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Abstract. We propose a class of finite element schemes for systems of hyperbolic conservation
laws that are based on finite element discretizations of appropriate relaxation models. We consider
both semidiscrete and fully discrete finite element schemes and show that the schemes are stable
and, when the compensated compactness theory is applicable, do converge to a weak solution of the
hyperbolic system. The schemes use piecewise polynomials of arbitrary degree and their consistency
error is of high order. We also prove that the rate of convergence of the relaxation system to a
smooth solution of the conservation laws is of order O(g).
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1. Introduction. The problem of numerical approximation of nonlinear hyper-
bolic systems of conservation laws,

d
1) O+ 0n Fj(u) =0, xR, u=u(z,t)eR", >0,
. =

is a challenging area testing the performance of various numerical methods. Such
methods need to resolve accurately the shock regions and at the same time approxi-
mate with high accuracy the smooth parts of the solution.

It is a widely held belief that to achieve this goal one has to impose extraneous
stabilization mechanisms, such as shock capturing terms or limiters (depending on
the parameters of the problem, on the order of the method, on the particular form of
the system, etc.). This approach seems to hold for those finite element or high-order
finite volume methods previously developed [21, 10, 19, 11]. We refer to [11] for a
comprehensive review of the current state of the art on the high-order finite difference,
finite volume, and finite element methods for hyperbolic conservation laws; see also
17, 26].
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Our motivation is to consider schemes designed to be used in conjunction with
appropriate mesh refinement. It is conceivable that successful adaptive schemes may
not need to be stabilized by using extra stabilization operators (such as limiters or
shock capturing terms) accounting in turn for stabilization by the natural diffusion or
relaxation mechanisms of the problem plus an appropriate mesh selection. A success-
ful application of this idea requires one to have at hand a stable, robust, and flexible
method. Indeed, toward this goal finite elements are a natural choice, since the devel-
opment of supportive structures (finite element spaces of any order, flexibility in mesh
construction, etc.) in adaptive finite element literature and software implementation
is at a remarkable level.

In this article we propose a class of finite element methods based on relaxation
models and address stability and convergence issues. For these relaxation finite ele-
ment schemes the stabilization mechanisms are the regularization by wave operators
(coming from the relaxation model) and appropriate mesh refinement in the shock
areas. Our adaptive finite element schemes are of the general type introduced in [4]
and further developed in [2, 3]. There, alternative methods and mesh refinement
strategies are extensively tested computationally. Preliminary results indicate that
the adaptive relaxation finite element schemes are a robust and reliable alternative
for shock computations.

1.1. Relaxation finite element approximations. Relaxation models that ap-
proximate (1.1) are the basis of our schemes. In particular, the model suggested in
[20],

d
Oru + Y Opv5= 0,
(1.2) j=1

Ouvi + A0 u = — (= Fw), i=1,....d

corresponds to the regularization of (1.1) by a wave operator of order . Here A; are
symmetric, positive definite matrices with constant coefficients that are selected to
satisfy certain stability conditions, the subcharacteristic conditions; see [20, 43] and
the next sections. This relaxation model induces a regularization mechanism with
finite speed of propagation that results in a partial differential equation with linear
principal part. In return, the number of unknowns is increased. Nevertheless, in
schemes based on the discretization of (1.2) the extra cost is compensated for by the
simplicity and the natural implicit-explicit discretization that this model admits. The
relaxation finite element schemes are based on the direct finite element approximation
of (1.2).

Let 7;, = {K} be a decomposition of R4 into elements with the usual properties
[7]. We use the notation hy = diam (K), h=supge7, hx <1,and h=mingecr, hg.
The standard conforming finite element space Sy is defined by

(1.3) Sp={peC’*RY" : ¢ |kEPr, KETh, ¢|oc= 0}

Here we assume that the initial values have compact support and thus, for all ¢ € [0, T7,
our solution will vanish outside some compact set Q C R™. Clearly, Sy, C H{(£2); see
[7] for the approximation properties of Sy into Sobolev spaces. Further, we introduce
a finite element space consisting of piecewise discontinuous polynomials:

(14)  Vii={v € L*RY" : ¢|x €Ppy, K €Thy ¢ e = 0},
By construction 0,,¢ € Vi for all ¢ € Sj.
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The schemes under consideration are obtained by a direct discretization (without
adding additional diffusion terms) of (1.2). The approximation of u is sought in the
space Sy and the approximations of the relaxation variables v; in Vj_1; that is, find
(un,Vn1s -+ s 0na) @ (0,T] — Sk x (Vi—1)? such that

(1.5)
d
(O un, @) =Y (0nj,0n, ¢) = 0 V€S,
Jj=1
1 .
((9t ’Uh’i,'(/)) + (Az 8wL uhaw) = _g(vh,i_Fi<uh)71/}> Vwe kalaZ: 17"'7d7

with initial conditions up(0) = IIsug and vy ;(0) = Iy F;(ug), where IIg and IIy are
nodal interpolants on Sy and Vj_1, respectively. We note that (1.5) is a semidiscrete
scheme since we have discretized only the spatial variable, in the sense that for any
fixed t € [0,T], up(-,t) € Sk. In section 2 we show that if up solves (1.5), then it
satisfies

d
(O un, @) + Y _ (0, Fi(un), 9)
i=1

(1.6) )

+ ¢ <(att up, ) + Z(Ai Oz, U, O, ¢)> =0 V¢ € Si.

i=1

In the stability analysis we work with (1.6) but note that (1.5) is better suited to
explicit-implicit one-step discretizations in time. Time discretizations based on (1.6)
are also possible; see section 3.

The method is comparable, in terms of computational performance, with the fully
conforming discretization of the relaxation model considered in [4]: find (up,vp1,-- - ,
vpa) © (0,T] — (Sg)4*! such that

d
O un, @) =Y (0hj, 02, ¢) = 0 V€S,
(1.7) J=1

1 .
(8t vh,ivw) + (AZ 8931 Uhﬂf’) = _g(vh,i_Fi(uh)vw) vweskvz:]-w"vd'

The corresponding one field equation to (1.7) takes the form

d
(O un, &) + Y (0, P Fi(un), ¢),
(1.8) =t

d
+ e ((att un, @)+ > _(Ai POy, up, PO, ¢>> =0 Vo€ Sy,
=1

where P is the L2-projection operator onto Si. Note that, when discretizing (1.7) in
time with an explicit scheme, the computation of u; will require the inversion of d+ 1
systems with the same mass matrix. The same procedure in (1.5) will require only
the inversion of one mass matrix.

Based on the semidiscrete schemes one can devise various one-step implicit-
explicit Runge-Kutta time discretizations [40, 4, 2, 3]. In the following sections we
analyze the stability properties of semidiscrete as well as fully discrete schemes.
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1.2. Stabilization by mesh refinement. Schemes (1.5) and (1.7) are indeed
simple, but the relaxation mechanism alone does not provide the necessary stabiliza-
tion required in the shock regions. Indeed, this is confirmed by coarse mesh numerical
experiments; see section 6 and [4]. This also becomes evident by further examination
of properties of the schemes. Consider the one-space dimensional (d = 1) system

Ou+ 0, F(u)=0, z€R, t>0, u=u(zt)eR"
u(+,0) = uo(-)

with ug of compact support and the associated finite element relaxation scheme.
Following the argument in [4], it is seen that the effective equation of both schemes
(1.5) and (1.7) in the case n =1, d=1, ¢=11s

(1.9)

(1.10) Oru+ F(u), + 6[8ttu - Aamu] + B h? F(u)gze =0

loc

for some positive constant 3. As expected, the finite element discretization induces a
dispersion term which is linear in the flux variable. Applying the Chapman—Enskog
expansion to (1.10) we obtain

Opu+ F(u), — €, ((c2 — F'(u)?) aru) + B hE F (1) gee = 0.

loc

It is evident that to exclude approximations with oscillatory character near shocks or
to avoid computing nonentropic solutions, the diffusion term should be dominant; see
the relevant numerical example in section 6 and the literature on diffusion-dispersion
approximations of conservation laws [28, 29]. This will enforce a condition of the form

(1.11) hioe < 0(g),

where hjoc is the local mesh size close to the shock. On the other hand, the theo-
retical analysis in sections 2—4 provides convergence results under the slightly weaker
condition

(1.12) Rloc < Y€

for some constant . That is, the convergence results include even certain cases per-
taining to nonclassical shocks. However, in practice typically mesh adaptivity se-
lects the entropic solution, since it applies mesh refinement in a neighborhood of the
shock. The extensive numerical experiments in [4, 2] and section 6 show that appro-
priate mesh refinement indeed stabilizes in a robust way the finite element relaxation
schemes. Since the focus of this paper is the theoretical justification of the above
schemes, we will not insist on the important problem of identifying appropriate mesh
refinement strategies and refer to [4, 2, 3].

1.3. Stability and related properties. In what follows, we investigate the
theoretical properties of the relaxation finite element schemes (1.5). It is shown that
for a wide class of one-dimensional but also of multidimensional systems (1.1), the
schemes are stable in the sense that they satisfy certain strong dissipation estimates;
see Propositions 2.1, 2.3, 2.6, 3.1, 3.3, and 3.5. Similar estimates are satisfied by the
relaxation model (1.2) [43, 18]. The strong dissipation estimates for relaxation approx-
imations introduced in [43] are a basic tool in our analysis. In addition, nonstandard
stability estimates for appropriate finite element projections are used in an essential
way. The stability results are of interest since they justify the dissipative character of
our schemes.
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The stability estimates will also be used in conjunction with the compensated
compactness framework to derive compactness conditions. Recall that a pair of func-
tions n = n(u), ¢ = q(u) are called an entropy-entropy flux pair (or entropy pair for
short) if (1, ¢) solve the linear hyperbolic system

Vq=Vn-VF.

The existence and properties of entropy pairs have been extensively investigated (e.g.,
[15, 38]), and entropy pairs are used to describe the compactness properties of ap-
proximate solutions for certain one-dimensional systems of two conservation laws
[42, 15, 38, 37].

In fact, we show that for the finite element relaxation scheme (1.5) with d = 1,
the approximations uy, satisfy

din(up) + 0, q(up) C compact set of H7! (O).

loc

This condition suffices to apply the compensated compactness program for certain
one-dimensional equations and systems (see section 4) and to obtain convergence for
semidiscrete or fully discrete finite element schemes. Similar results appear to hold
for the fully conforming methods (1.7), (1.8), but their verification requires additional
technical estimations. This is largely because the presence of the projection P in the
one field equation (1.8) will result in extra error terms in the stability analysis. This
case will not be pursued here.

The estimates derived in the following sections are rather complicated. To focus
on the ideas and to present the material in a readable way, we have chosen to work
step by step to distinguish the cases:

e semidiscrete schemes with symmetric flux F”,
semidiscrete schemes and the system admits a convex entropy function,
fully discrete schemes with symmetric flux F”,
fully discrete schemes and the system admits a convex entropy function, and
semidiscrete and fully discrete schemes for multidimensional systems that
admit a convex entropy function.
In summary, the results provide theoretical support to the use of finite element relax-
ation schemes by establishing stability for a wide class of systems and convergence in
various cases.

1.4. Error estimates for smooth solutions. Since the schemes are based on
the discretization of model (1.2), in section 5 we address the problem of error estimates
for relaxation approximations. We consider a system endowed with a convex entropy.
Let u be a smooth solution of (1.1) defined on a maximal interval of existence, and
let U. be the smooth solution of the relaxation approximation (1.2). We show that

(1.13) [U(t) — u(®)||z2 < C(t,u) &,

where the constant C(t,u) depends on a strong norm of « and blows up at the critical
time. The proof is based on a novel application of an idea of Dafermos [14, Thm.
5.2.1] to an error estimation. The difficulty posed by the relaxation approximation is
handled by introducing a modified functional, corresponding to the relative entropy

(1.14)  Hg(u,U.) =n(Us + €8¢ (Uz — u)) — n(u) — n'(u) (Ue — u + €0, (Uz — u))
in the place of
(1.15) H (u,w) = n(w) —n(u) —n'(u)(w —u)

used in [14]; see section 5 for details.
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The finite element relaxation schemes are related to the central difference schemes
of [33, 27]. One of their main common properties is that both schemes are Riemann
solvers free and thus they combine high accuracy with simplicity. Finite element meth-
ods for hyperbolic conservation laws were considered in [21, 39, 22, 23, 19, 12, 10].
The theoretical properties of the streamline diffusion method were analyzed exten-
sively (convergence, error estimates) in the scalar case [21, 39, 9]. The case of systems
admitting entropy pairs is considered in [23] and it is shown that, for a streamline
diffusion shock capturing method defined using the entropy variables, the bounded
a.e. converging limits of approximations are weak entropy solutions of the system.

Finite element methods with discontinuous elements were proposed in [19] and
[12]. In [12] stabilization is enforced by applying projection operators based on lim-
iters. The above methods use piecewise polynomials of arbitrary degree and are
formally of high order. Adaptive finite element methods based on a posteriori esti-
mates have been considered in [22] for the e-viscous approximation of one-dimensional
systems of conservation laws. There exists a large literature on finite difference relax-
ation schemes; see, e.g., [20, 1, 25, 18] and [24] for relaxation schemes on unstructured
grids.

The article is organized as follows. In section 2 we consider semidiscrete schemes
and show stability and compactness of the dissipation measure for (i) case d =1, F’
is symmetric; (ii) case d = 1 and the system admits a convex entropy; and (iii) the
multidimensional case. Section 3 is devoted to the analysis of implicit-explicit fully
discrete schemes. The proofs are presented in a compact way, avoiding repetition of
arguments already used in the semidiscrete case. In section 4 we discuss issues related
to the application of compensated compactness to certain specific systems in order to
conclude convergence of the schemes to a weak solution of (1.1). Section 5 is devoted
to the error estimation between a smooth solution of (1.1) and the relaxation model
(1.2). We conclude in section 6 with a discussion of implementation issues and present
indicative examples reflecting the numerical performance of the method in two test
cases.

2. Semidiscrete schemes: Stability estimates. We start by showing that
the scheme (1.5) admits a field equation that is in fact a standard finite element
discretization of the conservation law perturbed by a wave operator.

LEMMA 2.1. If up, solves (1.5), then it satisfies (1.6).

Proof. Select ¢ = 0,,¢, ¢ € Sy in (1.5). Since 9 € Vj_; we have on summing
with respect to ¢, 1 =1,..., d,

d d

d
D (0 vy Ou, &) + D (Ai Oy, un, 0, 9) = —é > (vni = Filun), s, ).

=0 i=1 i=0

Differentiating the first equation of (1.5) with respect to ¢t we get

d
(Opt un, @) — Z(atvh,jv 890;‘?5) = 0.

j=1

Hence,

d d d

(O un, @) + € > (Ai Ou, tn, 0z, )+ > (nir 0, &) — > _(Fi(un), 00, ¢) = 0.

i=1 i=1 i=1
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Then by (1.5) we get the desired relation. o

In what follows, we establish stability properties for the finite element scheme
(1.6). The stability estimates are proved consecutively for (i) case d = 1, F’, sym-
metric; (i) case d = 1, and the system admits a convex entropy; and (iii) the multi-
dimensional case.

The one-dimensional semidiscrete finite element scheme takes the form

21) (B un, @) — (Flun), 0:0) + € ((amt Un, @) + (ADyup, Dy ¢)) =0 Vo€ S

For (2.1), we also prove compactness of the dissipation measure so as to apply the
compensated compactness program and deduce convergence of the scheme in section 4.
In the proof we use Murat’s lemma [32].

LEMMA 2.2 (see Murat [32]). Let O be an open subset of R™ and {¢;} a bounded
sequence of W=1P(O) for some p > 2. In addition let ¢; = x; + ;, where {x;}
belongs in a compact set of H=1(O) and {¢;} belongs in a bounded set of the space
of measures M(O). Then {¢;} belongs in a compact set of H=1(0O).

2.1. The case d =1 and F’ is symmetric. Let ¢ = wuy in (2.1) and use
(F(uh),ﬁmuh) =0 to get

1
(2.2) O {/ <2|uh|2 + cup 8tuh> dx} + E/ [AD, up, - Oy up, — (Opup)?]dz = 0.
Q Q
To estimate € [, (Oyup)?dx let ¢ = dyuy, in (2.1). Then,

H@t ’LLh”%z + (F/(Uh) aa: Up, at uh)
(2.3) 1 ) 1
+ 658,5H8t ’LLh||L2 + 65625(148:8 uhvaac uh) =0.

Adding (2.2) with 2¢ times (2.3) yields
%@ lun + €0 unl|7> + & (Ady un, 8y up) + 26(F'(up) Op un, Or un)
Felldemle + 5 0 {10 unllda +2(A0, w00 un)} = 0.
Since F’ is symmetric, we have
102 F (un) 72 = (F"* (un)Osun, Orun)

and we obtain

1
5 Oc{ lun + 20 unllz + 21 0pun 22 + 25%(AD, wn, O wn) |

+ e[| un + 0 F (up) |22 + e ([A — F*(up,))8pun, Byup) = 0.

We conclude with the following.



1364 C. ARVANITIS, C. MAKRIDAKIS, AND A. E. TZAVARAS

PROPOSITION 2.1. Assume that F'(u), A are symmetric and satisfy for some
v>0

(2.4) A-F(u?*>vl, u € R".

Then the finite element approxzimation (2.1) satisfies

/(\uh—f—s O un)? + €2|0r un|® + 26%A0, up - Oy uh)
Q

t
+ 2/ / <5|8tuh + F'(up)0p up|* + ev|0, uh|2)
0o Ja
< / [u 4 0y up(0)* + €%(0; un(0)]> + 26240, uf) - 0, uh) =: C(u}).
Q

In what follows we prove the next proposition.
PROPOSITION 2.2. Let (n,q) be an entropy pair satisfying

[nllzee, llallzee, [0 lzee, 0"l < C.
Then, for h < ~ e, there holds
n(up): + q(up)z lies in a compact set of HZ_O;L(R x RY).

Proof. Let (n,q) be an entropy pair and ¢ € C2°(R x [0,00)) a test function, and
supp¢ C Q x [O,T] =: ). We denote by IT : L?(Q) — S, a projection operator
onto the finite element space of uj, to be determined later. Using the definition of the
scheme we have

(n(uh)t + Q(Uh)wa¢) = (n’(w)[uh,t + F’(Uh)uh,x},qﬁ)
= ([uns + F'(un)un o) (0 (un) 9))
(2.5) ([ + F'(wn)una] o (un)d = TG (n)9) )
= — (A0, wn, [T(7 (wn)6)], ) = = (om0, T (un)9) )
+ ([ne + F'un)unal, o' () =TI (wn)9) )
We select now IT : L?(2) — Sy to be the L2-projection onto Sy. II satisfies
(2.6) (Hw,¢) = (w,¢) Vo€ Sy, we L*(Q),
@7 e -wlp@ = nf - xle@ € Chlwli@, ©eH'®)
as well as the stability estimate [13]
(2.8) I(Mw)allz2@) < Clwalliz), w € HY(S).

We are ready to bound the terms in the right-hand side of (2.5). Indeed, (2.8)
implies

(2.9)
E‘ (A Up [H(n’(uh)¢)]$)‘ < e Cllunell2) | (0 (un)o) llL2 @)

1/2
<0 (e [ funaP ) e lollooiy + /20 (¢ [ unsl?) eyl 120



FINITE ELEMENT SCHEMES FOR CONSERVATION LAWS 1365

Next, since up, ¢+ € Sy and by (2.6),

e /0 t /Q wn e T ()6 ) drds = —2 /O t /Q e 7 (un)pilds

t
= [ [ deds+ ¢ [ un o] _de—e [ wpn' (o] _de

s=t
By Proposition 2.1 we have
(2.10

)
’ 2 1/2 ’ 1/2
el | wne ol o] < e[ wie) Il Dolloom m(@"? < Calldlleoa),

and as before
(2.11

) t t
5‘/ /uhtt(n’(uh)q’))tda?dt‘ < C(E/ /|Uh,t|2)||77”||LOO(Q) 9llcoq)
0 JQ 0 JQ
t 1/2
2 2(e [ [ funel) o) Il
0 JQ

To estimate the last term in (2.5), note that 7’(up)¢ € H*(2) and thus
17 (un) — (0" (un)d) 2y < Chll(0' (un)d) L2y + Chlln' (un)dell L2 )

< Chln" ) llunell2@ lI¢llco@) + Chlln' L= @) [1¢zllL2)-
By (2.4) we have ||[F'(up)?|| () < C; therefore

‘ ([uh,t + F/(Uh)uh,a:]a n’(uh)¢ - H(n’(uh)¢)> ‘

(212 < (n [ (undde + 1. )iz) [0l

9 9 1/2
b ([ Qunel? + 10,02 d2) 6. 2oy

Combining (2.9)-(2.12) and using Murat’s Lemma 2.2 (in our case, x5, — 0 in H~!
and is thus precompact in H~!), we complete the proof. 1]

2.2. The case d = 1, and the system admits a convex entropy. The case
that F”’ is not necessarily symmetric but the system is equipped with a convex entropy
7 is examined next. In this case the system is symmetrizable. The finite element
approximations (1.5) enjoy the same a priori bounds with the continuous solution of
the relaxation model considered in [43]. Indeed, the following proposition holds.

PROPOSITION 2.3. Let (1.9) be equipped with a strictly convex entropy n(u)
satisfying for some a > 0

1
(2.13) —I<n"(u)<al, uweR™
a

Assume for some M > 0 we have |F'(u)] < M for u € R™ and that the positive
definite, symmetric matric A is selected to satisfy, for @ = 2amax{8,1}, 5 as in
(2.22) and some v > 0,

1((77"(u)A)T + n"(u)A) —aF' (w'F'(u)>vI  foruecR"

(2.14) 5
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Then there is v = vy(«, 8, M,v) > 0 such that, for
(2.15) h< ye

and for some positive constants c1, ca, and cg, the finite element approximation (2.1)
satisfies the stability estimate

/ (n(uh +e 0 up) + % [|8t up|? + A0, up, - Oy uhDdaz

Q
t

(2.16) +ch/ /(|8tuh o+ F'(up)8y un)? + |05 up|? + |5‘tuh|2)dxdt
0 Q

< / (n(ug +e 0y un(0)) + e2¢5[|0; un(0)2 + A, ul - 0, ug])dx.
Q

Remark 2.1. We are interested here in data and associated finite element approx-
imations wy that are of compact support. It is thus natural to normalize 7 so that
n(0) = 0 and n’(0) = 0. This can always be achieved, because if (7, ¢) is an entropy
pair, then

n(w) = n(0) =1’ (0)u, q(u) — q(0) — 7'(0)(F(u) — F(0))

is also an entropy pair. In view of (2.13), the normalized 7 is equivalent to the
Euclidean norm, n(u) ~ |u|?. Thus the stability framework in Proposition 2.3 is that
of L2.

Using the stability estimate, it is easy to see that strong convergence of the finite
element approximations gives a weak solution that satisfies the integral version of the
entropy inequality.

PROPOSITION 2.4. Under the hypotheses of Proposition 2.3, if

(2.17) up — U in Li,t and a.e.,

then u is a weak solution of (1.9) that satisfies

(2.18) / n(u(z,t))de < / n(u’(x))dx for a.e. t.
Q Q

Proof. We assume with no loss of generality that F'(0) = 0 and note that |F'(u)| <
Mlu|. Let u® € H} and be of compact support, let v9 = F(u®) € H} and be of
compact support, and define the approximations uY € Sy and v9 € Vj_; defined by
o) =1y, _, F(u?) with IIy, , the L?-projection. Let up = up(z,t), vy = vp(z,t) be
the solution of the semidiscrete scheme. Note that 0;up,(0) = Ils, 0, F(u} ), where IIg,
is the L2-projection onto Sj.

For ¢(x) € S and 6(t) € C2°([0,00)) we have

t
(2.19) - / / [upp0il + F(up)0: 0 — €e A up, - 0200 + edyuy, - $0;0]dxdt
0 Ja

- /Q (w2 60(0) + edyun (0)60(0))dar = .

Note that
up —u, F(up)— F(u) in Li,t and a.e.,
uy — u’, €0;u(0) — 0 in L2 and (along a subsequence) a.e.,

1 1
eHosunllz, + ¥ 0unlz, < OQ).
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Using that tensor products ¢(x) ® 0(t), ¢ € Sk, 0 € C(]0,00)) are dense as h — 0
in C2(Q2) for Q bounded, we pass to the limit in (2.19) and obtain that u is a weak
solution of (1.9). Using Fatou’s lemma, we pass to the limit €, h — 0 in (2.16) to
deduce

/Qn(u(x,t))dxg lim inf /Qn(uhntsatuh)dxg/n(uo(x))dx

h—0,e—0 Q

and conclude. 0

To show the stability estimate we use the elliptic projection operator onto Sy and
its approximation and stability properties. To this end let P, : H} — S be the Ritz
(elliptic) projection defined by

(2.20) (AD, P1v,0.:¢) = (ADy v, 0:0) Vo € Sy, v € Hy.
It is a standard result that P; satisfies

(2.21) |1Prw = w20y < Chlwslliae), w e H,
I(Piw)ellzz@) < Clwallze(), w e Hy.

The second bound is a direct consequence of the definition and the first is obtained by
a standard duality argument using once more the second bound (see [7, Thm. 5.4.8]).
The following nonstandard stability property of P; will be crucial in the proof of
Proposition 2.3. It uses in an essential way the stability analysis of the finite element
method by mesh-dependent norms due to Babuska and Osborn [5].

LEMMA 2.3. Let n be a strictly convex entropy and vy, € Sk. Under hypothesis
(2.13), there exists a positive constant 8 such that

(2.22) (on, PL[0" (w)(vn)]) < Bl (W)l p=(o) lvnll72) Vo € Sk

Proof. Tt is known that P; is not stable with respect to L?(€2) [5]. Its stability
with respect to the mesh-dependent L2-like norm

1/2
(2.23) [ollone = (IIvllizm) + Zéjv(xj)F) ;
J

where xz; are the nodes of the partition and ¢; = (2,41 — x;-1)/2 is as shown in [5],
and

(2.24) 1Prvllone < Billvlones

where () is a positive constant independent of h. Thus, (2.24) implies
(2.25) 1P [0 (w)(vr) ] 2@y < Bulln” (w)ll=(a) llvnllo,n.q-
But in the finite element space local inverse inequalities imply

(2.26) lvnllone < B2llonllzz)  Yon € Sk,

with (2 independent of h [7, 5]. Therefore, (2.22) follows with 8 = 31 (2. |
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Proof of Proposition 2.3. The finite element approximation wu; satisfies (2.1).
Setting ¢ = P ' (up,) and using (2.20), we obtain after a rearrangement

(0 wn, ' (un))+ (0o F (un), 0 (un)) + e(duun, P’ (un)) + e(Adpun, 01’ (un))
(2.27) = (0 w0 (un) — Prn (un))+(8:F (un), 0’ (un) — Py (un))
=: 71+ Zs.
The terms in the right-hand side will be estimated in what follows. First we ex-

amine the stability properties of the left-hand side. Since P; commutes with time
differentiation,

(O un, Py (up)) = €0y (0 un, Py 0’ (up)) — (0 un, Py [ (un)0; un])
(2.28) = &0y (0; up,n'(un)) — (0 un, Py [0 (un)0r up )
— 0 0y up, ' (up) — P’ (up)).

We thus have

o, / )+ /Q Do) + <0 (0 wn, 7 (un))

+&(Ady un,n" (un)0y un) — €(0r up, Pr [0 (un)0y upn])
=71+ Zy+ Zs,

(2.29)

where the new term Zs is given by
(2.30) Z3 = €0y (0p un, ' (un) — Py’ (up)) = €0; 2.

As in [43] the following identity will be important:

/ n(up, + €0y up)dz :/ n(up)dx + (' (up), O up)
Q Q

1 s
+ &2 (3,5 uh,{/ / 0" (up, + 17O, uh)des} Oy uh> )
0o Jo

It is evident that we need to estimate e(Osupn, P[0 (ur)Orup]). This is done by
Lemma 2.3, which gives

(2.31)

(2.32) el (% un, Py [0 (un)0p un )| < B 0" (un)llz< () 100 unlliz(q)-
We proceed to handle fﬂ (Oyup)?dz. Observe that setting ¢ = dyuy, in (2.1) gives
(2.33)
110y uh||%2(9) + (F'(up)0y up, O up) + 6%&”&5 uh||2L2(Q) + E%Bt(Aam up, Oy up) = 0.
Next, define

B = Bln" (un)llze= (),
(2.34) n' = /01 /OS 0" (up, + e 70; uh)drds} )

@ = max{2(,2a}
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and note that 8 = Ba, @ = 2amax{1,3}. After summing (2.29) with 2e@ times
(2.33), we arrive at

(2.35)
at/ (n(uh +edyup) + 20,uy, - {a] — 0"} Opup + e2aAd, uy, - 6‘muh)dx — e 2y
Q

+e (@~ 010 unlliz) + calld: unlte(qy + 26a(F (un)dpun, drur, )
+€(Aam uh»nﬂ(uh)aﬂc Uh) < Zl + ZQ~

But since
(2.36) 10 unl|72 0y + 2(F" (un) O un, 8 un )

= [|0vup, + F' (un)dzunl|72() — (F' (un) " F' (un)duun, 0y up)
and

(A0 up,n'" (up)Oz up) = % (0" (un) A+ (" (un)A)") 0y un, Oy un),

we conclude by (2.13) and (2.14) that
(2.37)
8,5{ / n(up + edyup)dx + 52@||8tuh||%2(m + %a@(Adup, Opup) — eZl}
Q

+83H8t U}L||%2(Q) + 56”@ up, + F/(Uh) ab U,}LH%z(Q) +ev ||8l Uh”%2(9)
< Zy+ Zs.

At this point @, 8, and v are fixed. We now turn to the estimation of the Z;.
Observe that, by (2.13) and (2.21),

Zy = (O un,n'(up) — Py’ (up))
< Ch |0y unllp2(e) 19= 7' (un)ll L2 (o)
< Ch |0 unll2(ey 17" (un)ll L= (@) 102 unllL2 (@)
< Chal|0y un|lr2(@) 102 unllr2 (o),

(2.38)

while

Zs = (0aF (un), ' (un) = Py (un))
(2.39) < Ch|0z unllL2) 1F (un)llLoe () 17" (un)llLe () 102 unll2 @)
< ChaM |0, Uh||2L2(Q)-

Next, we select h so that (i) the quadratic form in the first term of (2.37) is positive
definite, and (ii) the terms Z; and Z3 on the right of (2.37) can be absorbed to the
left. This can be done provided h < ~e for some v = y(«, 8, M, v) positive and small.
This gives (2.16) and concludes the proof. O

The compactness of the dissipation measure for the scheme is obtained by an
argument similar to that in the symmetric case.

PROPOSITION 2.5. For entropy pairs (n,q) satisfying

(2.40) Inllzees llallzee, 0"z, In"ll~ < C
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and for h < e,
(2.41) n(un)e + q(up)e  lies in a compact set of H;'(R x RT).

Remark 2.2. Proposition 2.5 and the analogous statement for the symmetric case
(Proposition 2.2) state that for entropy pairs satisfying (2.40) the entropy dissipation
measure is controlled. They are used in section 4 to prove compactness of relaxation
finite element approximations for the system (4.1). We note that entropy pairs (7, q)
that satisfy (2.40) are constructed in [38] for the system (4.1) under hypotheses (4.3)-
(4.4).

2.3. The multidimensional case. Next we consider multidimensional systems
(1.1) for which the system is endowed with a uniformly convex entropy 7. Let
(q1,---,q4) be the associated entropy flux, and

q;(u) "(u) Fl(u), i=1,...,d,

=1
(242) 0 (u) Fl(u) = Fl(w) 0 (v), i=1,...,d.
Still, in this case the finite element approximations (1.5) satisfy similar a priori bounds
with the one-dimensional case, provided that each A; is chosen to satisfy certain
subcharacteristic conditions.
PROPOSITION 2.6. Assume that (1.1) is equipped with a strictly convex entropy
n(u) that satisfies for some o > 0

1
(2.43) —I1<n"(v)<al, veRY
o

let @ = 2amax{1,8} with 8 as in (2.46), and assume that the symmetric, positive
definite matrices A; satisfy, for some v > 0,

2
d 1 d d
(2.44) 5 (A" @) + (A" )T)g - & —a Y _Fig| = v lgl
. = Jj=1 j=1

j=1

Vﬁl,... ,ngRn, v e R".

If h < ~ve for some v > 0, then the finite element approximations (1.5) satisfy, for
some c1, co > 0, the stability estimate

d
/ <n(uh + edyup) + 6201 |8tuh|2 + Z A;Oy,up, - &Ezuh])
Q

=1
t 2 d
+502// + ) 10w, unl? + Orun |
0 JQ i=1

< C(u%, Orup(0)).

d
Opup + Z F}(un)Ozun
i=1

The proof is entirely similar to the one-dimensional case presented before and
therefore it will be omitted. Still, an essential tool in the analysis will be the elliptic
projection P; : H! — S}, defined by

d d
(2.45) D (AiOs, Prv,05,0) =Y (Aiba, v,02,0) Yo € Sk

i=1 i=1
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The multidimensional analogue of Lemma 2.3 still holds:

(2.46) (vn, P [0 (un)(vn)]) < Bln" ()l oo @) [[onll72(q)-

Its proof is based on the stability analysis of the finite element method by mesh-
dependent norms [6]; see [16] for related results on stability of the elliptic projection
in L2(£2). The quasi-uniformity assumption on the mesh in [6] needed to verify (2.24)
can be relaxed along the lines of arguments presented in [16].

3. Fully discrete schemes. There are many alternative ways to perform the
time discretization of (1.5) at the discrete time nodes 0, ,2k,.... In this section
we consider a simple implicit-explicit time discretization. Seek (up,vy ..., v} 4) €
Sex Ve ,n=0,1,...,

R

n+l _  n d
(“h“% ¢>> S 3 s 0ed) =0 VHESK,
=1

BY (e, 1
’T’7 1/1 + (Aiawiuz+1> w) = _E(Ugjl - Fi<uz+1)7 w)a
VipeVi_1, i=1,...,d,
where u9 = ug, U?M = F;(ug), and i =1,...,d.

When d = 1, the scheme takes the form
n+l _ . n
(“h“h, ¢) — (v}, 020) =0 VHES,
,UZJrl B ,UITLL n+1 _ 1 n+1 n+1
Tv ¢ + (Aawuh ’ ’(/}> - _g(vh - F(uh )a ’(/}) V¢€ka1-

3.1. Properties of the scheme. For any sequence { Y} C L?((2), define the
operators 0;, Os:

_ 1 _ _
8,5Y” = E(Yn+1 - Yn), 8“}/”‘ = 3t5tY".

Then the centered difference quotient that corresponds to the second time derivative
at t" is

= 1
attyn—l — 72(yn+1 —_9oyn + Yn—l).

K
The following properties will prove useful (L? stands for L?(Q)):
1

@Y™ YY) = [ YR =Y+ Y -y
(3.3) .
= 5[0l Y172 + 5] Y ™72],
_ 1 _ _
(3-4) @Y7, ¥Y") =[Ol Y T2 — sl 9Y™"(IZ:],
(gttyn, gtyn+1> = (5th, Wn+1), W= étyn, n = 07 1, 2, ey
(3.5)

[0l Y™ + ll DueY ™[ Z2]-
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In addition one can verify that
(3 6) (gttynfl’ Yn+1) — H(Ettynfl’ gtyn)
’ +3,(@, Y"1 YY) — || 9, Y2,

Now we have the following lemma.
LEMMA 3.1. If u} solves (3.1), then it satisfies

d

d
i=1 t=1
Proof. For ¢ € Sy, we see that the solution of (3.1) satisfies

o o =g
Z(atvhz ’ a ¢) Z <’H” 8I1¢>

i=1 =1
( 5.0 _ 5, n—1 —
3D (Matuh QS) = (Ouuy, ™", ).

K

Next, summing ¢ = 1,...,d, (3.1), and using that 9,,¢€ Vi_1, we get

d d d
0 :Z(U;Ll,ia aa:#)) - Z(Fl(u;zl)a aﬂ?ld)) + 52(5750251 + Alafﬂzu;zla aﬂfhd))
i=1 i=1 ]

(3.8) 4
D @up, 0) = S (Fiup), 0,,0) + EZ Beopt + Adouf, 0, 0)
=1 =1
and the result follows. 0
In the case d = 1, we have
(39) (5{02’, 89:¢) = (gttu;iv ¢)a

(3.10)  (Deupy, ¢) — (Flupy), 00) +e((Oreu, ", ) + (Adyujy, 0:0)) =0

3.2. The case d = 1 and F’ symmetric. Let ¢ = 2u2+1 +4e Oyul, in (3.10).
Then
0= 2(0suy, uf ™) +2(0,F(up), uptt)
+ 2e(Qgeul ™t wptt) 4+ 2e(A dpu, Opuptt)
+ 4e(Opuft, Opufl) + 4e(0.F(u}), Opul)
+ 42 (D™, Dyul) + 4e%(A Opuy, 0p0uuly).

(3.11)

Using the properties of the discrete time operators listed above, the terms of (3.11)
are handled as follows. First note

2(0eupy, up™h) =04 uhlie + Kl Dbl

Also,

200, F(ul), upt™) =2 k(F'(u}) Opuly, Opufl).
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The next term is estimated as

2 (@Y, w' ) D 2c8,(Bun T, ul) — 2| Bpul|Zs + 2er(Fpul ", Bpul)
> 220Dy, ufh) =22 puf |72 2%k | Buvyy |3 =5 | Frif -
In addition,
2e(A Opult, pul ™) = 2e(A Oy, Opul) + 2¢ k(A Opuy, 0,0.u).
For the terms with coefficient 4¢ we first note
42 @yt Do) "2 22 B a3 +262 ] D2

and

462(A Dpull, D0pu}) =42 (W™, §W™), W™ := AY20,u}, n=0,1,2,...,
(3.4)

2 922 5| W30 222 ]| B3
=262 04(A Opull, Opull) — 262 K(A 0,0, 0,0:uly).
Summarizing, the terms with discrete time derivative that will appear in (3.11) are
Bl upl3e + 2@, up) + 262 Dy~ + 25%(A Dy, D)
_ a[n ul +e Tl Y2 + 2] el Y2a + 262(A dyul, &m}f)]
In addition, the following calculation is useful:
26| Do 2z + 42(Du F (), Douiy)
— el B |2 + 2| % B + V3 F (uf) 0 2
—Ae((F'(ui))? Opull, Opull).
We conclude, therefore, that
o[ I up +e D2 + €2 D3 + 2624 D, D)
+el| D7 + 51Dk +22((A — 2(F" (uf))?) Do, Do)

< 26(0: F(u}}), Opuil)| + |2e k(A dyul, 9,0.u})|
+ 262 k(A 0,0puy, 9,0:up).

(3.12)

Next,
— ’{ —
126(0, F (uf,), Opupy)| < 4k((F' (up))? Opupy, duupy) + leatu’illiz-

We will use the inverse inequality in Sy [7],

(3.13) 10:¢llz2 < Crh™ lpllz Vg € Sk,
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to obtain

126 k(A Dpupy, 00| < & Cr|All 7 10up |72 + 2 CrllAll 5 [0rullZe,

267 n(A 0, Dy, 0,0047) < € T (c% 14| Z) 1813

Multiplying (3.12) by &, and summing we finally conclude with the following propo-

sition. ]
PROPOSITION 3.1. We assume that F'(u) is symmetric and that for given 3 there

holds

(3.14) K < fe.

Assume further that we can choose A symmetric so that for some v,

(3.15) A—(2448)F'(w)? >v I for ueR"™

Let yopr = C? |Al|% and assume that ycrr is sufficiently small and that

< 1
e < h.
2v¢cFL

Then the approximations of the fully discrete schemes satisfy the stability estimate
lupy + e deup M7 + €|l Deu 7 +26%(A Dy, Opuy)
n—1 o n—1 . n—1 )
+ e mlBuplize + D k0 lITe +) e n[Osuplli: < Cluf).
j=1 j=1 j=1

In what follows we study the compactness properties of the dissipation measure
associated to the scheme. To this end we use the notation

up  denotes the piecewise linear in time

function such that up(t") = up,
(3.16) . . o
up denotes the piecewise constant in time

function such that @, (t") = ul, I, = (", t" .

ProprosITION 3.2. Under the assumptions of Proposition 3.1, for entropy pairs
(n,q) such that

Inllzees llgllzee, 0" lzee, In"ll~ < C
and for h < C € there holds
(3.17) n(un)e + qup)e  lies in a compact set of H,' (R x RT),
where uyp, is defined by (3.16).

Proof. Let (n,q) be an entropy pair and ¢ € C(R x [0,00)) a test function,
and supp ¢ C Q x [0,T] =: Q. Without loss of generality assume that T = t™*+1. Let
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II : H' — Sk be the L?-projection onto the finite element space defined in (2.6).
Then using the definition of the scheme we obtain

(3.18)

/OT (&m(uh) + 6xq(uh),¢)dt = /OT (n’(uh)[atuh + 3xF’(uh)UhL¢>dt

_ _gjf /I { (40, wf, 0. (107 (un)0)]) + (Bl 11(0 (un)s) ) bt
j=071i

j=m

+ 3 [ {18, + 0P @], oo - 10 ()9))
=0 I;

Jj=

+<77/(Uh)8;p [ F(up) — F(Uhﬂ , ¢) }dt.

Note here that for notational simplicity when we use gtufl, ufl,gttui_l we mean the
piecewise constant (with respect to t) functions that have these values in I;. To proceed
with the estimates, note that using (2.8) one obtains

eﬂi/l‘ (Aam ul |, [H(n'(uh)¢)]) ’dt

. 1/2
<e C("&Z 102 UiHQL'z(Q)) 102 (0" (un)®) | 2(q)
(3.19) 7=

< C<€/‘€Z |0 %2(9)) A"z 16llco @)
=0

m 1/2
+et/? C(Eﬁz 192 Uill2(9)> [nllzo 1020l L2(@)-
j=0

In addition, using the notation

we have by (2.6),

(3.20)
—6;) /I /Q B, (1 (un)o) = —ej; | B! /Q ' (un)é

_ . / z @l — Fpud ™) (' (un) @),

=< [ B (W)~ 07 )),) = [ Bt [ rana)
Q=
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The stability in Proposition 3.1 implies, since |7;] < || v ||,

1/2

IN

e [|0eup || L2 (o 17 | Nl co(ay m($2)

oy oL Bk TG

IA

Calldllco@)-

. _ _ t+ t;
Observing that [vj41 — 7, = & |f1j [ veds dt| < ft;“ | v¢ | dt, we conclude

3

m—1
[2 Z gtui ((ﬂ/(uh)¢)j+1 - (n/(uh)¢)])
j=0

(3.22) < C(EKZ 19: w1720 ) 1"z ll¢llco @)

Jj=0

N 1/2
+el/? (EHZ|87§ uiHQLz(Q)) 7'l Lo [[0ed] 2 (@)-

j=0
Next,

17 (un)d — (0" (un)®) | L2 (o)
< Chln"|lpe 10zunll2 ) 10llco) + ChlIN |z 10:¢1lL2(0)

and || F(u)?||p~ < C (see (2.4)); therefore,
> [ (i + F@om]. o -1 ma))|

(3.23) < C<h "EZ 10 Ui”zm(ﬂ) + 10x “{LH%%Q)) lPllcocq)

Jj=0

m 1/2
+h ("@Z [0 U?LH%Z(Q) + 10z U%H%ﬁ(n)) 1028 22(@)-
j=0

Finally, using the fact that |u, — | < Ck|Oyup| = Ck|0; u}|, we have by using (3.14)
and (3.15),

(3.24)
;0 L (W’(uh)ax [ F(un) = F(an)], ¢) = —]Z:O /Ij ([ F(up) — F(wn)], 0 (' (un) ¢))

< C<€ HZ 10 Ui”QL?(Q) + |0x Ui”%%m) ¢llco@)
j=0

m 1/2
te (HZ [0 Ui”%z(ﬂ) + 102 Ui%?(sz)) 1020 2(q)-

Jj=0

Combining (3.19)—(3.24), we obtain the desired result in view of Lemma 2.2. 0
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3.3. The case d = 1, and the system admits a convex entropy. The case
that F’ is not necessarily symmetric but the system is equipped with a convex entropy
7 will be briefly examined here. The analysis in this case mainly uses a combination
of arguments from the corresponding semidiscrete case and the analysis of the fully
discrete scheme in the symmetric case. For this reason we will present briefly the
basic steps of the proof, explaining only the new estimates. The following proposition
holds.

PROPOSITION 3.3. Assume that (1.9) admits a convex entropy n(u) satisfying
(2.13), and the symmetric, positive definite matriz A satisfies (2.14) for some v > 0
where the constant @ depends on ., 3, and f3; see (2.13), (2.22), and (3.14). Under
similar conditions on k,e,h as in Proposition 3.1 (with possibly different constants),
and if h < v e for somey > 0, the fully discrete finite element approximations satisfy

lupy + e Oeup M7 + &%)l Deup 72 +26%(A Dpuiy, Opuyy)

(3.25) n—1 . n—1 oim o n—1 o o
+ ) e nllfuplit: + Y R Buplie + ) e mlloauglz: < Cup).
j=1 j=1 j=1

Proof. The fully discrete finite element approximation uj satisfies
(3.26) Deup, ¢) = (F(up), 0:0) +e((@uup ™", ¢) + (Adyupy, 8:0)) =0
Let ¢ = Py (uf™') in (3.26), where Py : H' — Sy is the elliptic projection defined
n (2.20). Then
@ (™)) + (00 F (). o ()
+ e(@uuy ™ Py (up ™) + e(A0y ul, 9pn/ (ufth))
= @eupy, ' (up 1) = Proy(up ™))
+ (0uF (up), ' (up ™) = Poo (up ™)) =: 21 + Za.

(3.27)

The terms in the right-hand side will be estimated as in the semidiscrete case. We
start by examining the stability that is inherited in the left-hand side. In a way similar

0 (3.6) one can show
(3 28) (gttynil, Wn+1) = K?(gttynil, gth)
' + 9,0, y"Y, Wy — (@, Y™, 9, WM.

Therefore,

(3.29)
e(Quup ", Py 77 "(up ™)
= er(Opu ™, 0y PLny (uf)) + ey (e, P/ (ull)) — e(Bpul, 0Py (uf))
=0y (Opu} ™, 0 (ul)) + en(Dpul (‘3,5P1 n'(up))
— (Duupy, 0Py (uf)) + €0y(Dyuy, ", Py’ (upy) — 17’ (upy))-

Taylor’s formula implies

[ ntuiyds = [ e - stof (). D)
Q Q

1 s
+ K2 (8tu2, {/0 /0 n (uptt — KT&tuZ)des}atuZ),

(3.30)
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ie.,

(@%mwﬁwaLM%Mw

1 s
+ /ﬁ(@tuﬁ, {/ / n (uptt — mT@tuZ)des}atuZ).
o Jo

Further, since (7, ¢) is an entropy pair,

(F" (up) Oguiy, ' (up™)) = (F'(upy) Osupy, ' (ufy)
+ (F (upt) Opuly, o (up*1) =1 (uf)
= K(F'(uy) Ozuy, Iy’ (uf)).

(3.31)

Hence
5t/ n(uzl)d.’li‘Fé‘gt(gtuz_l’ n,(uz‘))
Q
(3.32) + (A0, " (un)0s uft) — €@y wnn, Py o (uf))

+ m(@tuh, {/ / uptt — &T@mﬁ)dri@}@mﬂ)

=71+ 22 + Zs,
where the new term Z3 is given by

Zg = — E,‘{}(éttu2717 5t—Pl 7]/(“2))

(333) 3 /(9 ,n—1 r(.on (. r(.n n a,.//,n
—€0(0ruy, ", Prn'(uy) — 0 (upy)) — £(F" (up) Ozupy, Om'(ujy))-

Using once more Taylor’s formula we obtain,

/mw+£%ﬂm:/WMM+ﬁ@%*wwm
Q Q

1 s
g (atuzl, {/ / n"(up +e T@tuzl)des}atuZI> .
o Jo

By a slight modification of the proof of Lemma 2.3 we have

(3.34)

(3.35) el (@ upy, Pr A (up))| < Bl Lo 19s ui |72 0-

Essentially what remains now is an estimate of [|0; u?|| r2(Q)- As in the symmetric

case we use the test function ¢ = 0, up and we conclude the proof by combining
arguments from the semidiscrete case (see (2.33)—(2.37)), and the fully discrete case
with symmetric F’ (cf. the terms with coefficient 4e2), and by estimating of course
the terms Z;. It is to be noted, finally, the essential role of the estimate

1 s
5 n’ ", n+l 5 " drd }a n)
(3.36) KV( cup {/0 /0 n" (up Kk TOwup)drds pOrup

> N’i||5tu§f||i2 ’ p >0,

in the stability analysis. |
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Remark 3.1 (mesh conditions). Proposition 3.3 holds under the assumptions for
the mesh stated in Proposition 3.1, assuming in addition that h < ye. Combining these
conditions we conclude that we need to have a CFL condition with small constant
Yorr and in addition h < 2’Y;/FL h. This last relation is a quasi-uniformity condition
on the mesh, the constant of which depends on how strong the CFL condition is. It
seems that it is a weakness of our proof to assume h < e rather than hj,. < e, where
hioc 18 the local mesh size close to the shock; see section 1.2. If this were the case this
would not be a restriction since hj. is naturally of the order of h. Nevertheless, the
above conditions provide enough room for computations compatible with the principle
to have finer mesh in the shock areas and coarser mesh in the smooth parts of the
solution. See also the related discussion in section 6.

We conclude with the following proposition.

PROPOSITION 3.4. For entropy pairs (n,q) such that

Inllzoe, llallzess In'lzees Il < C
and under the hypotheses of Proposition 3.3, we have
n(un)e + q(up)e C lies in a compact set of H;,}(R x RT),

where uy, and u} are related by (3.16).

3.4. Estimates in the multidimensional case. Let (1.1) be endowed with a
uniformly convex entropy 7; the fluxes ¢; are given by (2.42) [14, sec. IV.4.3]. The
finite element approximations defined by (3.1) satisfy similar a priori bounds with the
one-dimensional case. The matrices A; should now satisfy the analogue of (2.44). We
state the stability estimate; its proof is a modification of the proof of Proposition 3.3
and is omitted.

PROPOSITION 3.5. Assume that (1.1) is equipped with a convex entropy n(u) sat-
isfying (2.6). If the symmetric, positive definite matrices A; satisfy (2.44), then, under
similar conditions on k,e,h as in Proposition 3.1 (with possibly different constants),
and for h < ~ve for some vy > 0, the fully discrete finite element approximations (3.1)
satisfy

d
lufp + e Bpup M7 + &%) Deupy M7 +26% ) (Ai Ouyufty Ouyuf)
=1
n—1 d

n—1 n—1
+ > enllongll7e + > w07 + > e n Y [0nulll7: < Clup).
j=1 j=1 j=1 i=1

4. Convergence of finite element schemes for one-dimensional systems.
The compactness of the dissipation measure (2.41) or (3.17) is central in establishing
compactness of approximate solutions for systems of conservation laws via the pro-
gram of compensated compactness. Such results are available (in a one-dimensional
context) for the scalar conservation law, the equations of elastodynamics, the equa-
tions of isentropic gas dynamics, and the class of rich systems (see [42, 15] and the
references in [14, Chap. XV]). One difficulty in applying the compensated compact-
ness framework is that, while several of the existing compactness theorems are valid
in the presence of uniform L°°-estimates, the available estimates in applications are
often just in the energy norm. In particular, this is the case for the approximations
arising via semidiscrete (2.1) or fully discrete (3.2) finite element schemes. Note that
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under the additional hypothesis of uniform L°° bounds for the approximations, one
would conclude directly convergence toward a weak solution for all the aforementioned
systems.

Our results can be applied to systems where the compensated compactness pro-
gram has been carried out in the energy-norm framework. Such results are available
for the scalar conservation law in the LP framework (e.g., [35], [34, Thm. 2.3]) and for
the equations of one-dimensional elasticity,

Ut — U2z =0,
(4.1) e

U2t — U(Ul)m =0,

in the energy norm [31, 38, 37]. In both cases one can deduce compactness of semidis-
crete or fully discrete finite element schemes and conclude with a convergence result.

We consider here as a paradigm the system (4.1). For o’(uj) > 0, it is strictly
hyperbolic with wave speeds A1 2 = £4/0'(u1). It admits an infinite number of
entropy pairs, of which the special pair

1 u
(4.2) n= §u§ +/ o(T)dr, q=—uso(uy)
0

is associated with the mechanical energy and the work of contact forces, and 7 is
strictly convex. We assume that o satisfies the subcharacteristic condition

(4.3) 0<s<o'(u)<S, ueR,

with s, S positive constants. One easily checks that the matrix A can be selected so
that all conditions in Propositions 2.3 and 3.3 hold.

We need a second hypothesis on o that allows us to apply the results of [38, 37].
We assume either that (4.1) is genuinely nonlinear with

(4.4) o’(u) #0 and o’ 0" € L? N L™(R)
or that o has precisely one inflection point at ug with

(4.5) (u—wug)o”(u) #0 for u # ug
' and o” 0" € L? N L= (R).

We then have the following theorem.

THEOREM 4.1. Let o € C? satisfy hypotheses (4.3), (4.4) (or (4.3), (4.5)). Let
(ui’h, ugh) be a family of solutions of (2.1), and let A be a symmetric, positive definite
matriz satisfying (2.14). Then, for h < ~ve (with 7 as in Proposition 2.3) and along
a subsequence,

Uy — Ui, ugp — uz, a.e (x,t) and in LY (R x (0,T)) forp < 2,

loc

and (u1,us2) is a weak solution of (4.1).
Proof. The proof uses the theory of compensated compactness and proceeds by
controlling the dissipation measure

(4.6) m(us" us™) + 0pq(uS", uy™)  lies in a compact of H;,!

loc?

for entropy pairs (n(u,v), q(u,v)) for the equations of elasticity. In the presence of
uniform L*-bounds, the theorem of DiPerna [15] would guarantee compactness of
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approximate solutions and imply that, along a subsequence, uS" — uy and u5” — uy
a.e. (x,t).

In the current case, uniform L°°-estimates are not available and the natural sta-
bility framework is in the energy norm (see Proposition 2.3). Nevertheless, under
hypothesis (4.3) and by Proposition 2.5, the dissipation measure is controlled for a
class of entropy-flux pairs (n(u,v), q(u,v)) satisfying the growth restrictions

(4.7) N @ T Mos Tuus Tuws Moo € L (R?).

This class of entropy pairs contains sufficient test pairs in order to achieve the reduc-
tion of the generalized Young measure to a point mass and to show strong conver-
gence in L}  for p < 2. The hypotheses (4.3)-(4.4) allow us to apply the result of
Shearer [38], where the reduction is performed for the genuine nonlinear case, while
the hypotheses (4.3)—(4.5) allow us to apply the corresponding reduction in Serre and
Shearer [37] applicable to the case of elasticity with one inflection point. 0

In a similar manner we can prove convergence of fully discrete finite element
approximations (3.2) for the equations (4.1).

THEOREM 4.2. Let o be as in Theorem 4.1 and let A satisfy the hypotheses of
Proposition 3.3. Let (uy p,u2p) be the fully discrete finite element approzimations
defined in (3.16). If the parameters k, h, and e are restricted by (3.14) and h < ~e
for some v > 0, then along a subsequence

Ul — U1, ugp — ug,  a.e. (x,t) and in LY (R x (0,T)) for p <2,

loc
and (u,v) is a weak solution of (4.1).

5. Error estimates for smooth solutions. In this section we consider the
system of conservation laws

and assume that (5.1) is endowed with a convex entropy n(u). We let u be a classical
solution of (5.1) defined on a maximal interval of existence and let U, be the smooth
solution of the relaxation approximation

(52) &gUE + amF(UE) = EAaIIUE — EattUE .
We show
(5.3) [Ue(t) — u(®)|[2 < C(t,u) €,

where the constant C(t,u) depends on a strong norm of « and blows up at the critical
time.

5.1. Motivation. It was established in Theorem 5.2.1 of [14] that the classical
solution of (1.1) is unique among the class of admissible weak solutions in the case
where the system admits a convex entropy. The result follows by showing a stability
estimate in L%

(5.4) [u(t) = w(t)llz> < C(t u) [[u(0) = w(0)] L2

Here u is the classical and w an admissible weak solution of (1.1). The main idea of
the proof is to control the spatial integral of the quadratic in the u — w function

(5:5) H(u, w) = n(w) —n(u) —n'(u)(w - u).
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This is made possible by the observation that certain quantities arising in the proof
vanish when w is a classical solution and thus satisfies the entropy inequality as equal-
ity. Our idea is to use a similar approach to show the error estimate (5.3). A difficulty
arises (except for handling the error terms in an appropriate way) that it is no longer
possible to work with the same function H as in (5.5). On the other hand, the esti-
mates in [43] and in section 2 suggest that when the system admits a convex entropy,
we are able to control the quantity

/n(UE +e0, Ue)dx
Motivated by these considerations, we introduce the functions

(5.6) Hp(u,U:) = W(Us + 0 (Us — u)) —n(u) —n'(u) (Ue —u+edy(Ue — u))a
(5.7) Q (u,Ue) = q(U:) — q(u) —n'(u) (F(U:) = F(u)).

The function Hp is the relaxational correction of (5.5) and is of quadratic order in
the quantity (U. — u+ €0;(U. — u)). Control of ||u(t) — U.(t)||, is achieved through
the additional control of €?(|0; (U. — u)||3. that is obtained from a separate estimate
natural for approximations by wave equation (5.2).

5.2. The decay functional. The first objective is to establish that Hg is a
Lyapunov functional. We begin with the derivation of the main decay identity.

Let 1 be the convex entropy with g the corresponding flux. The classical solution
u satisfies

on(u) + 9q(u) = 0.

The approximate solution of (5.2) will henceforth be denoted by U = U,. It satisfies
the identities

( )+a( ( )7F(’LL)):€AU *EU“,

O/ (u)(U = u) + 0pn (u)(F(U) — ())
=" (g - [F(U) = F(u) = F'(u)(U = w)] + en' () - AUra — &0/ (u) - Un,

where we use (5.1) and the fact that 7 is an entropy if and only if (n”F")T = n"F’;
see (2.42). Combining the above, we deduce

O[n(U) = n(u) = ' (u)(U — )] + 0:[q(U) — q(u) — 7' (u)(F(U) — F(u))]
(5.8) = =" (W - [F(U) = F(u) = F'(u)(U - u)]
+ 5("7,((]) - 77/(“)) AU, — 5(7]/(U) - 77/(“)) Ut

We now use (5.8) in conjunction with the identities

(1'(U) =0 (w) - U = 0[(n'(U) — ' () - (Uy — ws)] = 0" (U)(Us — ug) - (Up — uz)
(n"(U) = 0" (u))us - (U = ug) + (' (U) =1 (w)) - e,

(1'(U) =1 (u) - AUyp = 9:[(n'(U) — ' (u)) - A(U — u),]
n"(U)
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and
n(U + 0 (U —u)) = n(U) + 0/ (U)edy (U — u) + €20, (U — u) - 0" 0u(U — u)

with 7’ = n" (U +e10; (U — u))drds

o
o

to conclude

(5.9)
(U + 0y (U —u)) —n(u) — ' (w)[U — u+ €0y (U — u)]
*82815([] — U) . W@t(U — U)}
+0:{q(U) — q(u) — 7' (u)(F(U) — F(u))}
+e{n"(U)U =)y - AU —w)y — 0" (U)U —u)g - (U —u)s}
= 0:{e(’ (U) =0 (u)) - A(U = w)z} — 0" (w)uy - [F(U) = F(u) = F'(u)(U — u)]
+as + az + biz + bag.

The error terms a4, as, b1z, and bg, are defined by
(5.10)

and will be estimated in what follows.

Identity (5.9) is supplemented by a correction accounting for the fact that the
third term is indefinite. The correcting identity is obtained by multiplying the equa-
tion

(U—-u)s+F (U U—-u)p = eA(U~1)gp —(U—1) gt +( Aty —uss)— (F'(U) = F' (1) )uy

by (U — u); and integrating by parts to deduce

! 1
(5.11) 0 eIl —wal? + 3e(U = w)e - AU =} + (U = )l
+ FIU)U = u)e - (U =)y = 0. {cAW = w)y - (U =)y} + 10 + 2

where ¢y, co; are given by

c1t = e(Augy —uy) - (U — u)y,

(5:12) coy = —(F'(U) = F'(u))ug - (U — ).

Next, we multiply (5.11) by 2ae, add the resulting identity to (5.9), and use (5.6)
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and (5.7) to arrive at

2

8:G(u, U) + 8,Q(u, U) + ae‘(U )y + F'(UYU —u),

+ {0 (O = w)s - AU = w)a = P (U)U = w), - F'(U)(U — u), }
(5.13) {(0‘ U —u)- (U~ “)t}
{(#() w»uMU—un+mm%MU—u»wU—un}

— " (W - [FU) = F(u) = F'(u)(U = )]
+ a1 + ags + big + boy + 2ae(c1s + cat),
where
G(u,U) = Hp(u,U)

(5.14) A )
+ e [al =" (U —w)e - (U —u)y + e2aA(U — u)y - (U — u),.

5.3. The error estimate. Equation (5.13) is the basic decay identity. We see
below that, under certain conditions on the entropy 7, the quantity G(u,U) becomes
a Lyapunov functional and leads to an error estimate.

PROPOSITION 5.1. Assume that (5.1) is equipped with a strictly convex entropy
1 that satisfies, for some a > 0,

1
(5.15) —1I<n"(u)<al, ueR"
a

and the positive definite, symmetric matriz A can be selected so that for some v > 0
we have

(5.16) %((n”(u)A)T + " (u)A) — aF " (W F' (u) > vI, ueR™

Let u be a smooth solution of (5.1), let U. be a smooth solution of (5.2), and suppose
that both u, U, decay sufficiently fast at infinity.
(i) Then G(u,U) is positive definite and

%/Rg(u, Ue)dx + ée/R |(Us — u)e|? 4 [(Us — u)e|?dx
(5.17) < /R {W’(u)uw (F(U:) = F(u) — F'(w)(Us — u))|

+ a1 + ag + b1z + bay + 20e(c1r + 02t)|}dx

for some constant ¢ independent of €.

(i) If in addition for some M > 0
(5.18) [F"(u)| <M, |n"(w)| <M, ueR"
then

(5.19)
(U = uw)@)|z2 + el (0aUe — 0zu) ()| 2 + €[|(Ue — Opu)(t)|| 22
< Ot u)([(Ue = u)(0)[| 2 + €l[(0:Ue — 02u)(0) |12 + £l|(0:Ue — Bpu)(0)[ 2 + ),
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where C(t,u) is a constant depending on t and norms of the smooth solution w.
Proof. Integrating (5.13) over R and using the hypotheses (5.15) and (5.16), we
obtain (5.17). By (5.15),

L 1 s 1
ol 77— al / / WU +e70, (U — w))drds > Sal.
0 0

Moreover, the function Hg(u,U) defined in (5.6) is strictly convex and thus G(u, U)
in (5.14) is positive definite.
Under (5.15), (5.18) and for

o(t) = / U = uf2 + 2|0, — w2 + 2|U, — up|2dz,
R

we have

1
Felt) < /Rg(u,U)dx < Cp(t).

The error terms in (5.10) are estimated by

larellor < eCllugl|Le[|U = w2 |Ur — w2, lagel|r < eCllug]| L2 (|U = w2,
b1zl < eCllug|[Le U = ull 2 |Us = uallzz,  [Ib2allr < eCllusallL2 U — ull 2,

while the ones in (5.12) are estimated by

lectellzr < e2C(Jlueellzz + lluasll2) U — uel e,

lecarl|pr < eCllugllLe= U — ull 22 |Us — e 22,

where C' is a generic constant depending on «, M, and norms of u.
From (5.17) we obtain

(5.20)
d 1 9 9
% Rg(’u,UE)dQT + 68 (”Ut — Ut||L2 + HUw — Uw”LQ)
< O(IU —ulfz + U = ull g2 (1 +|Us = well 2 + [Us — uzl£2) + €| Ur — ug £2)
S O(HU — U”%z +€2||Ut — UtH%z +€2HU3; — U;C“%z +€2).

This in turn gives

t
o(t) < (0) 4+ 2Ct + C/ ©o(s)ds
0
and we conclude from Gronwall’s inequality that
(5.21) pt) < C(t,u)(p(0) +€2).

Then (5.19) follows. O
Remark 5.1. As an example where Proposition 5.1 applies, consider the equations
of elastodynamics (4.1). This system admits the entropy pair (4.2). One checks that
if
0<s<o'(u)<S, |o"(u)| <M,

for some constants s, S, and M > 0, then (5.15), (5.16), and (5.18) are fulfilled and
we obtain the relevant stability estimate.

Remark 5.2. Proposition 5.1 can be extended for multidimensional hyperbolic
systems. In this case, condition (5.16) should be replaced by the analogue of (2.44).
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6. Implementation issues. We include here a short discussion on the imple-
mentation of the schemes and we present indicative numerical examples that relate
to our results.

Adaptivity and mesh reconstruction. The basic principles of our mesh reconstruc-
tion policy are

(a) locate the regions of space where increased accuracy is demanded, through a
positive functional g;

(b) find a partition of space with predefined constant cardinality and density that
follows the estimator function g; and

(c¢) reconstruct the solution on the finite element space which corresponds to that
partition and advance to the next time step by applying the finite element scheme.

These steps are studied, introducing appropriate estimator functions for finite el-
ement methods of systems of hyperbolic conservation laws. Among others, estimator
functions g are proposed which are based on a posteriori estimates or on the cur-
vature of the approximate solution [4, 2, 3]. This approach yields a dynamic mesh
construction which is combined with finite element schemes in what follows, but the
mesh selection according to the basic properties of the solution is independent of the
particular method used.

Mesh conditions. The mesh conditions needed in the stability analysis in sec-
tion 3 are somewhat restrictive regarding the flexibility in the selection of the mesh,
especially for small values of €. The main reason is that the time step s should be
chosen very small if ¢ is very small. (The restrictions on the spatial mesh discussed in
Remark 3.1 are not present in the numerical experiments.) In fact, the computational
examples show that certain mesh conditions that relate the mesh size and € are indeed
needed and thus for fixed number of spatial mesh points and fixed k we cannot take
e close to zero; see the following examples and [2, 3].

An alternative that completely bypasses this problem is provided by a modifi-
cation of the finite element relaxation schemes developed in [2, 3]. The alternative
is a class of finite element schemes based on the finite element discretization of a
modified model with switched relazation. These are schemes in which the appli-
cation of a Runge-Kutta scheme uses the relaxation finite element model (1.5) for

the calculation of the intermediate stages and of uZ‘H and then ijl is calculated as

v,’fjl = I1F;(u}™"). This enforces the projection to the equilibrium manifold v = F(u)
in each time step. The resulting schemes (switched relaxation finite element schemes)
show remarkable stability even for extremely small values of . This is illustrated in
the examples presented below.

CFL conditions. A common problem in explicit schemes with mesh refinement
is to require strong CFL conditions, reflecting the relation of the time step s to the
minimum spatial mesh size h. This problem appears in the computational examples
of [4, 2, 3] but it is not very essential. A computationally more attractive idea would
be to use time steps variable with x, or space-time elements, but this will remain for
a future work.

Two-phase flow scalar problem. As a scalar example we chose the Buckley—
Leverett equation [30] as a model of a two-phase flow in a porous medium. Here
the flux F' is not convex and is given by

2

(6.1) F) = o osa =

We compute the (periodic) Riemann problem in [0, 1] with uwg = 1 on [0,0.1] U [0.5, 1]
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Fic. 1. Buckley—Leverett two-phase flow problem: 200 nodes on [0,1]. The effect of the rela-
tionship of h and € and of the stabilization by mesh refinement. Dotted line: exact solution; gray
line: approximation. The distribution of the nodes in the refined mesh is displayed at top in (b) and

(d).

and ug = 0 on (0.1,0.5). In Figure 1 we display the results of application of our
schemes in this problem for 200 nodes in [0, 1] with and without mesh refinement.
For ¢ = 5e — 4 the uniform mesh approximation has oscillations, while the corre-
sponding approximation with mesh refinement provides an acceptable solution free of
oscillations. Next for ¢ = 5e — 6 the uniform mesh finite element solution seems to
approximate a nonclassical weak solution. Thus the restrictions in our stability re-
sults on the relationship of h and € are necessary. In this case the corresponding finite
element approximation with mesh refinement not only eliminates the oscillations but
resumes into the approximation of the entropy solution.
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It is interesting to note that the method with uniform mesh, although oscillatory,
seems to converge (weakly) as h — 0. Moreover, this is also true in the example
above where a nonclassical shock for (6.1) is captured. This is an indication that
relaxation finite element schemes may conceivably be used to compute nonclassical
shocks; compare to [29]. This interesting issue will be examined in a forthcoming
work.

For 200 points we cannot take € smaller unless we use the modified method based
on the switched relaxation parameter. In Figure 2 we display the switched relaxation
finite element schemes mentioned above. (Here the parameter ¢ = £(t) is a function
of time that vanishes only on discrete time steps and elsewhere has a constant value
e.) Now we can have acceptable approximations for extremely small values of €. This
is a further indication of the strong regularization inherited by the adaptive mesh
refinement.

System of elastodynamics. The one-dimensional system of elastodynamics is a
particular case where all the results of this paper apply. We consider

Ut — U2,z = 0,

Uzt —o(ur)y =0

with o(v) = v + v®. We compute the relaxation finite element approximations with
Riemann data u1(0) = 2 on [0,1/4]U[3/4,1] and u;(0) = 1 on [1/4,3/4] and u2(0) = 2
on [0, 1] extended periodically. Figure 3 displays the approximations for 200 nodes in
[0, 1] with mesh refinement for e = 5e — 5. As before we use the modified method with
switched relaxation parameter to compute the approximations still with 200 nodes but
taking much smaller €; Figure 4 displays the corresponding results. Figure 5 shows
the improvement of the approximations if we use 400 points. In Figure 6 we see
the dramatic difference of the approximations with uniform mesh and adaptive mesh
refinement still with 400 nodes in [0, 1]. For further numerical results and detailed
discussion on the adaptive mesh refinement strategies and on implementation issues
for the schemes, see [4, 2, 3].
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Science Foundation.
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of the nodes in the refined mesh is displayed at top.

1956400 : : : : 3406400

o0 31160

- 28340

ol 2556400

1 56400 2.27e+00

{ o400 199400

1.36e+00 1.71e+00

127400 143400

1.186400 1.156400

1098400 878601

1008400 : : : : 5960 : : : :

0.00¢+00 10040 0.00¢+00 1.00g+00

(a) u1 : € = be—5, t = 0.058, (b) uz : € =5e—5, t = 0.058

F1G. 3. System of elastodynamics: ¢ = 1, 200 nodes in [0, 1] with adaptive mesh refinement.
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2.00g+00 : : : : 3416400
1.90e+00 3.11e400
1.80+00 2.83e+00
1.70e+00 255e+00
1.60e+00 2.27e+00
1.50e+00 1.99%:+00
14000 1.71e+00
1.30+00 143e+00
1.20e+00 1.15e+00
1.10e+00 8.77e-1
1.00e+00 1 \ 1 1 5.97e-01 ' 1 1 1
0.00e+00 1.00+00 0.00e+00 1.00e+00
(a) u1 : € = 5e—9, t = 0.058 with refinement (b) ug : € =5e—9, t = 0.058 with refinement
2.00e+00 1 1 1 : 2.75e+00
1886400 258400
1.78e+00 2448400
1.68+00 2206400
1.58e+00 2.14e400
148e+00 1.99-00
1.38e+00 1.84e+00
1.28e+00 169+00
1.18e+00 1.54e+00
1.08e+00 1.39+00
9.84-01 | : : : 1258400 : : : :
0.00e+00 1.00e+00 0.00e+00 1.00e+00
(¢) u1 : € =5e—9, t = 0.35 with refinement (d) ug : € =5e—9, t = 0.35 with refinement

Fic. 4. System of elastodynamics: ¢ =1, 200 nodes in [0, 1] with adaptive mesh refinement.
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2.00e+00 : : : : 34e+00

1.89%+00 3.11e+00

1.79+00 283400

1.6%+00 2.55e+00

1.59+00 \ 2.27e+00

149400 199400

1.39+00 1.71e+00

1.29e+00 1.43e+00

119400 1.15e400

1.09+00 8.74e-01

1.00e+00 1 1 5.93-01 ' 1 1 1

0.00e+00 1.00e+00 0.00e+00 1.00e+00

(a) ur : € =5e—8,t=0.058 (b) ug : € =5e—8, t = 0.058

2006400 283400

1.888400 261640

178e+00 2456400

1.688400 229400

1.58e+00 2.13e+00

1.48e+00 1976400

1.38e+00 1.81e+00

1.28e+00 1.65+00

1.18e+00 14900

1.08e+00 1.33e+00

9.87e-01 : ; : : 1.17e+00 | ; : :

0.00e+00 1.00e+00 0.00e+00 1.00e+00

(c) u1 : e =5e—8,¢t=10.35 (d) ug : e =5e—8,¢t=10.35

Fic. 5. System of elastodynamics: ¢ =1, 400 nodes in [0, 1] with adaptive mesh refinement.
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2.01e+00 ; . : . : ; 4.31e+00
19600 U age
1.84e+00
3376400
174:00F , ot
o o
1 5des00 2D
1 4200 198607
1344l 15kl
1.24e400 1.076+00
1.14e400 6.13¢01
1.04e400 152601
9.42¢-01 : : : . -3.09e-01 : : . .
000400 1.00e+00 000400 1.00e+00
(a) u1 : € =5e—9, t =0.058 (b) uz : £ =5e—9, t = 0.058

Fic. 6. System of elastodynamics: ¢ = 1, 400 nodes in [0, 1] with uniform mesh (solid lines)
and adaptive mesh refinement (dotted lines).
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