u^ε}_{ε>0} along the entire family. The results are stated in Theorem 3.2. Essential to the proof is the existence of a Lyapunov function for the associated system of ordinary differential equations; this is guaranteed under Hypothesis (h_5) in Section 3.

In Sections 4 and 5, we restrict to the relaxation systems (1.3), under the sole structural hypothesis (H_1) on the functions h_i describing the curve of Maxwellian states, M = {(w, h_1(w), . . ., h_n(w)) : w ∈ R} . This class is equipped with an additional entropy function

(1.10) ∂_t ( 1 2 w^2 + n∑ i=1 Ψ_i(z_i) ) + div ( U_0 1 2 w^2 + n∑ i=1 U_iΨ_i(z_i) ) + 1 ε n∑ i=1 ϕ_i(w, z_i) = 0 ,

where Ψ_i(z_i) = − ∫_{zi} 0 h^{−1}_i (ξ) dξ , is positive and strictly convex, while (1.11) ϕ_i(w, z_i) = −(w − h^{−1}_i (z_i))(h_i(w) − z_i) satisfies ϕ_i ≥ 0 and ϕ_i = 0 if and only if (w, Z) ∈ M. In view of the properties of ϕ_i, (1.10) suggests that even data that originate away from M will tend to approach M, after an initial layer. As a first implication, this leads to an improved result on compactness of solutions to (1.3), in Section 4.a:

Theorem 1. Let (1.7) be satisfied. For solutions to (1.3) emanating from BV - stable families of data, the family {u^ε}_{ε>0} is compact in L^1(R^n × [0, T ]). If also u^ε_0 → u_0 in L^1, then u^ε → u in L^1 and u is the entropy weak solution of the Cauchy problem (1.1).

In Section 4.b we discuss the rate of convergence. (This part concerns again the general class (2.1)). Our approach is based on a new formulation and extension of Kruzhkov and Kuznetzov-type error estimates, due to Bouchut and Perthame [1]. In Theorem 4.5. we prove that if the initial data (w^ε_0, Z^ε_0) are ”almost Maxwellian”, in the sense ∑_n i=1 ||G_i(w^ε_0, z^ε_{i0})||_L1 = O(ε), then for t > 0, ||u^ε(·, t) − u(·, t)||_L1 ≤ ||u^ε(·, 0) − u(·, 0)||_L1 + O( √ ε) . In Section 5, we study families of solutions stable in L^1 ∩L^∞. The parametrized families of Young measures ν = {ν_{(x,t)}}_{(x,t)} and μ = {μ_{(x,t)}}_{(x,t)}, describing the weak convergence properties of the sequences (w^{εn} , (z^{εn}_i )_i) and (u^{εn} , (v^{εn}_i )_i) respectively, are introduced. Note that the states (u, (v_i)_i) correspond to the fluxes of the conservation law (1.4) and are obtained from the states (w, (z_i)_i) via an invertible map L : R^{n+1} → R^{n+1}. The transformation L maps the curve of Maxwellian states M to the manifold, C = {(u, F_1(u), . . ., F_n(u)) : u ∈ R} , of states accessible by the conservation law (1.6). The uniform bounds imply that suppμ_{(x,t)} is contained in a parallelepiped in R^{n+1}. Based on (1.10), we prove: Theorem 2. Let (1.7) be satisfied, and assume that the initial data of (1.3) lie in a bounded set of L^1 ∩ L^∞. Then suppμ_{(x,t)} ⊂ C and μ_{(x,t)} can be viewed as a measure on the state space R for a.e. (x, t). The family of Young measures μ is a measure valued solution of (1.6), that is

(1.12) ∂_t < μ, ρ > + n∑ i=1 ∂_{xi} < μ, F_i(ρ) >= 0 , in D^′ . In Section 6, we examine the implications of the developed theory in related models. In Section 6.a, we consider the case of one space dimension. One can then relax Hypothesis (h_5) in Theorem 3.2 and obtain a complete theory. We show how some previously known results on the fluid-dynamic limit for the Carleman model, Kurtz [17], and on strong convergence from (1.8) to the single conservation law, Natalini [21], fit in the present framework. In Section 6.b we discuss the implications on semi-discrete relaxation schemes. The class of contractive relaxation systems naturally suggests a corresponding class of total variation diminishing (TVD) schemes for approximating the single multi-dimensional conservation law. Such schemes are in the spirit of the relaxation schemes proposed by Jin and Xin [12], but since, for dimensions higher than one, the underlying relaxation mechanism is different than in [12], the resulting schemes also differ.

We list in the Appendix some pertinent properties on functions of bounded variation and refer the reader to the standard references [8, 11, 28, 27] for further information on the subject.

After the completion of this work we received a preprint by Natalini [22], where a class of L^1-contractive relaxation systems is proposed and convergence to entropy solutions of the multidimensional conservation law is established.

2. Contractive Relaxation Systems

The objective of this section is to develop an existence theory and study the properties of the system of n + 1 semilinear hyperbolic equations

(2.1)

∂_tw + U_0 · ∇w = 1 ε ∑ i G_i(w, z_i) ∂_tz_i + U_i · ∇z_i = 1 ε G_i(w, z_i) , i = 1, ..., n, in the variables (w, Z) with Z = (z_1, . . ., z_n) ∈ R^n. Here U_0, U_1, . . ., U_n ∈ R^n are convective velocity vectors, G_i : R × R → R are smooth functions satisfying for i = 1, . . ., n (h_1) { G_i(·, z_i) is strictly decreasing in w for fixed z_i, G_i(w, ·) is strictly decreasing in z_i for fixed w,

and ε > 0 is a small relaxation parameter. A key property of (2.1) is that its solutions satisfy the conservation law

(2.2) ∂_t(w − ∑ i z_i) + div(U_0w − ∑ i U_iz_i) = 0 .

We are interested in the initial value problem (2.1) with data

(2.3) w(x, 0) = w_0(x) , z_1(x, 0) = z_{10}(x) , . . . , z_n(x, 0) = z_{n0}(x) , x ∈ R^n ,

and seek solutions (w, Z) = (w(x, t), Z(x, t)) : R^n ×{t > 0} → R^{n+1} that approach at infinity a given equilibrium state (w_∞, Z_∞) of (2.1): G_i(w_∞, z_{i∞}) = 0 for all i, where Z_∞ = (z_{1∞}, . . ., z_{n∞}). By performing a change of dependent variables, we may assume

(h_2) (w_∞, Z_∞) = (0, 0) and G_i(0, 0) = 0 , i = 1, . . ., n .

In the sequel we proceed under this standing assumption.

The local existence theory for smooth solutions to the Cauchy problem (2.1)- (2.3) is classical. Given initial data satisfying

(a_1) { w_0 , z_{10} , . . ., z_{n0} ∈ C^1(R^n) w_0 , z_{10} , . . ., z_{n0} vanish outside the ball B_M of radius M,

there exists a unique classical solution (w, Z) defined on a maximal interval of existence R^n × [0, T^∗) and such that, if T^∗ is finite,

(2.4) lim sup_{t→T �} sup_x ( |w(x, t)| + ∑ i |z_i(x, t)| ) = +∞ .

The solution (w, Z) ∈ C^1(R^n × [0, T^∗)) and w, Z vanish outside ∪_{t∈[0,T} �_)B_{M+vt}, where v = max{|U_0|, . . ., |U_n|}. (The proof of such a result is classical. It can be performed by using the characteristics to recast (2.1) into a system of parametric integral equations and applying the contraction mapping theorem to the resulting system). Additional regularity on the data implies additional smoothness for the solution. For instance, if the data w_0, z_{10} , . . ., z_{n0} ∈ C^∞(R^n) and the functions G_i are infinitely differentiable then the solution is in C^∞_{x,t}. The global in time existence of solutions to (2.1)-(2.3) given (h_1), is guaranteed by Lemma 2.2 below.

2.a L^1 contraction property. Our next objective is to establish that (2.1) is an L^1 contraction and satisfies certain comparison principles.

Let (w, Z) and (w̄, Z̄) be two classical solutions that vanish outside the cone ∪_tB_{M+vt}. We first write the equation that the differences (w−w̄), (z_i −z̄_i)_i satisfy and multiply with the quantities sign(w − w̄), sign(z_i − z̄_i), respectively, to obtain

(2.5) ∂_t|w − w̄| + U_0 · ∇|w − w̄| = 1 ε ∑ i sign(w − w̄)(G_i(w, z_i) − G_i(w̄, z̄_i)) ∂_t|z_i − z̄_i| + U_i · ∇|z_i − z̄_i| = 1 ε sign(z_i − z̄_i)(G_i(w, z_i) − G_i(w̄, z̄_i)) .

In deriving (2.5) we use relations of the type ∂_t|w − w̄| = sign(w − w̄)∂_t(w − w̄), which hold whenever, for instance, (w − w̄) ∈ W^{1,2}_{loc} (c.f. Gilbarg and Trudinger [10, Sec 7.4]).

Furthermore, (2.5) yields ∂_t ( |w − w̄| + ∑ i |z_i − z̄_i| ) + div ( U_0|w − w̄| + ∑ i U_i|z_i − z̄_i| )

= 1 ε ∑ i ( sign(w − w̄) + sign(z_i − z̄_i) )( G_i(w, z_i) − G_i(w̄, z̄_i) ) ≤ 0 . (2.6)

The last inequality is a consequence of the monotonicity Hypothesis (h_1) on the G_i, which implies that each of the terms ( sign(w − w̄) + sign(z_i − z̄_i) )( G_i(w, z_i) − G_i(w̄, z̄_i) ) ≤ 0 . In turn, (2.6) yields the L^1 contraction property, ∫ R^n |w(x, t) − w̄(x, t)| + ∑ i |z_i(x, t) − z̄_i(x, t)| dx ≤ ∫ R^n |w(x, τ) − w̄(x, τ)| + ∑ i |z_i(x, τ) − z̄_i(x, τ)| dx , 0 ≤ τ < t , (2.7)

independently of ε, which plays a central role in the rest of the paper.

Remark 2.1. Using technical ideas from [9, 172-175], in conjunction with the process leading to (2.6), it is possible to extend the L^1-contraction property to the relaxation-diffusion type system

(2.8) ∂_tw + U_0 · ∇w − νΔw = 1 ε ∑ i G_i(w, z_i) ∂_tz_i + U_i · ∇z_i − νΔz_i = 1 ε G_i(w, z_i) , i = 1, ..., n. If (w, Z), (w̄, Z̄) are two solutions of (2.8) that decay sufficiently fast at infinity, then (w, Z), (w̄, Z̄) satisfy (2.7), independently of ν and ε.

2.b Comparison principles. Crandall and Tartar [6] point out that any evolution operator which is an L^1 contraction and conservative is also order preserving. The solution operator of (2.1) is not conservative; however, a certain moment of the solution is conserved. This observation yields a comparison principle.

Let (w, Z), (w̄, Z̄) be classical solutions that vanish outside ∪_tB_{M+vt} . They satisfy the conservation law

(2.9) ∂_t ( (w − w̄) − ∑ (z_i − z̄_i) ) + div ( U_0(w − w̄) − ∑ i U_i(z_i − z̄_i) ) = 0 , which implies ∫ R^n (w(x, t) − w̄(x, t)) − ∑ i (z_i(x, t) − z̄_i(x, t)) dx = ∫ R^n

(w_0(x) − w̄_0(x)) − ∑ i (z_{i0}(x) − z̄_{i0}(x)) dx . (2.10)

Recall that, given a function f, the positive f^+ and negative f^− parts of f are defined by f^+ = max{f, 0} = (f + |f|)/2 , f^− = − min{f, 0} = (|f| − f)/2 . Then (2.7) and (2.10) lead to ∫ R^n ( w(x, t) − w̄(x, t) )_+ + ∑ i ( z_i(x, t) − z̄_i(x, t) )_− dx ≤ ∫ R^n ( w_0(x) − w̄_0(x)

)_+ + ∑ i ( z_{i0}(x) − z̄_{i0}(x) )_− dx , t ≥ 0 , (2.11)

and, in turn, (2.11) yields the following comparison lemma:

Lemma 2.1. Let (w, Z), (w̄, Z̄) be solutions of (2.1). If { w_0(x) ≤ w̄_0(x) z_{i0}(x) ≥ z̄_{i0}(x), i = 1, . . . , n

, then { w(x, t) ≤ w̄_0(x, t) z_i(x, t) ≥ z̄_i(x, t), i = 1, . . . , n . It is instructive to establish an alternative derivation of the comparison estimate (2.11). Let χ_{f >0} stand for the characteristic function of the set {(x, t) : f(x, t) > 0}, that is χ_{f >0} = 1 if f > 0, and zero if f ≤ 0. Consider the equations that the differences (w −w̄), (z_i −z̄_i) satisfy and multiply the first equation by the quantity χ_{w−w̄>0} and the remaining equations by the quantities −χ_{zi −z̄i <0}. Using the formulas [10, Sec 7.4]

∂_t(w − w̄)^+ = χ_{w−w̄>0} ∂_t(w − w̄) ∂_t(z_i − z̄_i)^− = −χ_{zi −z̄i <0} ∂_t(z_i − z̄_i) ∂_{xj} (w − w̄)^+ = χ_{w−w̄>0} ∂_{xj} (w − w̄) ∂_{xj} (z_i − z̄_i)^− = −χ_{zi −z̄i <0} ∂_{xj} (z_i − z̄_i) and adding the resulting identities, we arrive at ∂_t ( (w − w̄)^+ + ∑ i (z_i − z̄_i)^− ) + div ( U_0(w − w̄)^+ + ∑ i U_i(z_i − z̄_i)^− )

= 1 ε ∑ i ( χ_{w−w̄>0} − χ_{zi −z̄i <0} )( G_i(w, z_i) − G_i(w̄, z̄_i) ) ≤ 0 . (2.12)

The last inequality in (2.12) holds because (h_1) dictates: G_i(w, z_i) ≥ G_i(w̄, z̄_i) when w ≤ w̄, z_i ≤ z̄_i; G_i(w, z_i) ≤ G_i(w̄, z̄_i) when w ≥ w̄, z_i ≥ z̄_i; thus each of the summands

I_i = ( χ_{w−w̄>0} − χ_{zi −z̄i <0} )( G_i(w, z_i) − G_i(w̄, z̄_i) ) ≤ 0 . An integration of (2.12) provides (2.11).

In the sequel, we place an additional hypothesis on the structure of equilibrium states of (2.1). Assume that, for each i = 1, . . ., n, there are smooth functions h_i : R → R such that

(h_3) h_i strictly decreasing , h_i(0) = 0 , lim w→−∞ h i(w) → ∞ , lim_{w→+∞} h_i(w) → −∞ , G_i(w, h_i(w)) = 0 for w ∈ R .

Hypothesis (h_3) is compatible with (h_1). In fact, a strengthened version of (h_1) together with the implicit function theorem implies the existence of the functions h_i. It is the global structure of the equilibria that is the essence of Hypothesis (h_3). Due to (h_1), for each fixed w, z_i = h_i(w) is the only solution of G_i(w, z_i) = 0. The curve (w, h_1(w), . . ., h_n(w)), w ∈ R, is the manifold of equilibrium (or Maxwellian) states for (2.1).

Any constant state (c, h_1(c), . . ., h_n(c)) is an equilibrium solution for (2.1). Using such states as comparison functions in Lemma 2.1, we deduce that the flow generated by (2.1) admits rectangular invariant regions:

Lemma 2.2. If (w_0, Z_0) satisfy, for some a < 0 < b, the bounds a ≤ w_0(x) ≤ b , h_i(b) ≤ z_{i0}(x) ≤ h_i(a) , i = 1, . . ., n , then the solution (w, Z) also satisfies a ≤ w(x, t) ≤ b , h_i(b) ≤ z_i(x, t) ≤ h_i(a) , i = 1, . . ., n .

Hence, the regions R_{a,b} := [a, b] × n∏ i=1 [h_i(b), h_i(a)] are positively invariant.

Lemma 2.2 yields global existence for solutions of (2.1): Under Hypothesis (h_3), any initial data (w_0, Z_0) satisfying (a_1) can be enclosed in a region of the form R_{a,b}, for some a < 0 < b. The continuation part (2.4) of the local existence theorem then implies that the (classical) solution (w, Z) is defined on R^n × [0, ∞).

It is instructive to visualize the geometric features of the flow generated by (2.1). The invariant regions R_{a,b} are rectangular and the curve (w, h_1(w), . . . , h_n(w)), w ∈ [a, b], is a curve of Maxwellian states connecting two antidiagonal vertices of R_{a,b} (the vertices corresponding to w = a and w = b). In the next section we will see that, under further assumptions on G_i, solutions of (2.1) approach the curve of Maxwellians as ε → 0 and that the limiting dynamics is described by the multidimensional conservation law.

2.c L^1 existence theory. The L^1-contraction property, in conjunction with the invariant regions, leads to an existence theory of global weak solutions in L^1. We prove:

Theorem 2.3. Let G_i satisfy (h_1 − h_3) and assume the initial data w_0, z_{10}, . . ., z_{n0} ∈ L^1(R^n) ∩ Ł^∞(R^n). There exists a unique globally defined weak solution of (2.1) such that w, z_1, . . . , z_n ∈ C ( [0, T ]; L^1(R^n) ) , for any T > 0.

Furthermore, (2.1) enjoys the properties:

(i) Any two weak solutions (w, Z) and (w̄, Z̄) satisfy the L^1 contraction property, ∫ R^n |w(x, t) − w̄(x, t)| + ∑ i |z_i(x, t) − z̄_i(x, t)| dx ≤ ∫ R^n

|w_0(x) − w̄_0(x)| + ∑ i |z_{i0}(x) − z̄_{i0}(x)| dx , (2.13)

and the comparison estimates (2.11) and (2.12).

(ii) Solutions (w, Z) satisfy, for κ ∈ R, the entropy-type inequalities (2.14) ∂_t [ (w − κ)^+ + ∑ i (z_i − h_i(κ))^− ] + div ( U_0(w − κ)^+ + ∑ i U_i(z_i − h_i(κ))^− ) ≤ 0 , ∂_t [ (κ − w)^+ + ∑ i (h_i(κ) − z_i)^− ] + div ( U_0(κ − w)^+ + ∑ i U_i(h_i(κ) − z_i)^− ) ≤ 0 ,

(iii) For any a < 0 < b the rectangular regions R_{a,b} := [a, b] × ∏_n i=1[h_i(b), h_i(a)] are positively invariant: If (w_0(x), Z_0(x)) ∈ R_{a,b} for a.e. x ∈ R^n then

(2.15) (w(x, t), Z(x, t)) ∈ R_{a,b} for a.e. x ∈ R^n, t > 0 .

(iv) If w_0, z_{i0} ∈ BV (R^n) then w(·, t), z_i(·, t) ∈ BV (R^n).

Proof. The proof is based on the derived estimates and on density arguments. We refer to the Appendix for the definition and properties of BV (R^n), as well as for approximation results of BV functions by smooth functions that are used in the course of the proof.

In view of hypothesis (h_3) we may assume that, for some a < 0 < b, the initial data are confined in a rectangle R_{a,b},

(a_2) { w_0 , z_{10} , . . . , z_{n0} ∈ L^1(R^n) (w_0(x) , Z_0(x)) ∈ R_{a,b} for a.e. x ∈ R^n.

Step 1 : We construct a sequence of approximating data w^n_0 , (z^n_{i0})_i ∈ C^∞_c (R^n) such that

w^n_0 , z^n_{i0} vanish outside a ball B_{Mn} of radius M_n ( w^n_0 (x), (z^n_{i0}(x))_i ) ∈ R_{a,b} ‖w^n_0 − w_0‖_L1 → 0, ‖z^n_{i0} − z_{i0}‖_L1 → 0 as n → ∞

The construction follows via standard density arguments: Let f ∈ L^1(R^n) with a ≤ f ≤ b. Fix an integer n and choose m_n so that the function f_1, defined by

f_1 = { f x ∈ B_{mn} 0 outside B_{mn} , satisfies ‖f − f_1‖_L1 <^1_n . Clearly, ‖f_1‖_L1 ≤ ‖f‖_L1 and a ≤ f_1 ≤ b. If {ρ_k} is a sequence of positive symmetric mollifiers, then the convolution ρ_k ∗ f_1 satisfies ‖ρ_k ∗ f_1 − f_1‖_L1 → 0, as k → ∞, supp(ρ_k ∗ f_1) ⊂ B_{mn +} 1_k and a ≤ ρ_k ∗ f_1 ≤ b

on R^n. Define f^n = ρk_n ∗ f1, where kn is such that ‖ρk_n ∗ f1 − f1‖L1 <^1_n . The

sequence {f^n} resulting from this selection process has all the asserted properties. Step 2 : Let w^n, (z^n_i )_i ∈ C^∞_{x,t} be the solutions of (2.1) emanating from the data ( w^n_0 , (z^n_{i0})_i ) . They vanish outside the cones ∪_tB_{Mn +vt} and satisfy the uniform estimates a ≤ w^n(x, t) ≤ b h_i(b) ≤ z^n_i (x, t) ≤ h_i(a) (2.16)

Also, (2.7) implies sup t∈[0,T ] ∫ R^n |w^n(x, t) − w^m(x, t)| + ∑ i |z^n_i (x, t) − z^m_i (x, t)| dx ≤ ‖w^n_0 − w^m_0 ‖_L1 + ∑ i ‖z^n_{i0} − z^m_{i0} ‖_L1 ,

(2.17) and thus {w^n} and {z^n_i }, i = 1, . . ., n, are Cauchy in L^∞([0, T ]; Ł^1(R^n)) for any T > 0. Let w and (z_i)_i be the corresponding limiting functions: w, z_i are in C([0, T ]; Ł^1(R^n)),

w^n → w, z^n_i → z, in L^∞([0, T ]; Ł^1(R^n))

and (along a subsequence) w^n → w, z^n_i → z, a.e. (x, t) ∈ R^n × [0, T ] . Using (2.16), we pass to the limit in (2.1) and obtain that (w, Z), Z = (z_i)_i, is a global weak solution of (2.1). Property (iii) follows by passing to the limit in (2.16).

Step 3 : Next, we turn to property (i): Let (w, Z) and (w̄, Z̄) be two weak solutions emanating from initial data (w_0, Z_0) and (w̄_0, Z̄_0) respectively. By approximating the data as in Step 1, we produce sequences of smooth solutions (w^n, Z^n) and (w̄^n, Z̄^n) as in Step 2. In particular (2.7) yields ∫ R^n |w^n(x, t) − w̄^m(x, t)| + ∑ i |z^n_i (x, t) − z̄^m_i (x, t)| dx ≤ ∫ R^n

|w^n_0 (x) − w̄^m_0 (x)| + ∑ i |z^n_{i0}(x) − z̄^m_{i0} (x)| dx .

Passing to the limit m, n → ∞ we obtain (2.13). Note that (2.13) yields uniqueness of weak solutions and continuous dependence with respect to initial data. A similar argument yields (2.11) for (w, Z) and (w̄, Z̄).

Next, write the weak form of (2.12) for the smooth solutions (w^n, Z^n) and (w̄^n, Z̄^n) and pass to the limit n → ∞, using (2.16), to deduce that (2.12) holds in the sense of distributions, between any two weak solutions (w, Z) and (w̄, Z̄). Finally, testing (2.12) between a solution (w, Z) and an equilibrium solution (κ, h_1(κ), . . ., h_n(κ)), κ ∈ R, leads to the entropy-type inequalities (2.14).

Step 4. BV existence theory: We turn now to existence theories for solutions enjoying additional regularity properties. Specifically, we are interested in properties of solutions emanating from initial data w_0, (z_{i0})_i ∈ BV (R^n) ∩ L^∞(R^n). We refer to the appendix for a quick reference on the material on functions of bounded variation needed here.

Let (w, Z) be the corresponding solution of (2.1). Using (2.13) and the translation invariance of (2.1), we see that (w, Z) satisfies, for h ∈ R^n, ∫ R^n |w(x + h, t) − w(x, t)| + ∑ i |z_i(x + h, t) − z_i(x, t)| dx ≤ ∫ R^n

|w_0(x + h) − w_0(x)| + ∑ i |z_{i0}(x + h) − z_{i0}(x)| dx . (2.18)

In turn, (f) and (g) in the Appendix imply w(·, t), z_i(·, t) ∈ BV (R^n), for t > 0, and (2.19) ∫ |Dw(·, t)| + ∑ i ∫ |Dz_i(·, t)| ≤ ∫ |Dw_0| + ∑ i ∫ |Dz_{i0}| . Consider next a smooth approximation (w^n_0 , Z^n_0 ) of the initial data (w_0, Z_0) with the properties ( w^n_0 (x), (z^n_{i0}(x))_i ) ∈ R_{a,b} ‖w^n_0 − w_0‖_L1 → 0, ‖z^n_{i0} − z_{i0}‖_L1 → 0 as n → ∞ ∫ |Dw^n_0 | → ∫ |Dw_0|, ∫ |Dz^n_{i0}| → ∫ |Dz_{i0}| as n → ∞ , and let (w^n, Z^n) ∈ C^∞_{x,t} be the corresponding solutions. Then (w^n, Z^n) satisfy the uniform bounds (2.16), and the uniform estimates ∫ R^n |w^n(x, t)| + ∑ i |z^n_i (x, t)| dx ≤ ‖w_0‖_L1 + ∑ i ‖z_{i0}‖_L1 and, for h ∈ R^n, ∫ R^n |w^n(x + h, t) − w^n(x, t)| + ∑ i |z^n_i (x + h, t) − z^n_i (x, t)| dx ≤ ∫ R^n

|w^n_0 (x + h) − w^n_0 (x)| + ∑ i |z^n_{i0}(x + h) − z^n_{i0}(x)| dx . (2.20)

Since w^n_0 → w and z^n_{i0} → z_{i0} in L^1(R^n) it follows

(2.21) w^n → w , z^n_i → z_i , in L^∞([0, T ]; L^1(R^n)) .

Finally, (2.20) together with (f) and (g) in the Appendix imply

(2.22) ∫ R^n |∇w^n(x, t)| + ∑ i |∇z^n_i (x, t)| dx ≤ K , where K depends only on the BV -norm of w_0 and z_{0i}. �

3. Convergence to local equilibria

Next, we study the limiting behavior of families {(w^ε, Z^ε)}_{ε>0} of solutions to (2.1)-(2.3) as the relaxation parameter ε → 0. We consider families emanating from initial data (w^ε_0, Z^ε_0), that satisfy the uniform bounds

(a_ε)

‖w^ε_0‖_L1 + ∑ i ‖z^ε_{i0}‖_L1 ≤ C a ≤ w^ε_0 ≤ b h_i(b) ≤ z^ε_{i0} ≤ h_i(a) , i = 1, . . ., n ,

(b_ε) ∫ |Dw^ε_0| + ∑ i ∫ |Dz^ε_{i0}| ≤ C ,

and the assumption: for any δ > 0 there exists a ball B_M such that

(c_ε) ∫ (R^n −B_M )

|w^ε_0| + ∑ i |z^ε_{i0}| dx ≤ δ for all ε > 0 .

The functions G_i satisfy the hypotheses (h_1 − h_3). Note that (h_1) and (h_3) together imply that the curve of equilibrium states (w, h_1(w), . . ., h_n(w)) is unique:

(h_4) G_i(w, z_i) = 0 implies z_i = h_i(w) .

(h_1) dictates^{∂Gi}_{∂w} ≤ 0 and^{∂Gi}_{∂zi} ≤ 0. We place the additional hypothesis on G_i: Given R_{a,b} there exists a constant c = c(a, b) > 0 such that

(h_5) ∑ i ( − ∂G_i ∂z_i − ∑ j | |∂Gj ∂w | |)|G_i| > c ∑ i |G_i| for states (w, (z_i)_i) ∈ R_{a,b}

This hypothesis is discussed later.

Solutions of (2.1) satisfy a conservation law, (2.2), for the moment w^ε − ∑ i z^ε_i .

We establish in this section that, under hypotheses (h_1−h_5), the limiting dynamics of solutions to (2.1), in the relaxation limit ε → 0, is described by weak solutions of the conservation law

(3.1) ∂_t(w − ∑ i h_i(w)) + div(U_0w − ∑ i U_ih_i(w)) = 0 .

Note that (3.1) emerges from (2.2) when relaxing z_i to their Maxwellian values h_i(w).

Let (w^ε, Z^ε) be solutions of (2.1) emanating from data subject to the bounds (a_ε − c_ε). Theorem 2.3 and (2.19) imply that (w^ε, Z^ε) satisfy the uniform bounds

(3.2) { a ≤ w^ε(x, t) ≤ b h_i(b) ≤ z^ε_i (x, t) ≤ h_i(a)

(3.3) ∫ R^n |w^ε(x, t)| + ∑ i |z^ε_i (x, t)| dx ≤ ∫ R^n

|w^ε_0| + ∑ i |z^ε_{i0}| dx ≤ C ,

(3.4) ∫ |Dw^ε(·, t)| + ∑ i ∫ |Dz^ε_i (·, t)| ≤ ∫ |Dw^ε_0| + ∑ i ∫ |Dz^ε_{i0}| ≤ C .

A key role for the convergence is played by the following lemma.

Lemma 3.1. Under hypotheses (h_1 − h_5), solutions (w^ε, Z^ε) to (2.1) for ε > 0, emanating from data subject to the uniform bounds (a_ε − b_ε), satisfy the (uniform in ε) estimates:

(i) Distance from equilibrium:

(3.5) 1 ε ∫ R^n ∑ i |G_i(w^ε(x, t), z^ε_i (x, t))| dx ≤ 1 ε e^{− cε t} ∫ R^n ∑ i |G_i(w^ε_0, z^ε_{i0})| dx + 1 c K .

(ii) L^1-Lipshitz continuity in time: For k > 0, i = 1, . . ., n, 1 k ∫ R^n |w^ε(x, t + k) − w^ε(x, t)| dx ≤ 1 ε e^{− cε t} ∫ R^n ∑ i |G_i(w^ε_0, z^ε_{i0})| dx + K , (3.6) 1 k ∫ R^n |z^ε_i (x, t + k) − z^ε_i (x, t)| dx ≤ 1 ε e^{− cε t} ∫ R^n ∑ i |G_i(w^ε_0, z^ε_{i0})| dx + K . (3.7)

The constants K depend on R_{a,b} and the variation measure of the data w^ε_0, z^ε_{i0}.

Proof. The proof uses a density argument. Suppose first that (w^ε, Z^ε) is a classical solution of (2.1), emanating from smooth data satisfying the uniform bounds (a_ε − b_ε).

In view of (h_3 − h_4), |G_i(w, z_i)| can serve as a measure of the distance from equilibrium. A simple computation yields the identities

∂_tG_i = ∂G_i ∂w ( − U_0 · ∇w + 1 ε ∑ j G_j ) + ∂G_i ∂z_i ( − U_i · ∇z_i + 1 ε G_i ) and, upon multiplying by signG_i and adding the results, ∂_t ∑ i |G_i| + 1 ε ∑ i ( − ∂G_i ∂z_i )|G_i| = 1 ε ∑ i ∂G_i ∂w signG_i ∑ j G_j

+ ∑ i signG_i (∂G_i ∂w (−U_0 · ∇w) + ∂G_i ∂z_i (−U_i · ∇z_i) ) . (3.8)

For states (w, (z_i)_i) on the box R_{a,b} we have |G_i(w, z)| ≤ L(|w| + |z|) and thus the functions G_i(w^ε(·, t), z^ε_i (·, t)) are integrable on R^n. Integrating (3.8) over R^n and using (3.2) and (3.4), we obtain d dt ∫ R^n ∑ i |G_i| dx + 1 ε ∫ R^n ∑ i ( − ∂G_i ∂z_i − ∑ j | |∂Gj ∂w | |)|G_i| dx

≤ ∫ R^n ∑ i | | ∂G_i ∂w | | | |U_0 · ∇w^ε | | + | | ∂G_i ∂z_i | | | |U_i · ∇z^ε_i | | dx

≤ C ∫ R^n |Dw^ε_0| + ∑ i |Dz^ε_{i0}| ≤ K . (3.9)

In view of Hypothesis (h_5), (3.9) yields the differential inequality

(3.10) d dt ∫ R^n ∑ i |G_i| dx + 1 ε c ∫ R^n ∑ i |G_i| dx ≤ K . After integration, (3.10) gives ∫ R^n ∑ i |G_i(w^ε(x, t),z^ε_i (x, t)| dx ≤ e^{− cε t} ∫ R^n ∑ i |G_i(w^ε_0, z^ε_{i0})| dx + ε c K(1 − e^{− cε t}) , (3.11)

and (3.5) follows.

We now turn to the proof of (3.6). For smooth solutions we have (3.12) |w^ε(x, t + k) − w^ε(x, t)| ≤ ∫_{t+k} t 1 ε ∑ i |G_i(w^ε, z^ε_i )| + |U_0 · ∇w^ε| ds An integration of (3.12) over R^n, in conjunction with (3.4) and (3.11), gives (3.6),

(3.13) ∫ R^n |w^ε(x, t + k) − w^ε(x, t)| dx ≤ k ( 1 ε e^{− cε t} ∫ R^n ∑ i |G_i(w^ε_0, z^ε_{i0})| dx + K ) . Similar arguments provide (3.7).

Suppose next that (w^ε, Z^ε) is a family of weak solutions emanating from BV initial data. They can be approximated by smooth solutions (w^{n,ε}, Z^{n,ε}) as in Step 4 of the proof to Theorem 2.3. One can write (3.11) for (w^{n,ε}, Z^{n,ε}) and pass to the limit n → ∞, using (2.16), (2.21) and (2.22), in order to deduce (3.11) for (w^ε, Z^ε). In a similar fashion, passing to the limit n → ∞ in (3.13) for (w^{n,ε}, Z^{n,ε}), leads to (3.6)-(3.7) for (w^ε, Z^ε). �

Remark 3.1. The function V (w, Z) = ∑ i |G_i(w, z_i)| vanishes along the curve of equilibrium states but is strictly positive elsewhere. Hypothesis (h_5) guarantees that V is a Lyapunov function for the system of ordinary differential equations

(3.14) ∂_tw = 1 ε ∑ i G_i(w, z_i) , ∂_tz_i = 1 ε G_i(w, z_i) , i = 1, . . ., n , on the box R_{a,b}. A review of the proof indicates that any positive definite (off equilibria) Lyapunov function for (3.14) would produce an integral estimate of the type (3.5) for solutions of (2.1).

Next we turn to the main result of compactness and convergence for families of solutions. We use the notation u^ε = w^ε − ∑ i z^ε_i and assume that u^ε_0 converges to some function u_0 ∈ L^1(R^n). We prove:

Theorem 3.2. Let (w^ε_0, Z^ε_0) satisfy (a_ε − c_ε) and G_i satisfy (h_1 − h_5). If (d_ε) ‖G_i(w^ε_0, z^ε_{i0})‖_L1 = O(ε) , i = 1, . . ., n , ‖u^ε_0 − u_0‖_L1 = o(1) , then u^ε = w^ε − ∑ i z^ε_i → u in L^1(R^n × [0, T ]), where u = w − ∑ i h_i(w) and u is the entropy weak solution of the Cauchy problem (3.1) with initial data u(x, 0) = u_0(x).

Proof. The family of solutions {(w^ε, Z^ε)} satisfies the uniform estimates (3.2), (3.3) and (3.4). Also, (2.18) and (b_ε) imply

(3.15) ∫ R^n |w^ε(x + h, t) − w^ε(x, t)| + ∑ i |z^ε_i (x + h, t) − z^ε_i (x, t)| dx ≤ C |h| . Consider now the solution (ŵ^ε, Ẑ^ε) emanating from initial data (ŵ^ε_0, Ẑ^ε_0 ) such that

ŵ^ε_0 = { w^ε_0 x ∈ B_M 0 x ∉ B_M , ẑ^ε_{i0} = { z^ε_{i0} x ∈ B_M 0 x ∉ B_M . Clearly, (ŵ^ε, Ẑ^ε) vanish outside the cone ∪_tB_{M+vt}. Then (c_ε), together with a comparison of (w^ε, Z^ε) with (ŵ^ε, Ẑ^ε) via (2.13), shows that given any δ > 0 there is a ball B_M such that

(3.16) ∫ (R^n −B_{M+vt} ) |w^ε(x, t)|+ ∑ i |z^ε_i (x, t)| dx ≤ ∫ (R^n −B_M ) |w^ε_0|+ ∑ i |z^ε_{i0}| dx ≤ δ , for all ε > 0. Fix T > 0. Using a version of the M. Riesz-Fréchet-Kolmogorov compactness theorem [2, Corollary IV.26]), in conjunction with a diagonal argument, we deduce that there exists a subsequence ε_n such that, for any rational τ ∈ [0, T ], (3.17) w^{εn} (·, τ) → w(·, τ) in L^1(R^n) , z^{εn}_i (·, τ) → z_i(·, τ) in L^1(R^n) .

We assert that {w^{εn} }, {z^{εn}_i } are Cauchy in L^1(R^n × [0, T ]). Indeed, fix η > 0 and, for t ∈ [0, T ], choose a rational τ so that |t − τ| < η. Then (3.6) and (d_ε) give ∫ R^n |w^{εn} (x, t) − w^{εm} (x, t)| dx ≤ ∫ R^n |w^{εn} (x, t) − w^{εn} (x, τ)| dx + ∫ R^n |w^{εn} (x, τ) − w^{εm} (x, τ)| dx + ∫ R^n |w^{εm} (x, τ) − w^{εm} (x, t)| dx ≤ Cη + ‖w^{εn} (·, τ) − w^{εm} (·, τ)‖_L1 , (3.18) and (3.17) implies {w^{εn} } is Cauchy in L^1(R^n × [0, T ]). The assertion for the sequence {z^{εn}_i } follows from (3.7) and (3.17).

In summary we have, along a further subsequence,

w^{εn} → w , z^{εn}_i → z_i , in L^1(R^n × [0, T ]) , u^{εn} = w^{εn} − ∑ i z^{εn}_i → u = w − ∑ i z_i , in L^1(R^n × [0, T ]) ,

(3.19) w^{εn} → w , z^{εn}_i → z_i , u^{εn} → u , a.e. (x, t) ∈ R^n × [0, T ] , and, passing to the limit in (3.5),

(3.20) ∫_T 0 ∫ R^n ∑ i |G_i(w(x, t), z_i(x, t))| dx = 0 .

By (h_4), z_i = h_i(w) for i = 1, . . ., n, and (3.21) u = w − ∑ i h_i(w) a.e. in R^n × [0, T ] .

Since h_i are strictly decreasing, (3.21) may be inverted to provide w as a function of u. Let w = r(u) and define H(w) = U_0w − ∑ i U_ih_i(w) , F (u) = (H ∘ r)(u) = U_0r(u) − ∑ i U_ih_i ( r(u) ) (3.22)

Passing to the limit ε_n → 0 in (2.2), in D^′, we conclude that w is a weak solution of (3.1) and, accordingly, u is a weak solution of (3.23) ∂_tu + ∑ i ∂_{xi} F_i(u) = 0 , u(·, 0) = u_0 ,

where F (u) = (F_1(u), . . ., F_n(u)) is defined in (3.22).

Next, we show that u satisfies the Kruzhkov entropy conditions. Fix a state

k ∈ R and let κ = r(k), so that k = κ −^∑_i hi(κ). The functions (w^ε, Z^ε) satisfy

the entropy-type inequalities (2.14). We use (3.2), (3.19) and (3.21) to pass to the limit ε_n → 0 in (2.14) and obtain

(3.24)

∂_t [ (w − κ)^+ + ∑ i (h_i(w) − h_i(κ))^− ]

+ div ( U_0(w − κ)^+ + ∑ i U_i(h_i(w) − h_i(κ))^− ) ≤ 0 , ∂_t [ (κ − w)^+ + ∑ i (h_i(κ) − h_i(w))^− ]

+ div ( U_0(κ − w)^+ + ∑ i U_i(h_i(κ) − h_i(w))^− ) ≤ 0 .

Observe that the Maxwellian states (w, h_1(w), . . ., h_n(w)) are ordered by w, and that w > κ if and only if u > k and w < κ if and only if u < k. The monotonicity of the functions h_i, in conjunction with (3.21) and (3.22) and the fact that F_i(k) = U_0κ − ∑ i U_ih_i(κ), implies that (3.24) may be expressed in the form

(3.25) ∂_t|u − k| + ∑ i ∂_{xi} ( F_i(u) − F_i(k) ) sign(u − k) ≤ 0 , in D^′ .

The entropy conditions (3.25) guarantee uniqueness of solutions for the Cauchy problem (3.23) [16]. As a consequence, there is only one possible limit point in L^1 for the family {u^ε} and the whole family converges, u^ε → u in L^1(R^n × [0, T ]) as ε → 0. �

4. Relaxation systems and the multidimensional conservation law

In Section 3 we showed that the limiting dynamics of solutions to (2.1), in the relaxation limit ε → 0, is described by the conservation law (3.1) or (3.23). In this section we take up the converse question: Given an arbitrary multidimensional conservation law, is it possible to realize it as the relaxation limit of a class of semilinear hyperbolic systems?

We restrict to the class of relaxation systems

(4.1) ∂_tw + ∑ i ω_iV_i∂_{xi} w = 1 ε ∑ i (h_i(w) − z_i)

∂_tz_i − V_i∂_{xi} z_i = 1 ε (h_i(w) − z_i) , i = 1, 2, ..., n, for initial data subject to the uniform bounds (a_ε −c_ε). Assume that the functions h_i ∈ C^1(R ; R), i = 1, . . ., n, satisfy

(H_1) {_{dhi} dw < 0 , h_i(0) = 0 , lim w→−∞h i(w) = +∞ , lim_{w→+∞}h_i(w) = −∞ . At times we will require the additional hypothesis: given R_{a,b}, there is c = c(a, b) > 0 such that (H_2) 1 − ∑ i |dh_i dw | > c , for w ∈ [a, b] . The postulated behavior of h_i(w) as |w| → ∞ is only used to guarantee the existence of arbitrarily large invariant regions R_{a,b}. Once these are established, we work within R_{a,b}. Solutions of (4.1) satisfy the conservation law (4.2) ∂_t(w − ∑ i z_i) + ∑ i ∂_{xi} V_i(ω_iw + z_i) = 0 .

Hypothesis (H_1) implies that the functions G_i(w, z_i) = h_i(w) − z_i satisfy (h_1 − h_4) in Sections 2 and 3; in turn, (H_2) implies (h_5). Theorem 3.2 is applicable and asserts that solutions to (4.1) will converge as ε → 0 to the relaxed system (4.2) with z_i = h_i(w).

A comparison of (4.1) with the system (2.1) studied in Sections 2 and 3 indicates two differences: in the form of the relaxation terms and in the convective velocities. The former is essential and in that sense (3.1) is a specialized case of (2.1). The latter though is inessential for the following reason. Suppose that the convective velocities U_1, . . ., U_n in (2.1) are linearly independent. By performing a linear transformation of the coordinates x one can introduce new coordinate axes in the directions of the convective velocities U_i, i = 1, . . ., n. In the new coordinate system U_i are expressed in the form (−V_iê_i) for i = 1, . . ., n, where ê_i are the unit coordinate vectors, while U_0 is expressed in the form (ω_1V_1, . . . , ω_nV_n). Hence, analyzing (4.1) has implications on general convective operators. 4.a Convergence to conservation laws. Let a scalar conservation law (1.6) be given with initial data u_0(x) taking values in [α, β], and suppose the fluxes F_i are normalized so that F_i(0) = 0. The question arises: Is it possible to realize (1.6) as the relaxation limit of (4.1)?

Lemma 4.1. Let ω_i > 0 and suppose that V_i satisfy the conditions 1 + ∑ i 1 V_i dF_i du > 0 , (4.3) 1 1 1+Ω ( 1 + ∑ i 1 V_i dF_i du ) 1 V_i dF_i du < ω_i (4.4) where Ω = ∑ i ω_i. There is a map r : R → R, strictly increasing and onto, defined by (4.5) w = 1 1 + Ω ( u + ∑ i F_i(u) V_i ) , and functions h_i : R → R, satisfying the conditions^{dhi}_{dw} < 0, h_i(0) = 0 and lim_{w→±∞} h_i(w) = ∓∞, such that w − ∑ i h_i(w) = u , (4.6)

ω_iw + h_i(w) = F_i(u) V_i ; (4.7)

thus (1.6) is put in the form (1.5). If also

(4.8) 1 1 1+Ω ( 1 + ∑ i 1 V_i dF_i du ) ∑ i 1 V_i dF_i du > −1 + Ω + c ,

then (h_i)_i satisfy (H_2).

Proof. First, we address the question: Are there functions h_i with^{dhi}_{dw} < 0 so that (4.6-4.7) are satisfied. It is expedient to give a geometric interpretation to this question. Consider the linear transformation in L : R^{n+1} → R^{n+1}, defined by (4.9) w − ∑ i z_i = u , ω_iw + z_i = v_i V_i , that maps (w, z_1, . . ., z_n) to the fluxes (u, v_1, . . ., v_n). If 1 + Ω ≠ 0 then L is invertible and the inverse is given by the formulas

(4.10) w = 1 1 + Ω ( u + ∑ i v_i V_i )

z_i = v_i V_i − ω_iw = v_i V_i − ω_i 1 + Ω ( u + ∑ i v_i V_i ) . The curve C = {(u, F_1(u), . . ., F_n(u)) : u ∈ R} in the (u, v_1, . . ., v_n)-space describes the constitutive manifold accessible by the conservation law (1.6). It is mapped, via (4.10), to a curve γ in the (w, z_1, . . ., z_n)-space, parametrized by u and defined by w = 1 1 + Ω ( u + ∑ i F_i(u) V_i ) , (4.11)

z_i = F_i(u) V_i − ω_i 1 + Ω ( u + ∑ i F_i(u) V_i ) . (4.12)

We ask: when can γ be expressed as a graph M = {(w, h_1(w), . . ., h_n(w)) : w ∈

R}, with hi satisfying^{dhi}_{dw} < 0. A necessary and sufficient condition for γ to be

expressed in the form of the graph M is that (4.3) and (4.4) are satisfied.

Indeed, if (4.6-4.7) hold for some h_i, with^{dhi}_{dw} < 0, the map q : w → u defined by (4.6) is invertible. The inverse map r is expressed by (4.11), r is strictly increasing, dr du > 0, and^d_{du} (h_i ∘ r) < 0. Hence, (4.3) and (4.4) follow. Conversely, if (4.3-4.4) hold, the map r : u → w defined in (4.5) is strictly increasing and thus invertible. Let u = q(w) be the inverse map, q(0) = 0. The functions h_i =^1_{Vi} F_i ∘ q − ω_iw are strictly decreasing and satisfy h_i(0) = 0 and (4.6-4.7).

The functions h_i will satisfy (H_2), ∑ i dh_i dw > −1 + c, if and only if (4.8) is fulfilled. The common quantity appearing in (4.3), (4.4) and (4.8),

(4.13) 1 1 + Ω ( 1 + ∑ i 1 V_i dF_i du ) = dr du , is the derivative of the map r : u → w. �

A given conservation law (1.6), with data u_0 taking values in the interval [α, β], is realized as the relaxation limit of (4.1) as follows. As the solution u is expected (by the maximum principle) to take values in [α, β], the fluxes may be altered outside [α, β], so that the new fluxes have linear growth for large u. Let a = r(α), b = r(β). Given ω_i, with ω_i > 0 and Ω = ∑ i ω_i < 1 (so that (4.8) is satisfied), |V_i| are chosen sufficiently large so that (4.3), (4.4) and (4.8) are satisfied for u ∈ R. There is a choice of h_i that satisfy (H_1 − H_2), by Lemma 4.1, so that (1.6) is transformed to the form (1.5). Theorem 3.2 guarantees that, for data satisfying (a_ε − d_ε), u^ε = w^ε − ∑ i z^ε_i will converge in L^1(R^n × [0, T ]) to u, the entropy weak solution of (1.6).

Next, we prove an improved version of the compactness-convergence theorem, that is specific to (4.1). We now retain Hypothesis (H_1), but relax (H_2): The parameters ω_i > 0 and V_i are chosen so that (4.3) and (4.4) are satisfied. We assert:

Theorem 4.2. Let (1.6) satisfy (4.3), (4.4), and let u^ε = w^ε − ∑ i z^ε_i . If (w^ε_0, Z^ε_0) satisfy (a_ε − c_ε) then the family {u^ε}_{ε>0} is compact in L^1(R^n × [0, T ]). If also ‖u^ε_0 − u_0‖_L1 = o(1) then u^ε → u in L^1(R^n × [0, T ]), and u is the entropy weak solution of the Cauchy problem (1.6) with initial data u(x, 0) = u_0(x).

The system (4.1) is equipped with an entropy function. Let h^{−1}_i : R → R be the inverse function of h_i; h^{−1}_i is C^1 and strictly decreasing. Set

Ψ_i(z_i) = − ∫_{zi} 0 h^{−1}_i (ξ) dξ .

Ψ_i(z_i) is positive, strictly convex and |Ψ_i(z_i)| ≤ K|z_i| on R_{a,b}. Then (4.1) yields the identities ∂_t 1 2 w^2 + div(U_0 1 2 w^2) = 1 ε ∑ i w(h_i(w) − z_i) ∂_t(−Ψ_i(z_i)) + div(−U_iΨ_i(z_i)) = 1 ε h^{−1}_i (z_i)(h_i(w) − z_i) , i = 1, ..., n, and, upon subtracting, ∂_t ( 1 2 w^2 + ∑ i Ψ_i(z_i) ) + div ( U_0 1 2 w^2 + ∑ i U_iΨ_i(z_i) )

= 1 ε ∑ i (w − h^{−1}_i (z_i))(h_i(w) − z_i) .

(4.14)

The function ϕ_i(w, z_i), defined by

(4.15) ϕ_i(w, z_i) = −(w − h^{−1}_i (z_i))(h_i(w) − z_i) ,

satisfies ϕ_i ≥ 0 and ϕ_i = 0 if and only if z_i = h_i(w).

Identity (4.14) leads to an estimate on the distance from equilibria. Lemma 4.3. Under Hypotheses (H_1) and (a_ε), weak solutions of (4.1) satisfy ∫ R^n 1 2 (w^ε)^2(x, t) + ∑ i Ψ_i(z^ε_i (x, t)) dx + 1 ε ∫_t 0 ∫ R^n ∑ i ϕ_i(w^ε, z^ε_i ) dxdτ ≤ ∫ R^n 1 2 (w^ε_0)^2 + ∑ i Ψ_i(z^ε_{i0}) dx ≤ C . (4.16)

Moreover, for all t > 0,

(4.17) ∫_t 0 ∫ R^n |h_i(w^ε) − z^ε_i |^2 dxdτ ≤ C ε , with the constant C independent of ε.

Proof. The proof of (4.16) follows from (4.14) via density arguments. We turn to (4.17). If g is a strictly increasing function defined on a rectangular box Q and satisfying^{dg}_{dx} ≥ c > 0 on Q, then (g(y) − g(x))(y − x) ≥ c(y − x)^2 for x, y ∈ Q. This inequality, when applied to g = −h^{−1}_i , y = h_i(w) and x = z_i, gives

ϕ_i(w, z_i) = −(w − h^{−1}_i (z_i))(h_i(w) − z_i) ≥ c(h_i(w) − z_i)^2 ,

where^1_c is an upper bound for −^{dhi}_{dw} on the box R_{a,b}. Then (4.17) follows from (4.16). �

Proof of Theorem 4.2. Let {(w^ε, Z^ε)}_{ε>0} be a family of solutions to (4.1), subject to (a_ε − c_ε). As in the proof of Theorem 3.2, there exist subsequences {w^{εn} } and {z^{εn}_i } so that (3.17) hold, and thus, for any rational τ ∈ [0, T ], (4.18) u^{εn} (·, τ) → u(·, τ) in L^1(R^n) .

Since u satisfies the conservation law (4.2), an argument as in (3.12-3.13) shows that

(4.19) ∫ R^n |u^ε(x, t + k) − u^ε(x, t)| dx ≤ C ∫_{t+k} t ∫ R^n |∇w^ε| + ∑ i |∇z^ε_i | dx ds ≤ Ck We deduce that {u^{εn} } is Cauchy in L^1(R^n × [0, T ]) and, along a further subsequence, (4.20) u^{εn} = w^{εn} − ∑ i z^{εn}_i → u , in L^1(R^n × [0, T ]) and for a.e. (x, t) .

Set e^{εn}_i = z^{εn}_i − h_i(w^{εn} ). By (4.17), (4.21) e^{εn}_i → 0 , in L^2(R^n × [0, T ]) and for a.e. (x, t) ∈ R^n × [0, T ] . Since (4.22) w^{εn} − ∑ i h_i(w^{εn} ) = u^{εn} + ∑ i e^{εn}_i and the function w − ∑ i h_i(w) is strictly increasing, (4.20) and (4.21) imply {w^{εn} } converges to some function w a.e. in R^n × [0, T ].

Passing to the limit in (4.22), we conclude w − ∑ i h_i(w) = u. Also, z^{εn}_i = h_i(w^{εn} ) + e^{εn}_i → h_i(w) a.e. in R^n × [0, T ]. We can now pass to the limit ε_n → 0 in (4.2) to conclude that w satisfies (1.5) and thus, by Lemma 4.1, u is a weak solution of (1.6). As in Theorem 3.2, u satisfies the Kruzhkov entropy conditions. If u^ε_0 → u_0 in L^1 then u is the unique solution of the Cauchy problem with data u_0 and the whole family {u^ε} converges in L^1 to u. � 4.b Rate of convergence. In this section we establish Kuznetzov–type error estimates for the approximation of the entropy solution of the multidimensional scalar conservation law by solutions (w^ε, Z^ε) of the relaxation system. The analysis applies to system (2.1), under the additional assumption: Given R_{a,b}, there is σ = σ(a, b) > 0 so that (h_6) |G_i(w, z_i)| ≥ σ|h_i(w) − z_i| , for i = 1, . . ., n , (w, Z) ∈ R_{a,b} . Note that, if (h_1 − h_3) are satisfied with^{∂Gi}_{∂zi} < 0, then (h_6) is automatically satisfied.

Our analysis uses work by Bouchut and Perthame [1]. We first state (in a less general form) the central Lemma in [1]:

Lemma 4.4 (Bouchut and Perthame [1]). Let u, v ∈ L^∞_{loc} ([0, ∞), L^1_{loc}(R^n)) be right continuous with values in L^1_{loc}(R^n). Assume that u satisfies the entropy condition (1.2) and v satisfies, for all k ∈ R, (4.23) ∂_t|v − k| + n∑ i=1 ∂_{xi} [ (F_i(v) − F_i(k))sign(v − k) ] ≤ ∂_tJ_k + divH_k ,

in D^′, where J_k, H^i_k are local Radon measures such that for some nonnegative k-independent Radon measures (α^i_H )_i and α_J ∈ L^∞_{loc}([0, ∞), L^1_{loc}(R^n)), satisfy in the sense of measures |J_k (x, t)| ≤ α_J (x, t) and |H^i_k(x, t)| ≤ α^i_H (x, t) , i = 1, 2, ...n . Then for any T ≥ 0, x_0 ∈ R^n, R > 0, δ > 0 and M = Lip(F ), B_t = B(x_0, R + M(T − t) + δ), we have ∫ B(x0,R) |u(x, T ) − v(x, T )|dx ≤ ∫ B0 |u(x, 0) − v(x, 0)|dx + C(E^t + E^x + E^J + E^H ) , where C is a uniform constant and 0 ≤ E^t ≤ Mδ ∫ |Du_0| , 0 ≤ E^x ≤ δ ∫ |Du_0| ,

E^H = 1 δ n∑ i=1 ∫ 0<t≤T ∫ B_t α^i_H (x, t)dxdt , E^J = (1 +

(M + 1)T δ ) sup_{(0,2T )} ∫ B_t α_J (x, t)dx . Based on that we prove:

Theorem 4.5. Let G_i satisfy (h_1 − h_6). Let (w^ε, Z^ε) be solutions of (2.1), emanating from BV -stable data, let u be the entropy solution of (3.23) and u^ε = w^ε − ∑ i z^ε_i . Then, for any fixed T > 0 and all t ≤ T , (4.24) ||u^ε(·, t) − u(·, t)||_L1 ≤ ||u^ε(·, 0) − u(·, 0)||_L1 + C_1 ( I^ε + √ T I^ε ∫ |Du_0| ) , where I^ε ≥ 0 satisfies

I^ε ≤ max_{[0,T ]} { e^{− cε t} ∑ i ||G_i(w^ε_0, z^ε_{i0})||_L1 + C_1 ε c (1 − e^{− cε t}) ( ∫ |Dw^ε_0| + ∑ i ∫ |Dz^ε_{i0}| )} . Here, C_1 is a positive constant depending on the fluxes F^i, the L^∞-norm of the data (w^ε_0, Z^ε_0) and^1_σ in (h_6), while c is given by (h_5).

If (w^ε_0, Z^ε_0) are “almost Maxwellian”, in the sense that ∑ i ||G_i(w^ε_0, z^ε_{i0})||_L1 = O(ε), then we immediately obtain the estimate ||u^ε(·, t) − u(·, t)||_L1 ≤ ||u^ε(·, 0) − u(·, 0)||_L1 + O( √ ε) .

Proof. Let û^ε = w^ε − ∑ i h_i(w^ε). We show that û^ε satisfies an approximate entropy condition (4.23). For any k ∈ R, define κ ∈ R such that k = κ − ∑ i h_i(κ) . Since the functions h_i are decreasing for all i, we readily see that |û^ε − k| = |w^ε − κ| + ∑ i |h_i(w^ε) − h_i(κ)| = |w^ε − κ| + ∑ i |z^ε_i − h_i(κ)| + J^ε , where |J^ε(x, t)| ≤^1_σ ∑ i |G_i(w^ε(x, t), z^ε_i (x, t))|. Similarly, by (3.22), (F_j (û^ε) − F_j (k))sign(û^ε − k) = U^j_0 |w^ε − κ| + ∑ i U^j_i |h_i(w^ε) − h_i(κ)| =

= U^j_0 |w^ε − κ| + ∑ i U^j_i |z^ε_i − h_i(κ)| + H^ε_j ,

where |H^ε_j (x, t)| ≤^1_σ |G_j (w^ε(x, t), z^ε_j (x, t))|. However (w^ε, Z^ε) satisfy the entropy inequalities (2.14); consequently the previous strings of equalities yield, ∂_t|û^ε − k| + ∑ i ∂_{xi} [ (F_i(û^ε) − F_i(k))sign(û^ε − k) ] ≤ ∂_tJ^ε + ∑ i ∂_{xi} H^ε_i . The functions J^ε , H^ε_i are bounded by the L^1 function^1_σ ∑ i |G_i(w^ε(·, t), z^ε_i (·, t))|. Since u, w^ε, z^ε_i are all bounded, the hypothesis on F being Lipshitz, in Lemma 4.4, is satisfied. Sending R → ∞, Lemma 4.4 delivers

||û^ε(·, T ) − u(·,T )||_L1_{(R} n_) ≤ ||û^ε(·, 0) − u(·, 0)||_L1_{(R} n_) +C ( δ ∫ |Du_0| + 1 δ ∑ i ∫_T 0 ||G_i(w^ε(·, t), z^ε_i (·, t))||_L1dt + ( 1 + (M + 1)T δ ) sup_{[0,2T ]} ||G_i(w^ε(·, t), z^ε_i (·, t))||_L1 )

for all δ > 0. Setting I^ε = sup_{[0,2T ]} ∑ i ||G_i(w^ε(·, t), z^ε_i (·, t))||_L1 , we obtain (here C^′ = M + 2)

||û^ε(·, T )−u(·, T )||_L1_{(R} n_) ≤ ||û^ε(·, 0)−u(·, 0)||_L1_{(R} n_) +C ( δ ∫ |Du_0|+ C^′T δ I^ε +I^ε ) . Picking a δ that minimizes the right hand side of the previous relation, yields for a new constant C_1,

||û^ε(·, T ) − u(·, T )||_L1_{(R} n_) ≤ ||û^ε(·, 0) − u(·, 0)||_L1_{(R} n_) + C_1 ( I^ε + √ T I^ε ∫ |Du_0| ) . The definition of û^ε implies that |û^ε −u^ε| = | ∑ i(h_i(w^ε)−z^ε_i )| ≤^1_σ ∑ i |G_i(w^ε, z^ε_i )|. Hence, (4.24) follows with possibly different constants. The estimate on I^ε follows from Lemma 3.1. �

5. Convergence to measure valued solutions

Next, we study families of solutions {(w^ε, Z^ε)}_{ε>0} to (4.1) that are stable in L^1 ∩ Ł^∞, emanating from initial data satisfying

(a_ε)

‖w^ε_0‖_L1 + ∑ i ‖z^ε_{i0}‖_L1 ≤ C a ≤ w^ε_0 ≤ b h_i(b) ≤ z^ε_{i0} ≤ h_i(a) , i = 1, . . ., n . The Young measures associated with (w^ε_0, Z^ε_0) are, in general, supported at any place of the box R_{a,b}. We will show that the initial oscillations are killed off the curve of Maxwellian states, and the limiting dynamics, in the zero-relaxation limit, is governed by measure valued solutions of (1.6). The notion of measure valued solutions is introduced by DiPerna in [7], where the structure of measure valued solutions to the scalar multidimensional conservation law is studied. Chen, Levermore and Liu [3] study the convergence of L^∞ stable families of a class of relaxation systems, whose limit is the one-dimensional conservation law. It is proved in [3] that, under conditions of genuine nonlinearity, the initial oscillations are killed and strong convergence emerges.

Throughout the section, it is assumed that the fluxes F_i(u) of (1.6) satisfy the subcharacteristic conditions (4.3)-(4.4), and the convective velocities in (4.1) are selected U_0 = (ω_1V_1, . . . , ω_nV_n), and U_i = −V_iê_i, with ê_i the unit coordinate vectors. Lemma 4.1 asserts that the transformation w = r(u) in (4.5) puts the conservation law (1.6) to the form (1.5), with the functions h_i satisfying (H_1).

Theorem 2.1 asserts that the family {(w^ε, Z^ε)}_{ε>0}, emanating from data subject to (a_ε), satisfies the uniform bounds (3.2-3.3) and is thus stable in L^1 ∩ L^∞. There exists a subsequence {(w^{εn} , Z^{εn} )} and a parametrized family of probability measures {ν_{(x,t)}}_{(x,t)} with support in R_{a,b} such that

(5.1) f(w^{εn} , Z^{εn} ) ⇀ f̄ in L^∞(R^n × [0, T ]) weak-⋆ , f̄ =< ν_{(x,t)}, f(λ) > a.e. (x, t) , for any continuous function f : R^{n+1} → R (Tartar [25]).

For (x, t) fixed, ν_{(x,t)} is a measure over the state space R^{n+1} and supp ν_{(x,t)} ⊂ R_{a,b}. We use the notation λ = (λ_0, λ_1, . . ., λ_n) and note that (5.2) w^{εn} ⇀ w̄ =< ν_{(x,t)}, λ_0 >, z^{εn}_i ⇀ z̄_i =< ν_{(x,t)}, λ_i >, i = 1, . . ., n ,

(5.3) h_i(w^{εn} ) ⇀ h̄_i =< ν_{(x,t)}, h_i(λ_0) > , in L^∞(R^n × [0, T ]) weak-⋆.

Let e^{εn} = z^{εn}_i −h_i(w^{εn} ). Then e^{εn} ⇀ z̄_i −h̄_i in L^∞(R^n ×[0, T ]) weak-⋆. Lemma 4.3 yields

(5.4) ∫_t 0 ∫ R^n |e^{εn} |^2 dxdτ ≤ C ε_n → 0 . We now obtain:

Lemma 5.1. For any f : R^{n+1} → R continuous

(5.5) < ν_{(x,t)} , f(λ_0, λ_1, . . ., λ_n) >=< ν_{(x,t)} , f(λ_0, h_1(λ_0), . . ., h_n(λ_n)) > ;

hence, supp ν_{(x,t)} ⊂ M = {(λ_0, h_1(λ_0), . . ., h_n(λ_n)) : λ_0 ∈ [a, b]} for a.e. (x, t) ∈

R^n × [0, T ].

Proof. By (5.5), along subsequences, e^{εn} → 0 in L^2, and also e^{εn} ⇀ z̄_i −h̄_i. Thus

(5.6) < ν_{(x,t)}, λ_i >=< ν_{(x,t)}, h_i(λ_0) > a.e. (x, t) ∈ R^n × (0, ∞) .

If f : R^{n+1} → R is a Lipshitz continuous function and φ a C^∞ compactly supported function, then (3.2) and (5.4) give | ∫^t 0 ∫ R^n ( f(w^{εn} , Z^{εn} ) − f(w^{εn} , h_1(w^{εn} ), . . ., h_n(w^{εn} )) ) φ dxdτ |

≤ L ∫ ∫ suppφ |e^{εn} | |φ| dxdτ → 0 . Hence, for any test function φ, ∫_t 0 ∫ R^n ( < ν_{(x,t)} , f(λ_0, λ_1, . . ., λ_n) > − < ν_{(x,t)} , f(λ_0, h_1(λ_0), . . ., h_n(λ_n)) > ) φ dxdτ = 0, and (5.5) holds for Lipshitz functions. Since the Lipshitz functions are dense in the continuous functions, (5.5) follows. �

We turn now to establishing convergence to measure valued solutions. The weak form of (4.2) for a smooth test function φ reads ∫_t 0 ∫ R^n ( (w^{εn} − ∑ i z^{εn}_i )∂_tφ + ∑ i V_i(ω_iw^{εn} + z^{εn}_i )∂_{xi} φ ) dxdτ + ∫ R^n u^{εn}_0 (x)φ(x, 0) dx = 0 .

If u^{εn}_0 ⇀ ū_0, then passing to the limit we obtain ∫_t 0 ∫ R^n ( < ν , λ_0 − ∑ i h_i(λ_0) > ∂_tφ+ < ν , ∑ i V_i(ω_iλ_0 + h_i(λ_0)) > ∂_{xi} φ ) dxdτ + ∫ R^n

ū_0(x)φ(x, 0) dx = 0 .

(5.7)

Because ν_{(x,t)} is supported on the one-dimensional set M, it may be visualized as a measure on continuous functions f : M → R. In the terminology of DiPerna [7], the parametrized family ν = {ν_{(x,t)}}_{(x,t)} is a measure valued solution for (1.5).

Consider next the family (u^ε, (v^ε_i )_i). Let μ_{(x,t)} be the Young measure associated with a weakly convergent sequence (u^{εn} , (v^{εn}_i )_i), and ν_{(x,t)} the Young measure associated with (w^{εn} , (z^{εn}_i )_i). The states (u, (v_i)_i) and (w, (z_i)_i) are related through the linear transformation L : R^{n+1} → R^{n+1} via relations (4.9) and (4.10). Any continuous function g : R^{n+1} → R can be expressed as

g(u^{εn} , (v^{εn}_i )_i) = g ( w^{εn} − ∑ i z^{εn}_i , V_1(ω_1w^{εn} + z^{εn}_1 ), . . ., V_n(ω_nw^{εn} + z^{εn}_n ) )

Therefore, μ and ν (we suppress the (x, t) dependence) are related through < μ,g(ρ_0, ρ_1, . . ., ρ_n) > =< ν, g(λ_0 − ∑ i λ_i, V_1(ω_1λ_0 + λ_1), . . ., V_n(ω_n λ_0 + λ_n) >

(5.8)

A priori, suppμ ⊂ L(R_{a,b}). However, since suppν ⊂ M, (5.8) implies suppμ ⊂ L(M) = C, where C = {(ρ_0, F_1(ρ_0), . . ., F_n(ρ_0)) : ρ_0 ∈ [α, β]} and r(α) = a, r(β) = b as in Lemma 4.1. The Young measure μ gives rise to a measure μ̄ acting on the one-dimensional state space C. This is done as follows: Given a continuous function ḡ : C → R it is extended to g : R^{n+1} → R continuous, and we define < μ̄, ḡ > =< μ, g(ρ_0, F_1(ρ_0), . . ., F_n(ρ_0)) > =< ν, g(λ_0 − ∑ i λ_i, V_1(ω_1λ_0 + h_1(λ_0)), . . ., V_n(ω_nλ_0 + h_n(λ_n)) > ,

by (5.8) and (5.5). The definition is independent of the extension, and henceforth μ and μ̄ are identified. In particular < μ, ρ_0 > =< ν, λ_0 − ∑ i h_i(λ_0) > ,

< μ, F_i(ρ_0) > =< ν, V_i(ω_iλ_0 + h_i(λ_0)) > .

We conclude that the parametrized family μ = {μ_{(x,t)}}_{(x,t)} is a measure valued solution for (1.6). We thus have.

Theorem 5.2. Let (1.6) satisfy (4.3), (4.4), and suppose (w^ε_0, Z^ε_0 ) satisfy the uniform bounds (a_ε). There exists a subsequence and a parametrized family of Young measures {μ_{(x,t)}}_{(x,t)} such that suppμ_{(x,t)} ⊂ C and μ_{(x,t)} can be viewed as a measure on the state space R for a.e. (x, t) ∈ R^n × [0, T ]. The family μ = {μ_{(x,t)}}_{(x,t)} satisfies

(5.9) ∂_t < μ, ρ > + ∑ i ∂_{xi} < μ, F_i(ρ) >= 0 , in the sense of distributions.

6. Other systems under the same framework

Next, we study some other systems that fit under the developed framework. In Section 6.a we review the one space-dimensional case and list the implications on two specific models. In Section 6.b we consider certain semidiscrete relaxation schemes. Results on such schemes have implications on convergence for numerical algorithms [12], and are used as a building block in studies of convergence for interacting particle systems [14].

6.a One space-dimensional relaxation systems. Consider the one space dimensional version of the relaxation system (2.1),

(6.1) w_t + cw_x = 1 ε G(w, z) z_t − vz_x = 1 ε G(w, z) , where c and v are two convective speeds, with initial data w(x, 0) = w_0(x), z(x, 0) = z_0(x), x ∈ R. (6.1) is equipped with the conservation law

(6.2) ∂ ∂t (w − z) + ∂ ∂x (cw + vz) = 0 . We assume that G ∈ C^1(R^2; R) satisfies:

G(·, z) is strictly decreasing , G(w, ·) is strictly decreasing . (a) There is a unique C^1 curve (w, h(w)) of equilibria, (b) with h strictly decreasing . There is α ≥ 0 such that − ( G_w (w, z) + G_z (w, z) ) ≥ α . (c) The system (6.1) has the L^1 contraction property and admits invariant regions.

There are two improvements in the theory for the one-dimensional case. It is no longer necessary to pursue a theory for solutions that approach one single equilibrium value at infinity. Instead, a cumbersome but straightforward extension shows global existence for solutions of (6.1) that approach distinct equilibrium values (w_−, h(w_−)) as x → −∞, and (w_+, h(w_+)) as x → +∞. Of course one has to place appropriate assumptions on the data, of the type (w_0, z_0) are such that (w_0 − w_−) , (z_0 − h(w_−)) ∈ L^1(−∞, 0] and (w_0 − w+) , (z_0 − h(w_+)) ∈ L^1[0, +∞). The second improvement is that (c) is weaker than hypothesis (h_5). If we pursue the formal calculation leading to Lemma 3.1, we obtain the analogue of (3.5), ∫ R |G(w^ε(x, t), z^ε(x, t)| dx ≤ e^{− αε t} ∫ R |G(w^ε_0, z^ε_{i0})| dx + ε α K(1 − e^{− cε t}) . When α = 0 then ∫ R |G(w^ε(x, t), z^ε(x, t)| dx ≤ ∫ R |G(w^ε_0, z^ε_{i0})| dx + Kt . In either case there is an estimate on the ”distance from equilibria” and one can prove an analogue of Theorem 3.2: As ε → 0, solutions of the relaxation system (6.1) converge to the entropy weak solution of the conservation law

(6.3) ∂ ∂t (w − h(w)) + ∂ ∂x (cw + vh(w)) = 0 . We turn now to applications on specific models:

1. The Carleman model. The Carleman model of the kinetic theory of gases is the system of semilinear equations

(6.4) u_t + u_x = 1 ε (v^2 − u^2)

v_t − v_x = 1 ε (u^2 − v^2)

Here u is the density of particles moving to the right with speed 1 and v the density of particles moving to the left with speed 1. It enjoys the conservation law ∂_t(u + v) + ∂_x(u − v) = 0, corresponding to conservation of the total mass. Its formal fluid-dynamic limit ε → 0 is the conservation law ∂_tu = 0. Kurtz [17] uses the L^1 contraction property of (6.4) to establish the limit in a diffusive scaling, that also provides the next term of the expansion and leads to a nonlinear diffusion equation.

If we set (w, z) = (u, −v), then (6.4) is written in the form (6.1) with G(w, z) = z^2 − w^2. The domain of interest is J = {w ≥ 0} × {z ≤ 0}. The curve of equilibria in this case is (w, −w) and G satisfies all of the hypotheses (a), (b) and (c) on J. Note that as an implication of the comparison principles, J is an invariant region.

2. Relaxation approximations of the single conservation law. The relaxation sys- tem

(6.5) u_t + v_x = 0

v_t + c^2u_x = 1 ε (f(u) − v) has as formal relaxation limit the single one-dimensional conservation law

(6.6) ∂_tu + ∂_xf(u) = 0 .

Such approximations motivate a class of nonoscillatory numerical schemes, for shock wave computations in systems of conservation laws of one or several space variables (Jin and Xin [12]). The convergence of (6.5) to (6.6) is established by Natalini [21]. The Riemann invariants, w = v + cu, z = v − cu, are introduced, and the system (6.5) is recast to the form (6.1) with

(6.7) G(w, z) = f ( w − z 2c ) − w + z 2 .

If f(u) satisfies the subcharacteristic conditions

(6.8) −1 < 1 c f^′(u) < 1 ,

then G_w , G_z < 0 and (a), (c) are clear. The equation G(w, z) = 0 can then be solved and yields a unique curve (w, h(w)) of equilibria, with h^′(w) = −(G_w/G_z ) < 0, and (b) follows. In this case the constant α in Hypothesis (c) is strictly positive. An analogue of Theorem 3.2 yields convergence as ε → 0 of (6.1) to (6.6) and, hence, of (6.5) to (6.6) and Theorem 4.5 provides a rate of convergence.

6.b Semi-discrete relaxation schemes. In this subsection we briefly present the stability properties of semidiscrete schemes for the relaxation system (2.1). A detailed study of semidiscrete schemes and their convergence to the entropy solution of scalar conservation laws will appear in [15]. Such schemes provide a crucial ingredient in the convergence of certain interacting particle systems with relaxation to scalar conservation laws [13], [14].

A straightforward upwind space-discretization of the system (4.1) is as follows: Let ê_i be the unit coordinate vectors in R^n and q ∈ Z^n and γ denote the grid size.

Let ω_i > 0, and consider the case that V_1, . . ., V_n > 0. Then the scheme reads

(6.9)

∂ ∂t w(q, t) + 1 γ ∑ i ω_iV_i ( w(q, t) − w(q − γê_i, t) )

= 1 ε ∑ i G_i ( w(q, t), z_i(q, t) )

∂ ∂t z_i(q, t) − 1 γ V_i ( z_i(q + γê_i, t) − z(q, t) )

= 1 ε G_i ( w(q, t), z_i(q, t) ) , i = 1, ..., n, where (q, t) ∈ Z^n × (0, ∞) and γ denotes the grid size. (If some V_i were negative, then the corresponding forward differences in the scheme are replaced by backward differences and vice versa).

Let l^1 be the space of summable functions defined on Z^n. We prove in [15] that the semi-discrete scheme (6.10) admits invariant regions and satisfies an l^1 contraction property: ∑ q∈Z^n ( |w(q, t) − w̄(q, t)| + ∑ i |z_i(q, t) − z̄_i(q, t)| )

≤ ∑ q∈Z^n ( |w(q, 0) − w̄(q, 0)| + ∑ i |z_i(q, 0) − z̄_i(q, 0)| ) .

In addition the scheme is TVD: ∑ q∈Z^n ( |w(q + ê_k, t) − w(q, t)| + ∑ i |z_i(q + ê_k, t) − z_i(q, t)| )

≤ ∑ q∈Z^n ( |w(q + ê_k , 0)) − w(q, 0)| + ∑ i |z_i(q + ê_k , 0) − z_i(q, 0)| ) ,

for all directions ê_k, k = 1, ..., n.

This analysis applies directly to the semidiscrete upwind relaxation scheme introduced by Jin and Xin [12] for the scalar one dimensional conservation law, after rewritting the scheme in Riemann invariants, in the spirit of the discussion in 6a.2.

Appendix. On functions of bounded variation

The space BV has long been identified as an appropriate space to study existence and regularity properties for the scalar multidimensional conservation law [4, 16, 18, 27], and the article of Volpert [27] is the standard reference on BV theory in the field. As the amount of information from BV theory required for the purposes of existence is minimal, we list the pertinent properties in order to make the article more accessible and in order to put it in the language of recent books by Giusti [11], Ziemer [28, Ch 5], and Evans and Gariepy [8, Ch 5] that are becoming standard references in the subject of functions of bounded variation. We are specifically interested in BV (R^n); we refer to [ 8, 11, 28] for definitions of BV (Ω) with Ω an open set and for the proofs of statements in the Appendix.

A function f ∈ L^1(R^n) has bounded variation in R^n if ∫ |Df| = sup { ∫ fdivg dx : g ∈ C^1_c (R^n; R^n) with |g(x)| ≤ 1} < ∞ .

We write BV (R^n) the space of functions of bounded variation and note: (i) If f ∈ W^{1,1}(R^n) then ∫ |Df| = ∫ R^n |∇f|dx (ii) If f ∈ BV (R^n) and Df is the gradient of f in the sense of distributions, then Df is a (vector valued) finite Radon measure on R^n and ∫ |Df| is the total variation of Df on R^n.

(iii) If {f_j } is a sequence of functions in BV (R^n), then f_j → f in L^1_{loc}(R^n) implies ∫ |Df| ≤ lim inf_{j→∞} ∫ |Df_j | .

(iv) Under the norm ‖f‖_{BV} = ‖f‖_L1 + ∫ |Df|, BV (R^n) is a Banach space.

We are interested in approximation theorems in BV (R^n). Let ρ(x) be a positive, symmetric kernel with ∫ ρ = 1, and consider the sequence {ρ_k} of mollifiers generated by ρ:

ρ_k ∈ C^∞_c (R^n) , suppρ_k ⊂ B 1_k , ∫ ρ_kdx = 1 , ρ_k ≥ 0 . Given f ∈ L^1_{loc} (R^n) the convolution f_k = ρ_k ∗ f satisfies the properties: (a) f_k ∈ C^∞(R^n), f_k → f in L^1_{loc}(R^n); if f ∈ L^1(R^n) then f_k → f in L^1(R^n). (b) a ≤ f(x) ≤ b implies a ≤ f_k (x) ≤ b. (c) suppf_k ⊂ suppf + B 1_k .

(d) If f ∈ C^1(R^n) then ∂_{xi} (f_k) = (∂_{xi} f)_k . (e) If f ∈ BV (R^n) then f_k = ρ_k ∗ f satisfy

f_k → f in L^1(R^n) , lim_{k→∞} ∫ |Df_k| = ∫ |Df| .

Property (e) yields a theorem on approximation of functions of bounded variation by smooth functions. There exists a (quite nontrivial) analogue of this result for functions in BV (Ω).

For f ∈ L^1(R^n) define the L^1-modulus of continuity λ(h, f) = ∫ R^n |f(x + h) − f(x)| dx , h ∈ R^n , and coordinate-wise λ_i(δ, f) := λ(δê_i, f) = ∫ R^n |f(x + δê_i) − f(x)| dx , where δ ∈ R and ê_i ∈ R^n is the unit vector in the x_i-direction. Regarding, the relation of the variation measure ∫ |Df| and the L^1-modulus of continuity, we have (f) If ∫ |Df| < +∞ then lim sup δ→0 ∑ i λ_i(δ, f) |δ| ≤ ∫ |Df|

(g) If sup_{0<|δ|≤1}^{λi(δ,f )}_{|δ|} < +∞ for each i = 1, . . ., n, then ∫ |Df| ≤ lim inf_{δ→0} ∑ i λ_i(δ, f) |δ| .

Therefore, BV (R^n) may be identified with the class of L^1 functions with a Lipschitz L^1-modulus of continuity, and we have ∫ |Df| = lim_{δ→0} ∑ i λ_i(δ, f) |δ| .

(See [18].) Using the identification we may deduce compactness theorems for families of functions bounded in the BV -norm, from a starting point of the M. Riesz- Fréchet-Kolmogorov theorem on compactness of bounded families of uniformly L^p-equicontinuous (p ≥ 1) functions (c.f. Brezis [2, Ch IV.5]).

Proof of (f). Let f ∈ BV (R^n) and consider an approximating smooth sequence {f_k } as in (a), (e). Then ∫ R^n |f_k(x + δê_i) − f_k (x)| dx = ∫ R^n | ∫^1 0 ∇f_k (x + sδê_i) · δê_i ds | dx ≤ |δ| ∫ R^n |∂_{xi} f_k(x)| dx and ∑ i 1 |δ| ∫ R^n |f_k(x + δê_i) − f_k (x)| dx ≤ ∫ R^n |∇f_k | dx As k → ∞, (a) and (e) give ∑ i 1 |δ| ∫ R^n |f(x + δê_i) − f(x)| dx ≤ ∫ R^n |Df|

whence (f) follows.

Proof of (g). Suppose that f ∈ L^1(R^n) with sup_{0<|δ|≤1}^{λi(δ,f )}_{|δ|} < +∞ for all i, and fix g ∈ C^1_c (R^n; R^n) with |g(x)| ≤ 1. Then, for δ ≠ 0, 1 δ ∫ R^n ( f(x + δê_i) − f(x) ) g(x)dx = 1 δ ∫ R^n f(x) ( g(x − δê_i) − g(x) ) dx and, letting δ → 0, ∫ R^n f ∂_{xi} g dx = lim_{δ→0} 1 δ ∫ R^n ( f(x) − f(x + δê_i) ) g(x)dx ≤ lim inf_{δ→0} λ_i(δ, f) |δ| We conclude ∫

R^n

fdivg dx ≤ lim inf_{δ→0} ∑ i λ_i(δ, f) |δ| , whence (g) follows.

References

1. Bouchut and B. Perthame, Kruzhkov’s estimates for scalar conservation laws revisited, Univ. of Orleans no. 96-02, (1996), (preprint).

2. H. Brezis, Analyse fonctionelle. Théorie et applications, Masson, Paris, 1987. 3. G.-Q. Chen, C. D. Levermore and T.-P. Liu, Hyperbolic conservation laws with stiff relaxation terms and entropy, Comm. Pure Appl. Math. 47 (1994), 789-830.

4. E. Conway and J. Smoller, Global solutions of the Cauchy problem for quasi-linear firstorder differential equations in several space variables, Comm. Pure Appl. Math. 19 (1966), 95-105.

5. M. Crandall, The semigroup approach for first order quasilinear equations in several space variables, Israel J. Math. 12 (1972), 108-132.

6. M.G. Crandall and L. Tartar, Some relations between nonexpansive and order preserving mappings, Proc. Amer. Math. Soc. 70 (1980), 385-390.

7. R.J. DiPerna, Measure-valued solutions to conservation laws, Arch. Rational Mech. Anal.

88 (1985), 223-270.

8. L.C. Evans and R.F. Gariepy, Measure Theory and Fine Properties of Functions, CRC Press, Boca Raton, 1992.

9. A. Friedman and A.E. Tzavaras, A quasilinear parabolic system arising in modeling of catalytic reactors, J. Differential Equations 70 (1987), 167-196.

10. D. Gilbarg and N.S. Trudinger, Elliptic Partial Differential Equations of Second Order, 2nd Edition, Springer, New York, 1983.

11. E. Giusti, Minimal surfaces and functions of bounded variation, Monographs in Mathematics, Vol. 80, Birkhäuser, Boston, 1984.

12. S. Jin and Z. Xin, The relaxing schemes for systems of conservation laws in arbitrary space dimensions, Comm. Pure Appl. Math. 48 (1995), 235-277.

13. M.A. Katsoulakis and A.E. Tzavaras, Contractive relaxation systems and interacting particles for scalar conservation laws, C. R. Acad. Sci. Paris, Sér. I Math. (1996), (to appear).

14. M.A. Katsoulakis and A.E. Tzavaras, Interacting particle systems, relaxation schemes and the scalar conservation law, (in preparation).

15. M.A. Katsoulakis and A.E. Tzavaras, (in preparation).

16. S.N. Kruzhkov, First order quasilinear equations with several independent variables, Math.

USSR Sbornik 10 (1970), 217-243.

17. T.G. Kurtz, Convergence of sequences of semigroups of nonlinear operators with an application to gas kinetics, Trans. Amer. Math. Soc. 186 (1973), 259-272.

18. N.N. Kuznetzov, Accuracy of some approximate methods for computing the weak solutions of a first-order quasi-linear equation, USSR Comp. Math. & Math. Phys. 16 (1976), 105-119.

19. P.Ł. Lions, B. Perthame and E. Tadmor, Kinetic formulation of scalar conservation laws, J. Amer. Math. Soc. 7 (1994), 169-191.

20. T.-P. Liu, Hyperbolic conservation laws with relaxation, Comm. Math. Phys. 108 (1987), 153-175.

21. R. Natalini, Convergence to equilibrium for the relaxation approximations of conservation laws, Comm. Pure Appl. Math., (to appear), and Instituto per le Applicazioni del Calcolo M. Picone (1995), (preprint).

22. R. Natalini, A discrete kinetic approximation of entropy solutions to multidimensional scalar conservation laws, (1996), (preprint).

23. B. Perthame and M. Pulvirenti, On some large systems of random particles which approximate scalar conservation laws, (preprint).

24. B. Perthame and E. Tadmor, A kinetic equation with kinetic entropy functions for scalar conservation laws, Comm. Math. Phys. 136 (1991), 501-517.

25. L. Tartar, Compensated compactness and applications to partial differential equations, Nonlinear analysis and mechanics: Heriot-Watt Symposium, Vol. IV, Res. Notes in Math, 39, Pitman, Boston, Mass.-London, 1979, pp. 136-212.

26. A. Tveito and R. Winther, On the rate of convergence to equilibrium for a system of conservation laws including a relaxation term, (to appear).

27. A.I. Volpert, The spaces BV and quasilinear equations, Math. USSR Sbornik 2 (1967), 225-267.

28. W.P. Ziemer, Weakly Differentiable Functions, Springer, New York, 1989.