Lyapunov functionals and L^1-stability for discrete velocity Boltzmann equations

Seung-Yeal Ha^∗, and Athanasios E. Tzavaras^†

Abstract We devise Lyapunov functionals and prove uniform L^1 stability for one-dimensional semilinear hyperbolic systems with quadratic nonlinear source terms. These systems encompass a class of discrete velocity models for the Boltzmann equation. The Lyapunov functional is equivalent to the L^1 distance between two weak solutions and non-increasing in time. They result from computations of two point interactions in the phase space. For certain models with only transversal collisional terms there exist generalizations for three and multi-point interactions.

1 Introduction

In this article we devise Lyapunov functionals and prove uniform L^1 stability for the Cauchy problem for semilinear hyperbolic systems with quadratic source terms,

∂_tf_i + v_i∂_xf_i = N∑ j,k=1 B^{jk}_i f_j f_k f_i(x, 0) = f_{i0}(x)

(1.1)

This system encompasses certain one-space dimensional discrete velocity models in kinetic theory of gases (see section 2). In this context, f_i(x, t) stands for the number of particles moving with velocity v_i, i = 1, . . . , N and (x, t) ∈ R × R_+ . The collision operator is of the general form

Q_i(f) = N∑ j,k=1 B^{jk}_i f_j f_k

and the system is assumed strictly hyperbolic: v_i ≠ v_j for i ≠ j. Precise assumptions on the interaction coefficients B^{jk}_i will be placed in the sequel. We are interested in positive weak solutions of (1.1) of class L^1.

The study of discrete velocity approximations of the Boltzmann collision operator goes back to works of Carleman, Broadwell [10], Gatignol [15]. In the one-space dimensional context, there exist a number of global existence results for small, [23], or large L^1-data, [11, 25, 26], as well as

∗Department of Mathematics, University of Wisconsin-Madison, Madison, WI 53706, ha@math.wisc.edu †Department of Mathematics, University of Wisconsin-Madison, Madison, WI 53706 and Institute for Applied and Computational Mathematics, FORTH (P.O. Box 1527), 71110 Heraklion, Crete, Greece, tzavaras@math.wisc.edu

studies concerning the asymptotic behavior, [1, 2], and uniform bounds for solutions emanating from L^1 ∩ L^∞ data, [3], [2], and results for initial-boundary value problems [8]. For global existence results in several space variables we refer to [4, 21, 18] and the survey article [19].

Bony [3, 6] introduced the following functional in the theory of discrete velocity models: Q(t) = ∑ m,n ∫ R ∫ R (v_m − v_n)sgn(y − x)|f_m(x, t)||f_n(y, t)|dydx , (1.2) where sgn(x) equals −1 for x < 0, 0 for x = 0 and +1 for x > 0, to the study of one-dimensional discrete velocity Boltzmann equations. Study of the evolution of Q leads to uniform integrability of the transversal source terms in space-time, what plays a central role in the existence and asymptotic analysis of [3]. A continuous version of Bony’s functional has been proposed by Cercignani [12, 14] for the full Boltzmann equation with a truncated collision kernel. The functional Q measures the potential interactions between particles with different velocities, and has some similarities with the potential of interaction functional introduced by Glimm [16] to the study of quasilinear hyperbolic systems. (It also has the important difference that Q is not positive).

The objective of the present work is to introduce a new functional measuring the L^1 distance between two weak solutions f and f̄ of (1.1). This functional reduces to the Bony functional (1.2) when one of f or f̄ is zero, and has certain analogies to the Liu-Yang functional [22] that was recently devised for the stability of small BV solutions for systems of conservation laws (see also Bressan-Liu-Yang [9], Hu-LeFloch [17]). The functional provides information regarding the long-time response of solutions, and will be used, in particular, to establish uniform L^1-stability for solutions to (1.1) of small L^1-mass. For the special case of the Broadwell system, there is an alternative functional, consisting of only positive terms and accounting only for forward interactions (see below), and the smallness assumption can be precisely quantified.

We proceed to explain the results. Consider first (1.1) under the structural hypotheses: 1. B^{jk}_i satisfy symmetry, sign and boundedness conditions: B^{jk}_i = B^{kj}_i B^{jk}_i ≤ 0 if j = i or k = i, B^{jk}_i ≥ 0 if j ≠ i and k ≠ i. (1.3) |B^{jk}_i | ≤ B^∗, for some positive constant B^∗.

2. The system is strictly hyperbolic, v_1 < v_2 < · · · < v_N . (1.4)

3. Conservation of mass and momentum: There exist weights ν_i ≥ 1, (i = 1, · · · , N) such that N∑ i=1 ν_iB^{jk}_i = 0, N∑ i=1 v_iν_iB^{jk}_i = 0, for fixed j, k. (1.5)

4. Any existing quadratic interactions are assumed to satisfy: if B^{ii}_i < 0 then there is a sequence of indices i = i_1, i_2, . . . , i_r so that B^{ikik}_{ik+1} > 0 for k = 1, . . . , r − 1 , B^{irir}_{ir} = 0 . (1.6)

In section 2 we discuss how models of kinetic theory of gases fit into the above framework. For the moment, note that (1.5) reflects conservation of mass and momentum and that certain non-strictly hyperbolic models of kinetic theory can be accomodated by the above assumptions. This is due to the presence of the weights ν_i; their role is discussed in section 2. Finally, the structural hypothesis (1.6) is always satisfied for kinetic theory models.

To outline the approach, let L(t) be the L^1-distance between two solutions f and f̄, L(t) ≡ ∑ m ∫ R ν_m|f_m(x, t) − f̄_m(x, t)|dx, and let δ_i stand for δ_i(x, t) = sgn(f_i(x, t) − f̄_i(x, t)). A direct calculation (see Proposition 3.8) shows that the time derivative of L, dL(t) dt + ∫ R ∑ n,i, n≠i ν_iB^{nn}_i ( 1 − δ_i δ_n ) |f_n − f̄_n|(f_n + f̄_n) dx ≤ O(1) ∫ R ∑ m,n,m≠n |f_m − f̄_m|(f_n + f̄_n)dx , (1.7)

consists of two types of terms: (i) Terms accounting for interactions among particles moving with the same velocity; these appear to the left of the inequality and turn out to be positive. Such a property holds for the much simpler class of contractive relaxation systems (e.g. [20, 28]) and it is remarkable that, due to the conservation laws in (1.5), it holds also for discrete Boltzmann type operators. (ii) Terms that are due to interactions between transversally moving particles, which contribute the term to the right of the inequality in (1.7).

To control the terms on the right, we introduce a quadratic functional Q_d(t) of the form

Q_d(t) = ∑ m,n ∫ R ∫ R ( sgn(y − x) ) (v_m − v_n)ν_mν_n|f_m − f̄_m|(x, t)(f_n + f̄_n)(y, t) dxdy . (1.8) Q_d accounts for the potential of (forward and backward) interactions of transversally moving particles between f or f̄ and the difference |f − f̄|. A second calculation (Proposition 3.8) shows dQ_d dt (t) + cΛ_d(f, f̄)(t) ≤ C||f + f̄||_L1_{(R)} ( Λ_s(f, f̄)(t) + Λ_d(f, f̄)(t) ) , (1.9)

where c, C are positive constants and

Λ_d(f, f̄)(t) = ∑ m,n, m≠n ∫ R ν_mν_n|f_m − f̄_m|(x)(f_n + f̄_n)(x)dx,

Λ_s(f, f̄)(t) = ∑ m,n, m≠n ∫ R ν_mB^{nn}_m ( 1 − δ_m δ_n ) |f_n − f̄_n|(f_n + f̄_n)

Setting H(t) = L(t) + KQ_d(t), we have the following theorem:

Theorem 1.1. Suppose the system (1.1) satisfies the assumptions (1.4) - (1.6) and let f, f̄ ∈ C(R_+ ; (L^1(R ))^N ) be two mild solutions of (1.1) corresponding to initial data f_0, f̄_0 ≥ 0,

f_0, f̄_0 ∈ [ (L^∞ ∩ L^1)(R ) ]_N such that ||f_0||_L1_{(R)} ≪ 1 and ||f̄_0||_L1_{(R)} ≪ 1.

Then, for an appropriate choice of K, the functional H(t) = L(t) + KQ_d(t) is equivalent to the L^1 distance between f and f̄ and satisfies dH(t) dt + c ( Λ_s(f, f̄)(t) + Λ_s(f, f̄)(t) ) ≤ 0 , (1.10)

for some positive constant c. Moreover, ||f(·, t) − f̄(·, t)||_L1_{(R)} ≤ C||f_0(·) − f̄_0(·)||_L1_{(R)} , where C is a positive constant independent of time t.

The theorem above is a statement on the asymptotic response of (1.1). (Note that, for quadratic models (1.1), given L^∞ bounds it is easy to establish L^1-stability estimates with a constant that depends on time. L^∞ bounds are available for data of class L^1 ∩ L^∞, see [2], [4].) The functional inequality (1.10) is valid for data of small initial L^1-mass, while the functional H(t) has the properties

1. H is equivalent to the L^1-distance, i.e., for some constant C_0 > 0, 1 C_0 ||f(·, t) − f̄(·, t)||_{L1(R)} ≤ H(t) ≤ C_0||f(·, t) − f̄(·, t)||_{L1(R)} 2. H is non-increasing in time t.

The functionals in (1.2), (1.8) account for both forward and backward interactions of transversally moving particles. In this sense they are different from the Glimm functional or the Liu-Yang functional, as the latter compute the potential of only forward interactions. The functional Q_d(t) is not positive, and thus not a Lyapunov functional itself.

For certain special systems, such as the Broadwell model

∂_tf_1 − ∂_xf_1 = f^2_2 − f_1f_3, ∂_tf_2 = − 1 2 (f^2_2 − f_1f_3) (1.11) ∂_tf_3 + ∂_xf_3 = f^2_2 − f_1f_3 , or models with transversal interactions (B^{kl}_i = 0 for k, l with v_k = v_l)), it is possible to define alternative functionals, where the interaction potential is positive and accounts for only forward interactions. For the Broadwell system, the interaction potential Q_d(t) ≡ ∫ R^2 1_{x<y} (( 2f_2 + 2f̄_2 + f_3 + f̄_3 ) (x) ( |f_1 − f̄_1| + 2|f_2 − f̄_2| ) (y) ) dxdy + ∫ R^2 1_{x<y} (( 2|f_2 − f̄_2| + |f_3 − f̄_3| ) (x) ( f_1 + f̄_1 + 2f_2 + 2f̄_2 ) (y) ) dxdy . gives rise to a sharper Lyapunov inequality (see Section 3.2), and yields a uniform L^1-stability Theorem 3.11 where the smallness assumption on the data is quantified.

Finally, there exist some interesting models with wave speeds v_i = v_i(x, t). The linearization of conservation laws leads for instance to such models in divergence form and an analog of the Glimm functional is then constructed by Schatzman [24]. Consider ∂_tf_i + ∂_x ( v_i(x, t)f_i ) = Q_i(f), (1.12) f_i(x, 0) = f_{i0}(x), where Q_i(f) = ∑ j,k B^{jk}_i (x, t)f_jf_k, i = 1, · · · , N, and (1.12) is strictly hyperbolic in the sense that

v_i(x, t) are real-valued C^1 functions satisfying v_i(x, t) < v_j (x, t) for all (x, t) ∈ R × R_+ and i < j. Analogous estimations are then established for (1.12) provided the source consists of only transversal terms. In return, one can relax the assumptions on signs of the data and collision coefficients and no conservation law is assumed for the source.

Theorem 1.2. Suppose that the coefficients in (1.12) satisfy hypotheses (3.39)-(3.40), and let f, f̄ ∈ C(R_+ ; (L^1(R ))^N ) be two mild solutions corresponding to initial data f_0, f̄_0 ∈ [ (L^∞_+ ∩ L^1)(R ) ]_N with ||f_0||_L1_{(R)} ≪ 1 and ||f̄_0||_L1_{(R)} ≪ 1.

Then, f, f̄ satisfy the inequalities (3.56)-(3.58) and ||f(·, t) − f̄(·, t)||_L1_{(R)} ≤ C||f_0(·) − f̄_0(·)||_L1_{(R)} , where C is a positive constant independent of time t.

The functionals Q and Q_d consist of sums of two-point distribution functions in the phase space. For the system (1.12), we introduce in section 3.3 functionals consisting of three-point and multi-point distribution functions (see (3.52), (3.53)) and obtain various Lyapunov inequalities.

This paper is organized as follows. In Section 2, we review the basics of a one-dimensional discrete model for the Boltzmann equation and give an outline of the global existence theory in L^1 ∩ L^∞. In Section 3, we explicitly construct the nonlinear functionals, study their timevariation, and finally prove L^1 stability. This is done consecutively, first for general discrete velocity models (1.1), then for the Broawell system (1.11), and finally for semilinear quadratic systems with transversal terms (1.12).

2 Preliminaries

2.1 Discrete velocity Boltzmann equations We present a review of the basics for discrete velocity Boltmann equations and refer to [10, 15, 11, 21, 19] and [2] for further details. The discretization of the velocity space in the kinetic theory of gases allows to replace the Boltzmann equation by a system of semilinear hyperbolic equations. There is a set of preselected velocities V_1, . . . , V_N ∈ R^3 and a set of admitted binary collisions (k, l) → (i, j). The pre-collisional V_k, V_l and post-collisional velocities V_i, V_j satisfy microscopic conservation laws of mass, momentum and energy, V_i + V_j = V_k + V_l, |V_i|^2 + |V_j |^2 = |V_k|^2 + |V_l|^2

(2.1)

The interaction coefficients A^{kl}_{ij} are positive constants measuring the relative strengths of the collisions (k, l) → (i, j); if a collision (k, l) → (i, j) does not occur one sets A^{kl}_{ij} = 0. Typical assumptions for the interaction coefficients are symmetry A^{kl}_{ij} = A^{lk}_{ij} = A^{kl}_{ji} , (2.2) and microreversibility (or detailed balance) A^{kl}_{ij} = A^{ij}_{kl}. (2.3) The latter is sometimes relaxed to semi-detailed balance (see [15]) but we will not insist on that here. The kinetic function f_i(X, t) describes the density of particles at the point (X, t) ∈ R^3 × R moving with velocity V_i and is governed by the discrete velocity Boltzmann equation

∂_tf_i + V_i · ∇_X f_i = ∑ j,k,l (A^{kl}_{ij} f_kf_l − A^{ij}_{kl}f_if_j ), (2.4)

for i = 1, . . . , N. Next, we briefly review some properties of the collision operator

Q_i(f) := ∑ j,k,l (A^{kl}_{ij} f_kf_l − A^{ij}_{kl}f_if_j ) , i = 1, . . . , N .

Let ϕ : R^3 → R be any measurable function. Then we have ∂_t ( ∑ i ϕ(V_i)f_i ) + div_X ( ∑ i V_iϕ(V_i)f_i ) = ∑ i,j,k,l ϕ(V_i)(A^{kl}_{ij} f_kf_l − A^{ij}_{kl}f_if_j ).

In view of (2.2) and (2.3) the right hand side may be rearranged as ∑ i,j,k,l ϕ(V_i)(A^{kl}_{ij} f_kf_l − A^{ij}_{kl}f_if_j ) = 1 4 ∑ i,j,k,l ( ϕ(V_i) + ϕ(V_j ) − ϕ(V_k) − ϕ(V_l) )( A^{kl}_{ij} f_kf_l − A^{ij}_{kl}f_if_j )

= 1 2 ∑ i,j,k,l ( ϕ(V_i) + ϕ(V_j ) − ϕ(V_k) − ϕ(V_l) ) A^{kl}_{ij} f_kf_l (2.5) = 1 4 ∑ i,j,k,l ( ϕ(V_i) + ϕ(V_j ) − ϕ(V_k) − ϕ(V_l) ) A^{kl}_{ij} (f_kf_l − f_if_j ). For the choice of ϕ(V ) equal to one of the collisional invariants 1, V^1, V^2, V^3 or |V |^2 solutions of (2.4) satisfy macroscopic conservation laws of mass, momentum and energy. Moreover, by multiplying (2.4) by 1 + log f_i, we have the H-theorem ∂_t ( ∑ i f_i log f_i ) + div_X ( ∑ i V_if_i log f_i ) = ∑ i,j,k,l A^{kl}_{ij} (log f_i)(f_kf_l − f_if_j ) = 1 4 ∑ i,j,k,l A^{kl}_{ij} (log f_i + log f_j − log f_k − log f_l)(f_kf_l − f_if_j )

= − 1 4 ∑ i,j,k,l A^{kl}_{ij} log ( f_kf_l f_if_j ) (f_kf_l − f_if_j ) ≤ 0. (2.6)

We consider now the description of one dimensional motions of a dilute gas. Let D ∈ R^3 be the direction of motion and consider the ansatz f_i(X, t) = f̄_i(D · X, t) , x = D · X Then f̄(x, t) satisfies a system of the form

∂_tf_i + v_i∂_xf_i = ∑ j,k,l A^{kl}_{ij} (f_kf_l − f_if_j ), (2.7)

where the projected velocities v_i = V_i · D satisfy microscopic conservation of mass and momentum

v_i + v_j = v_k + v_l, (2.8)

but not, in general, microscopic conservation of energy. In view of (2.8), f̄ satisfies macroscopic conservations of mass and momentum (in the direction of motion) ∂_t ∑ i f_i + ∂_x ∑ i v_if_i = 0 , ∂_t ∑ i v_if_i + ∂_x ∑ i v^2_i f_i = 0 ,

(2.9)

and the H-theorem ∂_t ∑ i f_i log f_i + ∂_x ∑ i v_if_i log f_i + 1 4 ∑ i,j,k,l A^{kl}_{ij} log ( f_kf_l f_if_j ) (f_kf_l − f_if_j ) = 0 . (2.10)

From the viewpoint that the one-dimensional model (2.7) describes a one-dimensional motion of a three-dimensional discrete velocity model (2.4), the one-dimensional model does not have to satisfy conservation of energy and the system does not need to be strictly hyperbolic - even if the original system has distinct velocities. The loss of strict hyperbolicity causes various difficulties with the types of estimates pursued here. Following Beale [2], we wish to reduce the system by combining the densities f_i and f_i′ for which the projected velocities v_i and v_i′ coincide, v_i ≡ v_i′ . The equations for f_i, f_i′ read

∂_tf_i + v_i∂_xf_i = Q_i(f) = ∑ j,k,l A^{kl}_{ij} (f_kf_l − f_if_j ) (2.11)

∂_tf_i′ + v_i′ ∂_xf_i′ = Q_i′ (f) = ∑ j^′,k^′,l^′ A^{k′l′}_i′_j′ (f_k′ f_l′ − f_i′ f_j′ ) (2.12)

We place structural hypotheses on the system so that, when for two indices i and i^′ the projected velocities coincide v_i ≡ v_i′ , we can identify the corresponding collision operators Q_i(f) ≡ Q_i′ (f) so that the equations (2.11) and (2.12) coincide. This dictates certain restrictions on the interaction coefficients A^{kl}_{ij} , see [2] for the precise hypotheses. Then, if the initial data are the same for particles moving with the same velocities, then we can identify the densities f_i and f_i′ and replace them by one equation that is counted ν_i times (where ν_i is the number of projected velocities that coincide with the velocity v_i). The system (2.7) can be put into the form of (1.1)

∂_tf_i + v_i∂_xf_i = N∑ j,k=1 B^{jk}_i f_j f_k (2.13)

with B^{kl}_i = N∑ j=1 A^{kl}_{ij} − 1 2 N∑ m,n=1 A^{kl}_{mn}δ_{ik} − 1 2 N∑ m,n=1 A^{kl}_{mn}δ_{li} and δ_{ik} is the Kronecker symbol. It is clear that (1.4) and (1.4) are satisfied. Hypothesis (1.5) reflects in this setting the conservation laws of mass and momentum. Most of the usual examples of discrete kinetic theory fit under the above framework.

Next we consider hypothesis (1.6). For a kinetic theory model quadratic terms arise as follows:

• If B^{jj}_i > 0 with i ≠ j then there is a collision (j, j) → (i, i^′). For a nontrivial collision, (2.8) implies that either v_i < v_j = v_j < v_i′ or v_i′ < v_j = v_j < v_i.

• If B^{ii}_i < 0 then there is a collision (i, i) → (j, j^′). For a nontrivial collision, (2.8) implies v_j ≠ v_j′ and, if we denote by v_j the smallest outgoing speed, v_j < v_i = v_i < v_j′ .

Suppose now that B^{ii}_i < 0 and set i_1 = i. Then there is a nontrivial collision (i_1, i_1) → (i_2, i_2′ ) with v_{i2} < v_{i1} < v_{i2′} . Consider the equation for the balance of f_{i2} . There, the interaction coefficient

B^{i1i′1}_{i2} > 0. If B^{i2i2}_{i2} = 0 then we are finished here, (1.6) is justified. If not, then B^{i2i2}_{i2} < 0 and there is a nontrivial collision (i_2, i_2) → (i_3, i_3′ ) with v_{i3} < v_{i2} < v_{i3′} . We consider the equation for the balance of f_{i3} , note that B^{i2i′2}_{i3} > 0 and repeat the previous step. Since the velocities v_{ik} are strictly decreasing in each step, the process necessarily terminates and (1.6) is justified.

A well studied paradigm of a one-dimensional discrete velocity model is the one proposed by Broadwell [10]. The Broadwell model describes particles moving with a set of six velocities and colliding with equal probabilities. It reads

∂_tf^+_1 + ∂_xf^+_1 = 1 2 (f^+_2 f^−_2 + f^+_3 f^−_3 ) − f^+_1 f^−_1 , ∂_tf^−_1 − ∂_xf^−_1 = 1 2 (f^+_2 f^−_2 + f^+_3 f^−_3 ) − f^+_1 f^−_1 , ∂_tf^+_2 + ∂_yf^+_2 = 1 2 (f^+_1 f^−_1 + f^+_3 f^−_3 ) − f^+_2 f^−_2 , ∂_tf^−_2 − ∂_yf^−_2 = 1 2 (f^+_1 f^−_1 + f^+_3 f^−_3 ) − f^+_2 f^−_2 , ∂_tf^+_3 + ∂_zf^+_3 = 1 2 (f^+_1 f^−_1 + f^+_2 f^−_2 ) − f^+_3 f^−_3 , ∂_tf^−_3 − ∂_zf^−_3 = 1 2 (f^+_1 f^−_1 + f^+_2 f^−_2 ) − f^+_3 f^−_3 ,

where f^±_1 , f^±_2 and f^±_3 are densities of particles moving with velocities ±1 in the direction of the x, y, and z axes respectively. One then considers one-dimensional motions of particles, depending on x but independent of the y and z coordinates, and under the ansatz f^+_2 = f^−_2 = f^+_3 = f^−_3 . If we set f^+_1 = f_1, f^−_1 = f_3, f^+_2 = f^−_2 = f^+_3 = f^−_3 = f_2 , then (2.14) reduces to the one-dimensional system

∂_tf_1 − ∂_xf_1 = f^2_2 − f_1f_3, ∂_tf_2 = − 1 2 (f^2_2 − f_1f_3), ∂_tf_3 + ∂_xf_3 = f^2_2 − f_1f_3.

It is easy to check that the one-dimensional Broadwell model is of the general form of the system (1.1) and satisfies (1.4)-(1.6).

2.2 Existence theory Next we discuss the existence theory for the Cauchy problem of (1.1). There are two venues for defining weak solutions of (1.1). First, using the notion of mild solution:

Definition 2.3. f = (f_1, · · · , f_N ) ∈ C([0, T ]; (L^1(R ))^N ) is a mild solution of (1.1) with data f_0 ∈ (L^1(R ))^N if Q_i(f) ∈ L^1(R × [0, T ]) and for t ∈ [0, T ] and a.e x ∈ R , f(x, t) satisfies the integral equation, f_i(x, t) = f_{i0}(x_i − v_it) + ∫_t 0 Q_i(f)(x − v_i(t − τ), τ)dτ, (2.14) for i = 1, · · · , N. A second possibility is to define f as a weak solution:

Definition 2.4. f = (f_1, · · · , f_N ) ∈ C([0, T ]; (L^1(R ))^N ) is a weak solution of (1.1) with data f_0 ∈ (L^1(R ))^N if Q_i(f) ∈ L^1(R × [0, T ]) and for any test function φ ∈ C^∞_c (R × [0, ∞)) we have ∫∫ f_i ( ∂_tφ + v_i∂_xφ ) dxdt + ∫ f_{i0}(x)φ(x, 0)dx = − ∫∫ Q_i(f)φdxdt (2.15) for i = 1, · · · , N. In fact, for solutions f of class C([0, T ]; (L^1(R ))^N ) with Q_i(f) ∈ L^1(R × [0, T ]) the two notions of solution are equivalent. Obviously, a mild solution is also a weak solution. To see that a weak solution is also a mild solution, rewrite first (2.15) in the equivalent form ∫∫ f_i(y + v_iτ, τ)(∂_tψ)(y, τ)dydτ + ∫ f_{i0}(y)ψ(y, 0)dy = − ∫∫ Q_i(f)(y + v_iτ, τ)φdydτ , where φ(x, t) = ψ(x − v_it, t). Fix t > 0, δ ∈ (0, t) and take the test function ψ(y, τ) = a(y)b_δ(τ) where a ∈ C^∞_c (R ) and b_δ ∈ C^∞_c ([0, ∞)) is selected so that it takes the value 1 on [0, t − δ], decreases linearly on (t − δ, t), and takes the value 0 on (t, ∞). Taking the limit δ → 0, we deduce ∫ R f_i(y + v_it, t)a(y)dy − ∫ R f_{i0}(y)a(y)dy = ∫ R ∫_t 0 Q_i(f)(y + v_iτ, τ)a(y)dτdy , from where (2.14) follows.

We state the main global existence result for (1.1).

Theorem 2.5. [2, 3] Suppose that (1.1) satisfies the hypotheses (1.4)-(1.6) and let f_0 ≥ 0 with f_0 ∈ ( L^1(R ) ∩ L^∞_+ (R ) )_N . There exists a unique, nonnegative mild solution f of (1.1) with f ∈ C ( [0, T ]; (L^1(R )^N ) ∩ ( L^∞(R × [0, T ]) )_N

for any T > 0, and Q_i(f) ∈ L^1(R × R_+ ) ) , i = 1, . . . , N. Moreover, if f_0 is of class C^1, then f is of class C^1 in (x, t).

Variants of this theorem are proved by Tartar [26], Beale [2] and Bony [3]. The reader is also referred to [23, 25, 11, 21, 6, 7] for further existence and asymptotic behavior results. Outline of the proof. It is instructive to outline the proof of Theorem 2.5 following the ideas of [3]. One starts with estimates for C^1 solutions, in terms of the L^1-norm μ := ∫ R ∑ j ν_j f_{0j}(x)dx of the data.

Step 1. One first shows using Proposition 3.6 and (3.12) that the transversal terms satisfy the L^1-bound ∫_∞ 0 ∫ R f_m(x, t)f_n(x, t)dxdt ≤ Cμ^2 < ∞ , for m ≠ n. (2.16)

Step 2. Next, it is shown that

B^{jj}_i ≠ 0 implies ∫_∞ 0 ∫ R f^2_j (x, t)dxdt ≤ C(μ + μ^2) < ∞ (2.17)

Suppose that B^{jj}_i ≠ 0 with i ≠ j. Then B^{jj}_i > 0. Consider the balance equation for f_i. If B^{ii}_i = 0 then then by integrating in space-time we conclude (2.17). If B^{ii}_i < 0 then using (1.6) we again conclude (2.17).

Step 3. The previous steps indicate that Q_i(f) ∈ L^1([0, ∞) × R ). Bony [3] uses this fact to establish that solutions f are in L^∞, with an explicit bound depending on the L^1-mass of the data. We refer to [3] for the proof of the estimate. Once these estimates are established for smooth solutions, the existence of mild solutions for data f_0 ∈ L^1 ∩ L^∞ follows by a standard density argument. Uniqueness for mild solutions of class L^∞ is trivial. As weak and mild solutions coincide, uniqueness is inherited for the class of bounded weak solutions. □ Since (1.1) has quadratic nonlinearities it is easy to see that ‖f(·, t) − f̄(·, t)‖_L1_{(R)} ≤ ‖f_0 − f̄_0‖_L1_{(R)} e^{Mt} where M depends on max_k ‖f_k(x, t)‖_L∞_{(R×(0,t))} . Thus the L^∞-bounds imply L^1-stability with a constant depending exponentially in time.

The estimates (2.16)-(2.17) give also information on asymptotic behaviour. By integrating (1.1), we write f_i(y + v_it, t) = f_{i0}(y) + ∫_t 0 Q_i(f)(y + v_is, s)ds (2.18)

If we formally set F_{i∞}(y) := f_{i0}(y) + ∫_∞ 0 Q_i(f)(y + v_is, s)ds, then ‖f_i(· + v_it, t) − F_{i∞}‖_L1_{(R)} ≤ ∫_∞ t ∫ R |Q_i(f)|(y + v_is, s)dyds → 0 as t → ∞ and thus f_i(x, t) → F_{i∞}(x − v_it) in L^1(R ) and a.e. Hence, the leading term in the asymptotic response of f_i is a traveling wave. If the collision model contains the quadratic interaction (i, i) → (j, j^′) then the coefficient B^{ii}_i < 0 and (2.17) implies that ∫_∞ 0 ∫ R f^2_i dxdt < ∞ and F_{i∞}(y) = 0 a.e. In other words, the leading traveling wave in the asymptotic behavior of a field which self-interacts is trivial. We refer to [2, 4, 5, 26, 27] for further results on asymptotic behavior.

3 Lyapunov functionals and uniform L^1 stability estimates

In this section, we construct nonlinear functionals which are equivalent to the L^1 distance and nonincreasing in time. We begin in Section 3.1 with a general discrete velocity Boltzmann equation. Then, in Section 3.2, we specialize to the well-known Broadwell model. In this case, the proposed functional contains only the forward interaction potential and is thus in closer analogy to the spirit of the Glimm and Liu-Yang functionals. In Section 3.3, we take up systems that only have transversal source terms. We allow then for solutions that may be negative and calculate two-point, three-point or multi-point interactions and establish more complicated Lyapunov type functionals.

3.1 General discrete velocity Boltzmann equations We first consider the Cauchy problem for the discrete velocity Boltzmann equation

∂_tf_i + v_i∂_xf_i = ∑ j,k B^{jk}_i f_j f_k , (3.1)

i = 1, . . . , N, under the hypotheses (1.4), (1.4) and (1.5). Using the fact that 1 and v_i are collisional invariants, it follows from (1.5) that ∂_t (_N ∑ n=1 ν_nf_n ) + ∂_x (_N ∑ n=1 v_nν_nf_n ) = 0, (3.2)

∂_t (_N ∑ m=1 (v_m − v_n)ν_mf_m ) + ∂_x (_N ∑ m=1 v_m(v_m − v_n)ν_mf_m ) = 0. (3.3)

Motivated by (3.2) and (3.3), Bony’s functional for (3.1) is defined by Q(t) = ∑ m,n ∫ R ∫ R sgn(y − x)(v_m − v_n)ν_mν_nf_m(x, t)f_n(y, t)dydx,

= ∑ m,n [∫ R ∫ R 1l_{x<y}(v_m − v_n)ν_mν_nf_m(x, t)f_n(y, t)dydx

− ∫ R ∫ R 1l_{x>y}(v_m − v_n)ν_mν_nf_m(x, t)f_n(y, t)dydx ]

=: I + II. (3.4)

From the conservation of mass and the positivity of solutions, it easily follows that |Q(t)| ≤ 2 ( max_{m,n} |v_m − v_n| )( ∫ R ∑ m ν_mf_{0m}(x)dx )_2 < ∞. (3.5)

We note that for m, n such that m > n, I and II denote respectively the forward and backward interaction potentials between the waves traveling with speeds v_m and v_n. By the choice of the weight v_m − v_n, this functional can be negative. For notational simplicity, we suppress from now on the t dependence and write f(x, t) ≡ f(x), Q_n(f)(x, t) ≡ Q_n(x). Define the instantaneous interaction production Λ(f) by

Λ(f)(t) = ∑ m,n, m>n ∫ R ν_mν_nf_m(x)f_n(x)dx, (3.6) The following Proposition shows uniform integrability of the transversal terms of the source.

Proposition 3.6. [3] Assume that (3.1) satisfies (1.4)-(1.5), and let f be a solution emanating from the initial datum f_0. Then Q(t) is non-increasing in time t, i.e., dQ(t) dt ≤ −4v^2_∗Λ(f)(t). where v^2_∗ = min_{m≠n}(v_m − v_n)^2.

Proof. We consider I in (3.4). Recall that

∂_tf_m(x) + v_m∂_xf_m(x) = Q_m(x), (3.7) ∂_tf_n(y) + v_n∂_yf_n(y) = Q_n(y). (3.8)

Then (3.7) and (3.8) give ∂_t ( 1l_{x<y}f_m(x)f_n(y) ) + (v_m∂_x + v_n∂_y) ( 1l_{x<y}f_m(x)f_n(y) ) + (v_m − v_n)δ(x − y)f_m(x)f_n(y) = 1l_{x<y} ( Q_m(x)f_n(y) + f_m(x)Q_n(y)

) (3.9)

and in turn ∂_t ( 1l_{x<y} ∑ m,n (v_m − v_n)ν_mν_nf_m(x)f_n(y) ) + (v_m∂_x + v_n∂_y) ( 1l_{x<y} ∑ m,n (v_m − v_n)ν_mν_nf_m(x)f_n(y) )

+ ∑ m,n (v_m − v_n)^2ν_mν_nδ(x − y)f_m(x)f_n(y) = 1l_{x<y} ∑ m,n (v_m − v_n)ν_mν_n ( Q_m(x)f_n(y) + f_m(x)Q_n(y) ) = 0 (3.10) where we have used that, from (1.5), ∑ m ν_mQ_m(x) = 0 , ∑ m v_mν_mQ_m(x) = 0 . (3.11)

Integrating (3.10) over R × R , we have d dt [ ∑ m,n ∫ R ∫ R 1l_{x<y}(v_m − v_n)ν_mν_nf_m(x)f_n(y)dydx ] = − ∑ m,n ∫ R (v_m − v_n)^2ν_mν_nf_m(x)f_n(x)dx.

The term II is treated in the same way and gives d dt [ − ∑ m,n ∫ R ∫ R 1l_{y<x}(v_m − v_n)ν_mν_nf_m(x)f_n(y)dydx ] = − ∑ m,n ∫ R (v_m − v_n)^2ν_mν_nf_m(x)f_n(x)dx.

Combining the above, we obtain the desired result. □ Remark 3.7. By Proposition 3.6 and (3.5) that the transversal terms are integrable in space-time, that is, for m ≠ n, ∫_∞ 0 ∫_∞ −∞ ν_mν_nf_m(x, t)f_n(x, t)dxdt ≤ C||f_0||^2_L1_{(R)} < ∞, for some C > 0. (3.12)

Next, we study the L^1 stability of mild solutions. Let f and f̄ be two solutions corresponding to initial data f_0(x) and f̄_0(x) respectively. Define the nonlinear functionals L(t) ≡ ∑ m ∫ R ν_m|f_m(x) − f̄_m(x)|dx, Q_d(t) ≡ ∑ m,n ∫ R ∫ R sgn(y − x)(v_m − v_n)ν_mν_n|f_m(x) − f̄_m(x)|(f_n(y) + f̄_n(y)) dxdy, H(t) ≡ L(t) + KQ_d(t) , where the positive constant K > 0 is later appropriately selected. L(t) measures the L^1 distance between f and f̄, while Q_d(t) is a generalization of the Bony functional Q(t). Q_d(t) measures the (forward and backward) interaction potentials between f and |f − f̄| and between f̄ and |f − f̄|. We study the time-variation of these nonlinear functionals. In the calculations there will enter the analogs of the instantaneous interaction production Λ(f)(t) that take the form

Λ_d(f, f̄)(t) = ∑ m,n, m≠n ∫ R ν_mν_n|f_m − f̄_m|(x)(f_n + f̄_n)(x)dx, Λ_s(f, f̄)(t) = ∑ m,n, m≠n ∫ R ν_mB^{nn}_m ( 1 − δ_m δ_n ) |f_n − f̄_n|(f_n + f̄_n)

Λ(f, f̄)(t) = Λ_d(f, f̄)(t) + Λ_s(f, f̄)(t).

All these functionals are positive and their role will be clarified in the sequel.

Proposition 3.8. Assume that (3.1) satisfies (1.4) - (1.5). Let f and f̄ be two solutions of (3.1) corresponding to initial data f_0 and f̄_0 with ||f_0||_L1_{(R)} + ||f̄_0||_L1_{(R)} ≪ 1. Then, for an appropriate choice of K, the functional H(t) is equivalent to the L^1 distance between f and f̄ and satisfies dL(t) dt + Λ_s(f, f̄)(t) ≤ C_1Λ_d(f, f̄)(t) dQ_d(t) dt + c_2Λ_d(f, f̄)(t) ≤ C_2 ( ||f||_L1_{(R)} + ||f̄||_L1_{(R)} ) Λ(f, f̄)(t) dH(t) dt ≤ −c_3Λ(f, f̄)(t), (3.13)

where C_1, C_2, c_2 and c_3 are positive constants which are independent of time t.

Proof. We consider the time-evolution of each functional separately. Let f and f̄ be C^1 solutions of compact support corresponding to compactly supported C^1 data f_0(x) and f̄_0(x) respectively. The case of L^1 solutions will follow by a standard density argument.

Step1. Computation of^{dL(t)}_{dt} . Note that f and f̄ satisfy

∂_tf_i + v_i∂_xf_i = Q_i (3.14) ∂_t|f_i − f̄_i| + ∂_xv_i|f_i − f̄_i| = (Q_i − Q̄_i)δ_i (3.15) where we use the notation δ_i(x, t) = sgn(f_i(x, t) − f̄_i(x, t)) . We decompose the terms due to transversal interactions from the terms due to self-interactions,

Q_i = ∑ m≠n B^{mn}_i f_mf_n + ∑ n B^{nn}_i f^2_n ,

and use (1.4) to write

(Q_i − Q̄_i)δ_i = ∑ m,n,m≠n B^{mn}_i δ_i δ_m |f_m − f̄_m|(f_n + f̄_n) + ∑ n B^{nn}_i δ_i δ_n |f_n − f̄_n|(f_n + f̄_n). (3.16)

We note the identity ∑ i ∑ n ν_iB^{nn}_i δ_i δ_n |f_n − f̄_n|(f_n + f̄_n) = ∑ i,n, i≠n ν_iB^{nn}_i δ_i δ_n |f_n − f̄_n|(f_n + f̄_n) + ∑ n ν_nB^{nn}_n |f_n − f̄_n|(f_n + f̄_n)

= ∑ i,n, i≠n ν_iB^{nn}_i δ_i δ_n |f_n − f̄_n|(f_n + f̄_n) − ∑ n ∑ i, i≠n ν_iB^{nn}_i |f_n − f̄_n|(f_n + f̄_n)

= ∑ i,n, i≠n ν_iB^{nn}_i ( δ_i δ_n − 1 ) |f_n − f̄_n|(f_n + f̄_n) ≤ 0.

(3.17)

which follows from conservation of mass (1.5)_1 in the form ν_nB^{nn}_n = − ∑ i, i≠n νiB nn i , and the fact that B^{nn}_i ≥ 0 for i ≠ n.

From (3.15) - (3.17) we obtain ∂_t ∑ i ν_i|f_i − f̄_i| + ∂_x ∑ i ν_iv_i|f_i − f̄_i| + ∑ n,i, n≠i ν_iB^{nn}_i ( 1 − δ_i δ_n ) |f_n − f̄_n|(f_n + f̄_n)

= ∑ i ∑ m,n,m≠n ν_iB^{mn}_i δ_i δ_m |f_m − f̄_m|(f_n + f̄_n)

(3.18)

and, in turn, dL(t) dt + Λ_s(f, f̄)(t) ≤ C_1Λ_d(f, f̄)(t), (3.19)

for some positive constant C_1.

Step2. Calculation of^{dQd(t)}_{dt} . From (3.14) and (3.15), we obtain ∂_t ( 1l_{x<y}|f_m − f̄_m|(x)f_n(y) ) + ( v_m∂_x + v_n∂_y )( 1l_{x<y}|f_m − f̄_m|(x)f_n(y) ) + (v_m − v_n)δ(x − y)|f_m − f̄_m|(x)f_n(y) = 1l_{x<y} [ (Q_m − Q̄_m)(x)δ_m(x)f_n(y) + |f_m − f̄_m|(x)Q_n(y) ] (3.20) and ∂_t ( ∑ m,n (v_m − v_n)ν_mν_n1l_{x<y}|f_m − f̄_m|(x)(f_n + f̄_n)(y) )

+ ∑ m,n (v_m − v_n)ν_mν_n ( v_m∂_x + v_n∂_y )( 1l_{x<y}|f_m − f̄_m|(x)(f_n + f̄_n)(y) )

+ ∑ m,n (v_m − v_n)^2ν_mν_nδ(x − y)|f_m − f̄_m|(x)(f_n + f̄_n)(y) = 1l_{x<y} ∑ m,n (v_m − v_n)ν_mν_n(Q_m − Q̄_m)(x)δ_m(x)(f_n + f̄_n)(y) + 1l_{x<y} ∑ m,n (v_m − v_n)ν_mν_n|f_m − f̄_m|(x) ( Q_n(y) + Q̄_n(y) )

(3.21)

The last term in (3.21) vanishes, due to the conservation of mass and momentum (3.11).

To estimate the first term in the right hand side of (3.21), we note that, from (3.16), ∑ i (v_i − v_j )ν_iν_j (Q_i − Q̄_i)δ_i = ∑ i (v_i − v_j )ν_iν_j ∑ m,n,m≠n B^{mn}_i δ_i δ_m |f_m − f̄_m|(f_n + f̄_n)

+ ∑ i (v_i − v_j )ν_iν_j ∑ n B^{nn}_i δ_i δ_n |f_n − f̄_n|(f_n + f̄_n) , (3.22)

and that, as in (3.17) but using now both conservations of mass and momentum in (1.5), ∑ i (v_i − v_j )ν_iν_j ∑ n B^{nn}_i δ_i δ_n |f_n − f̄_n|(f_n + f̄_n) = ∑ i,n, i≠n (v_i − v_j )ν_iν_jB^{nn}_i ( δ_i δ_n − 1 ) |f_n − f̄_n|(f_n + f̄_n). (3.23)

Note that B^{nn}_i ≥ 0 for i ≠ n and that (_{δi} δ_n − 1 ) ≤ 0. We can now estimate (3.21) as d dt (∫ R ∫ R 1l_{x<y} ∑ m,n (v_m − v_n)ν_mν_n|f_m − f̄_m|(x)(f_n + f̄_n)(y) dxdy ) + v^2_∗Λ_d(f, f̄)(t) ≤ ∫ R ∫ R 1l_{x<y} ∑ n (f_n + f̄_n)(y) ∑ m (v_m − v_n)ν_mν_n [ (Q_m − Q̄_m)(x)δ_m(x) ]

≤ C_2||f + f̄||_L1_{(R)} ( Λ_s(f, f̄)(t) + Λ_d(f, f̄)(t) ) .

(3.24)

We conclude, by using similar estimations for the remaining part of Q_d(t), that dQ_d(t) dt + 2v^2_∗Λ_d(f, f̄)(t) ≤ C_2 ( ||f||_L1_{(R)} + ||f̄||_L1_{(R)} ) Λ(f, f̄)(t) , (3.25)

where v^2_∗ = min_{m≠n}(v_m − v_n)^2.

Step 3. Calculation of^{dH(t)}_{dt} By the definition of H(t), H(t) = ∑ m ∫ R ν_m|f_m(x) − f̄_m(x)| [ 1 + K(v_n − v_m) ∫_x −∞ ν_n(f_n(y) + f̄_n(y))dy

− K(v_n − v_m) ∫_∞ x ν_n(f_n(y) + f̄_n(y))dy ] dx. Therefore, if KC_3 ( ||f||_L1_{(R)} + ||f̄||_L1_{(R)} ) < 1 (3.26)

where C_3 := max_{m,n} ν_n|v_m − v_n|, then there exists M > 0 such that 1 M L(t) ≤ H(t) ≤ ML(t), and H(t) is equivalent to the L^1-distance L(t).

On the other hand, from (3.19) and (3.25), we have dH(t) dt = dL(t) dt + K dQ_d(t) dt ≤ ( − 1 + KC_2 ( ||f||_L1_{(R)} + ||f̄||_L1_{(R)} )) Λ_s(f, f̄)(t) + ( − 2v^2_∗K + KC_2 ( ||f||_L1_{(R)} + ||f̄||_L1_{(R)} ) + C_1 ) Λ_d(f, f̄)(t) (3.27)

If the L^1 mass of the two solutions is sufficiently small, ||f||_L1_{(R)} + ||f̄||_L1_{(R)} < 2v^2_∗ C_1 max{C_2, C_3}

< 2v^2_∗ , (3.28)

then K can be selected in the nonempty interval C_1 2v^2_∗ − (||f||_L1_{(R)} + ||f̄||_L1_{(R)} ) < K < 1 max{C_2, C_3}(||f||_L1_{(R)} + ||f̄||_L1_{(R)} )

. (3.29)

Then (3.26) is fulfilled and there exists a (possibly small) positive constant c_3 so that, for the above choice of K, dH(t) dt ≤ −c_3Λ(f, f̄)(t). □ From Proposition 3.8, we obtain L^1 stability of mild solutions.

Proof of Theorem 1.1 Let f^{(k)}_0 and f̄^{(k)}_0 be C^1-approximations of two given initial data f_0, f̄_0 ∈ L^1 such that

f^{(k)}_0 → f_0, f̄^{(k)}_0 → f̄_0 in L^1(R ) as k → ∞

Then we can construct C^1 solutions f^{(k)}(x, t) and f̄^{(k)}(x, t) corresponding to two smooth initial data f^{(k)}_0 and f̄^{(k)}_0 respectively. It follows that f^k is Cauchy in L^1 and f^{(k)}(x, t) → f(x, t), f̄^{(k)}(x, t) → f(x, t) in L^1(R ) as k → ∞.

Define H(t) = H[f(·, t), f̄(·, t)] ≡ lim_{k→∞} H[f^{(k)}(·, t), f̄^{(k)}(·, t)]. Then by the two key-properties of H(t), we have

||f^{(k)}(·, t) − f̄^{(k)}(·, t)||_L1_{(R)} ≤ C||f^{(k)}_0 (·) − f̄^{(k)}_0 (·)||_L1_{(R)} , for some constant C > 0.

Letting k → ∞, we have ||f(·, t) − f̄(·, t)||_L1_{(R)} ≤ C||f_0(·) − f̄_0(·)||_L1_{(R)} . □ 3.2 The one-dimensional Broadwell model Next, we consider the one-dimensional Broadwell model (1.11). In this case, a variant of Q_d(t) can be defined using only the forward part of the interaction potential. This is in accord with the approach of the Glimm potential, and in contrast to the interaction potential used in the previous subsection for general discrete velocity Boltzmann models.

Let f and f̄ be two solutions of (1.11) which for the time are taken to be C^1. We use the notation f(x), f(y) for the evaluation of f at the points (x, t), (y, t) respectively; the t dependence is mostly suppressed. From (1.11), we derive the conservations for the partial masses,

∂_t(2f_2 + f_3)(x) + ∂_xf_3(x) = 0. (3.30) ∂_t(f_1 + 2f_2)(y) − ∂_yf_1(y) = 0, (3.31)

In the sequel, we define a potential of interaction functional Q(t) in the form Q(t) ≡ ∫ R^2

1_{x<y}[2f_2(x) + f_3(x)][f_1(y) + 2f_2(y)]dydx,

The definition is motivated in the following lemma, which appears in Tartar [27] and is there attributed to Varadhan.

Proposition 3.9. Along solutions f of (1.11), we have dQ(t) dt = −2 ∫ R ( f_1f_3 + f_1f_2 + f_2f_3 ) (x, t) dx. Proof. We multiply (3.30) by (f_1 + 2f_2)(y) and (3.31) by (2f_2 + f_3)(x). Adding and multiplying the resulting identity by 1_{x<y}, we arrive at the identity ∂_t [ (f_1 + 2f_2)(y) (2f_2 + f_3)(x) 1_{x<y} ] +div_{(x,y)} [( f_3(x)(f_1 + 2f_2)(y), −(2f_2 + f_3)(x)f_1(y) ) 1_{x<y} ]

+δ(x − y) ( f_3(x)(f_1 + 2f_2)(y) + f_1(y)(2f_2 + f_3)(x) ) = 0 The last term is positive and provides some decay by dispersion. Integrating the above equation over R^2, we obtain dQ(t) dt = −2 ∫ R [f_1(x)f_3(x) + f_1(x)f_2(x) + f_2(x)f_3(x)]dx.

Next, we define certain nonlinear functionals: L(t) ≡ ∫ R ( |f_1 − f̄_1| + 4|f_2 − f̄_2| + |f_3 − f̄_3| ) (x)dx, Q_d(t) ≡ ∫ R^2 1_{x<y} (( 2f_2 + 2f̄_2 + f_3 + f̄_3 ) (x) ( |f_1 − f̄_1| + 2|f_2 − f̄_2| ) (y) ) dxdy + ∫ R^2 1_{x<y} (( 2|f_2 − f̄_2| + |f_3 − f̄_3| ) (x) ( f_1 + f̄_1 + 2f_2 + 2f̄_2 ) (y) ) dxdy, H(t) ≡ L(t) + KQ_d(t), where K is positive constant to be determined later. We also define the instantaneous interaction productions as follows.

Λ(f, f̄)(t) = Λ_s(f, f̄)(t) + Λ_d(f, f̄)(t), (3.32) Λ_s(f, f̄) ≡ ∫ R ( 2 − δ_1(x) δ_2(x) − δ_3(x) δ_2(x) ) |f_2(x) − f̄_2(x)|(f_2(x) + f̄_2(x))dx, (3.33) Λ_d(f, f̄)(t) ≡ ∫ R 3∑ m=1 |f_m(x) − f̄_m(x)| ∑ n≠m (f_n(x) + f̄_n(x))dx. (3.34)

The above functionals are all positive and for positive L^1-solutions H(t) is equivalent to the L^1 distance between f and f̄. Furthermore, L(t) denotes the weighted L^1 distance while Q_d(t) represents the potential of interaction between particles.

Next, we study the time-evolution of L and Q_d.

Lemma 3.10. Let f and f̄ be two solutions of (1.11) corresponding to initial data f^0 and f̄^0 with ||f^0 + f̄^0|| < 2. Then K can be selected so that the functionals satisfy the Lyapunov type estimates: dL(t) dt ≤ −Λ_s(f, f̄)(t) + Λ_d(f, f̄)(t), dQ_d(t) dt ≤ (−2 + ||f + f̄||)Λ_d(f, f̄)(t), dH(t) dt ≤ −C_1Λ(f, f̄)(t), where C_1 is a positive constant independent of time t.

Proof. First, we derive the equations for the differences |f_i(x, t) − f̄_i(x, t)|, 1 ≤ i ≤ 3, in the form

∂_t|f_1 − f̄_1| − ∂_x|f_1 − f̄_1| = δ_1 δ_2

|f_2 − f̄_2|(f_2 + f̄_2) − |f_1 − f̄_1| f_3 + f̄_3 2 − δ_1 δ_3

|f_3 − f̄_3| f_1 + f̄_1 2 , ∂_t|f_2 − f̄_2| = − 1 2 |f_2 − f̄_2|(f_2 + f̄_2) + δ_2 2δ_1

|f_1 − f̄_1| f_3 + f̄_3 2 + δ_2 2δ_3

|f_3 − f̄_3| f_1 + f̄_1 2 ∂_t|f_3 − f̄_3| + ∂_x|f_3 − f̄_3| = δ_3 δ_2

|f_2 − f̄_2|(f_2 + f̄_2) − δ_3 δ_1

|f_1 − f̄_1| f_3 + f̄_3 2 −|f_3 − f̄_3| f_1 + f̄_1 2 . (3.35)

Step 1. We consider the functionals separately. From (3.35) we have ∂_t ( |f_1 − f̄_1| + 4|f_2 − f̄_2| + |f_3 − f̄_3| ) + ∂_x ( |f_3 − f̄_3| − |f_1 − f̄_1| )

+ ( 2 − δ_1 δ_2 − δ_3 δ_2 ) |f_2 − f̄_2|(f_2 + f̄_2) = ( 2 δ_2 δ_1 − δ_3 δ_1 − 1 ) |f_1 − f̄_1| f_3 + f̄_3 2 + ( 2 δ_2 δ_3 − δ_1 δ_3 − 1 ) |f_3 − f̄_3| f_1 + f̄_1 2 (3.36)

By the definitions of L, Λ_s and Λ_d, we have dL(t) dt ≤ −Λ_s(f, f̄)(t) + ∫ R |f_1 − f̄_1|(f_3 + f̄_3) + |f_3 − f̄_3|(f_1 + f̄_1) dx

≤ −Λ_s(f, f̄)(t) + Λ_d(f, f̄)(t) . (3.37)

Step 2. By a direct yet cumbersome calculation, we obtain from (3.30), (3.31) and (3.35) the identity dQ_d(t) dt = −2 ∫ R 3∑ m=1 |f_m − f̄_m|(x) ∑ n≠m (f_n + f̄_n)(x) dx

+ ∫ R^2 1_{x<y} ( δ_1 δ_2

(y) − 1 ) (f_2 + f̄_2)(y)|f_2 − f̄_2|(y)|(f_3 + f̄_3)(x) dxdy + ∫ R^2 21_{x<y} ( δ_1 δ_2

(y) − 1 ) (f_2 + f̄_2)(y)|f_2 − f̄_2|(y)(f_2 + f̄_2)(x) dxdy + ∫ R^2 1_{x<y} ( δ_3 δ_2

(x) − 1 ) (f_2 + f̄_2)(x)|f_2 − f̄_2|(x)|(f_1 + f̄_1)(y) dxdy + ∫ R^2 21_{x<y} ( δ_3 δ_2

(x) − 1 ) (f_2 + f̄_2)(x)|f_2 − f̄_2|(x)|(f_2 + f̄_2)(y) dxdy + ∫ R^2 1_{x<y} ( δ_2 δ_1

(y) − 1 ) f_3 + f̄_3 2 (y)|f_1 − f̄_1|(y)(f_3 + f̄_3)(x) dxdy

+ ∫ R^2 1_{x<y} ( δ_2 δ_1

(y) − 1 ) (f_3 + f̄_3)(y)|f_1 − f̄_1|(y)(f_2 + f̄_2)(x) dxdy + ∫ R^2 1_{x<y} ( δ_2 δ_1 (x) − δ_3 δ_1 (x) ) f_3 + f̄_3 2 (x)|f_1 − f̄_1|(x)(f_1 + f̄_1)(y) dxdy + ∫ R^2 1_{x<y} ( δ_2 δ_1 (x) − δ_3 δ_1 (x) ) (f_3 + f̄_3)(x)|f_1 − f̄_1|(x)(f_2 + f̄_2)(y) dxdy + ∫ R^2 1_{x<y} ( δ_2 δ_3

(x) − 1 ) f_1 + f̄_1 2 (x)|f_3 − f̄_3|(x)(f_1 + f̄_1)(y) dxdy + ∫ R^2 1_{x<y} ( δ_2 δ_3

(x) − 1 ) (f_1 + f̄_1)(x)|f_3 − f̄_3|(x)(f_2 + f̄_2)(y) dxdy + ∫ R^2 1_{x<y} ( δ_2 δ_3 (y) − δ_1 δ_3 (y) ) f_1 + f̄_1 2 (y)|f_3 − f̄_3|(y)(f_3 + f̄_3)(x) dxdy + ∫ R^2 1_{x<y} ( δ_2 δ_3 (y) − δ_1 δ_3 (y) ) (f_1 + f̄_1)(y)|f_3 − f̄_3|(y)(f_2 + f̄_2)(x) dxdy ≤ −2 ∫ R 3∑ m=1 |f_m − f̄_m|(x) ∑ n≠m (f_n + f̄_n)(x) + ( ||f_1 + f̄_1||_L1_{(R)} + 2||f_2 + f̄_2||_L1_{(R)} ) ∫ R (f_3 + f̄_3)(x)|f_1 − f̄_1|(x)dx + ( 2||f_2 + f̄_2||_L1_{(R)} + ||f_3 + f̄_3||_L1_{(R)} ) ∫ R (f_1 + f̄_1)(x)|f_3 − f̄_3|(x)dx ≤ (−2 + ||f + f̄||)Λ_d(f, f̄)(t). Step 3. By the definition of H, we have dH(t) dt = dL(t) dt + K dQ_d(t) dt ≤ −Λ_s(f, f̄)(t) + [1 + K(−2 + ||f + f̄||)]Λ_d(f, f̄)(t). Since ||f + f̄|| < 2, we can choose K sufficiently large so that 1 + K(−2 + ||f + f̄||) < 0. We then have dH(t) dt ≤ −C_1Λ(f, f̄)(t), where C_1 is a positive constant independent of time t. □ Proceeding as in the proof of Theorem 1.1, we have from Lemma 3.10 the following L^1 stability estimate.

Theorem 3.11. Let f and f̄ be two mild solutions of (1.11) subject to the hypotheses of Lemma 3.10. Then we have the uniform L^1 stability estimate ∫ R ( |f_1 − f̄_1| + 4|f_2 − f̄_2| + |f_3 − f̄_3| ) (x, t)dx ≤ C ∫ R ( |f^0_1 − f̄^0_1 | + 4|f^0_2 − f̄^0_2 | + |f^0_3 − f̄^0_3 | ) (x)dx , where C is a constant independent of time t.

3.3 Systems with transversal source terms In this subsection, we consider the semilinear hyperbolic system ∂_tf_i + ∂_x(v_i(x, t)f_i) = ∑ j,k, j≠k B^{jk}_i (x, t)f_jf_k (3.38) f_i(x, 0) = f_{i0}(x), (x, t) ∈ R × R_+ , i = 1, · · · , N. We do not assume any conservation laws and any nonnegativity for the initial data but only the transversality of the source. We also admit variable wave speeds v_i = v_i(x, t) and variable interaction coefficients B^{jk}_i = B^{jk}_i (x, t). The assumptions (1.4)-(1.6) are replaced by

1. The interaction coefficients B^{jk}_i are bounded and only transversal terms enter the interaction: |B^{jk}_i (x, t)| ≤ B^∗, for some constantB^∗ , B^{kk}_i = 0 , for all i, k .

(3.39)

2. The wave speeds are globally separated, v_1(x, t) < v_2(x, t) < · · · < v_N (x, t) , with v_∗ := min_{i>j} sup_{x∈R , t>0} ( v_i(x, t) − v_j (x, t) ) > 0 . (3.40)

Throughout, we suppress the t-dependence and write f(x) ≡ f(x, t), v_i(x) ≡ v_i(x, t) and so on. The equation for |f_i| is ∂_t|f_i| + ∂_x(v_i|f_i|) = Q̃_i(f) = Q_i(f)sgnf_i = ∑ j≠k B^{jk}_i f_j f_k sgnf_i . (3.41)

Define the nonlinear functionals L(f)(t) ≡ ∑ m ∫ R |f_m(x, t)|dx = ||f(·, t)||_L1_{(R)} , (3.42) Q(f)(t) ≡ ∑ m>n ∫ R ∫ R 1l_{x<y}|f_m(x, t)||f_n(y, t)| dxdy , (3.43) F (f)(t) ≡ L(f)(t) + MQ(f)(t), (3.44) and the instanteneous interaction production Λ(f)(t) = ∑ m>n ∫ R |f_m(x, t)||f_n(x, t)|dx . (3.45) We study the evolution of these functionals for data f_0 with sufficiently small L^1-norm.

Proposition 3.12. Let (3.38) satisfy the structural hypotheses (3.39)-(3.40) and f be a mild solution. Then (i) f satisfies the inequalities dL(t) dt ≤ bΛ(t) , dQ(t) dt + v_∗Λ(t) ≤ bΛ(t)L(t) where b is a (generic) constant depending on B^∗ and N. (ii) There exist constants M (large) and ϵ (small) so that if f_0 satisfies

L(0) = ||f_0||_L1_{(R)} < ϵ, and F (0) = L(0) + MQ(0) < ϵ , (3.46)

then d dt ( L + MQ ) (t) ≤ −bΛ(t) , L(t) ≤ ϵ . (3.47) Proof. It follows from (3.41) that L(t) satisfies dL(t) dt ≤ bΛ(t). (3.48)

Consider now Q(t). The equations for f_m(x) and f_n(y) read ∂_t|f_m|(x) + ∂_x(v_m|f_m|)(x) = ∑ j,k B^{jk}_m (f_j f_k)(x)sgnf_m(x), (3.49) ∂_t|f_n|(y) + ∂_y(v_n|f_n|)(y) = ∑ j,k B^{jk}_n (f_j f_k)(y)sgnf_n(y) . (3.50)

If we multiply (3.49) by |f_n(y)|, (3.50) by |f_m(x)|, add the identities, and multiply the result by 1l_{x<y}, we obtain ∂_t ( 1l_{x<y}|f_m(x)||f_n(y)| ) + div_{(x,y)} ( (v_m(x), v_n(y)) 1l_{x<y}|f_m(x)||f_n(y)| ) + δ(y − x) ( v_m(x) − v_n(y) ) |f_m(x)||f_n(y)| ≤ b1l_{x<y} |f_n(y)| ∑ j>k |f_j (x)||f_k(x)| + |f_m(x)| ∑ j>k |f_j (y)||f_k(y)|

This identity is integrated over R^2 and we add the contributions for the velocities with m > n. We then obtain dQ(t) dt + v_∗Λ(t) ≤ bΛ(t)L(t) (3.51)

Note that (3.48) and (3.51) give dF (t) dt = d dt ( L + MQ ) ≤ Λ(t) ( b − M(v_∗ − bL(t)) ) . Select now ϵ <^{v∗}_{2b} and M >^{4b}_{v∗} and let f_0 satisfy (3.46). For the solution f define

T := sup_{t>0} { L(s) < ϵ for s ∈ (0, t) }

Clearly, T > 0. Moreover, for t ∈ (0, T ) we have L(t) < ϵ and v_∗ − bL(t) >^{v∗}_2 . This implies that F satisfies the differential inequality dF (t) dt ≤ −bΛ(t) , and that for t ∈ [0, T ] L(t) ≤ ( L + MQ ) (t) ≤ ( L + MQ ) (0) < ϵ . We conclude that T = ∞ and the inequalities follow. □

From the perspective of kinetic theory, (3.51) is interpreted as describing the evolution of a two-point distribution function. Analogous differential inequalities appear for the three-point or multi-point distribution functions. For a triplet of wave speeds v_k > v_m > v_n define the triple interaction potential

T_3(t) := ∑ k,m,n, k>m>n ∫ R^3 1l_{x<y}1l_{y<z}|f_k|(x, t)|f_m|(y, t)|f_n|(z, t) dxdydz . (3.52) More generally, for an n-tuple index (k_1, · · · , k_n) with (k_1 > k_2 > · · · > k_n), we define the multiple interaction potential M^n(t) by

M_n(t) := ∑ k_1>...>k_n ∫ R^n (^{n−1}∏ i=1 1l_{xi<xi+1} )^n∏ i=1 |f_{ki} (x_i, t)| dx_1 . . . dx_n . (3.53) The evolution of T_3 and M_n obeys respectively d dt T_3(t) + Λ_3(t) ≤ bΛ(t)L^2(t) d dt M_n(t) + Λ_n(t) ≤ bΛ(t)L^{n−1}(t)

(3.54)

where Λ(t) and L(t) as before, b dependes on B_∗ and N, while Λ_n(t) is given by

Λ_n(t) := ∑ k_1>...>k_n ∑ j ∫ R^{n−1} (v_{kj} (x_j ) − v_{kj+1} (x_{j+1})) ( ∏ i≠j 1l_{xi<xi+1} )( f^2_{kj} (x_j) ∏ i, i≠j,j+1 |f_{ki} (x_i)| ) ∏ i≠j dx_i (3.55) We outline the proof of the first inequality in (3.54). Using (3.41) at three distinct points x, y, z, one obtains ( ∂_t + ∂_xv_k(x) + ∂_yv_m(y) + ∂_zv_n(z) )( |f_k(x)||f_m(y)||f_n(z)| )

= ( Q̃_k(x)|f_m(y)f_n(z)| + Q̃_m(y)|f_k(x)f_n(z)| + Q̃_n(z)|f_k(x)f_m(y)| )

whence ( ∂_t + ∂_xv_k(x) + ∂_yv_m(y) + ∂_zv_n(z) )( 1l_{x<y}1l_{y<z}|f_k(x)||f_m(y)||f_n(z)| )

+ ( (v_k(x) − v_m(y))δ(x − y)1l_{y<z} + (v_m(y) − v_n(z))δ(y − z)1l_{x<y} ) |f_k(x)||f_m(y)||f_n(z)|

= 1l_{x<y}1l_{y<z} ( Q̃_k(x)|f_m(y)f_n(z)| + Q̃_m(y)|f_k(x)f_n(z)| + Q̃_n(z)|f_k(x)f_m(y)| )

We sum over the contributions of all velocities v_k > v_m > v_n and integrate over R^3 to arrive at dT^3(t) dt + ∑ k>m>n ∫ y<z (v_k(y) − v_m(y))|f_k(y)f_m(y)||f_n(z)|dydz + ∑ k>m>n ∫ x<y (v_m(y) − v_n(y))|f_k(x)||f_m(y)f_n(y)|dxdy = ∑ k>m>n ∫ {x<y}∩{y<z} Q̃_k(x)|f_m(y)f_n(z)| + Q̃_m(y)|f_k(x)f_n(z)| + Q̃_n(z)|f_k(x)f_m(y)| dxdydz ≤ bΛ(t)(L(t))^2

The second inequality in (3.54) follows from a similar though lengthier computation.

Consider now f, f̄ two mild solutions and define the nonlinear functionals:

L(t) := ∑ m ∫ R |f_m(x) − f̄_m(x)|dx, Q_d(t) := ∑ m>n ∫ {x<y} |f_m − f̄_m|(x) ( |f_n| + |f̄_n| ) (y) + ( |f_m| + |f̄_m| ) (x)|f_n − f̄_n|(y)dxdy, H(t) = L(t) + M_1Q_d(t) + M_2(Q(t) + Q̄(t)) ,

where Q(t), Q̄(t) are the interaction potenials for f and f̄ as in Proposition 3.12, and M_1, M_2 are constants to be selected later.

Proposition 3.13. Let (3.38) satisfy (3.39)-(3.40), and let f, f̄ be two mild solutions emanating from data f_0, f̄_0. Then (i) f, f̄ satisfy the differential inequalities dL(t) dt ≤ b Λ_d(f, f̄)(t), dQ_d(t) dt + v_∗Λ_d(f, f̄)(t) ≤ bΛ_d(f, f̄)(t) ( L(f)(t) + L(f̄)(t) ) + bL(t) ( Λ(f)(t) + Λ(f̄)(t) ) , (3.56)

where b depends on B_∗ and N, Λ is defined in (3.45), and Λ_d is given by

Λ_d(f, f̄)(t) = ∑ k,l, k≠l ∫ R |f_k(x) − f̄_k(x)|(|f_l|(x) + |f̄_l|(x))dx (3.57)

(ii) There are choices of the parameters ϵ (small) and M_1, M_2 (large) such that if the data are selected to satisfy ||f_0||_L1_{(R)} + ||f̄_0||_L1_{(R)} < ϵ ≪ 1, then we have dH(t) dt + v_∗ 2 Λ_d(f, f̄)(t) + c ( Λ(f)(t) + Λ(f̄)(t) ) ≤ 0 , (3.58)

for some constant c > 0.

Proof. Recall that ∂_t|f_m − f̄_m| + ∂_x ( v_m(x)|f_m − f̄_m| ) = ∑ k≠l B^{kl}_m [ (f_k − f̄_k)f_l + (f_l − f̄_l)f̄_k ] δ_m =: R_m (3.59) ∂_t|f_n| + ∂_y(v_n(y)|f_n|) = ∑ k≠l B^{kl}_n f_kf_lsgn(f_n) = Q̃_n(f)(y), (3.60)

∂_t|f̄_n| + ∂_y(v_n(y)|f̄_n|) = ∑ k≠l B^{kl}_n f̄_kf̄_lsgn(f̄_n) = Q̃_n(f̄)(y). (3.61)

We have dL(t) dt = ∑ m ∫ R R_m(x, t)dx ≤ bΛ̄(f, f̄)(t) . (3.62)

Next, consider dQ_d(t) dt . From (3.59), (3.60) and (3.61), we obtain the identity ( ∂_t + ∂_xv_m(x) + ∂_yv_n(y) )( 1l_{x<y}|f_m − f̄_m|(x)(|f_n| + |f̄_n|)(y) ) +(v_m(x) − v_n(y))δ(y − x)|f_m − f̄_m|(x)(|f_n| + |f̄_n|)(x) = 1l_{x<y} ( R_m(x)(|f_n| + |f̄_n|)(y) + |f_m − f̄_m|(x) (~ Q_n(f) + Q̃_n(f̄) ) (y) )

and from here d dt ∫ R^2 1l_{x<y} ∑ m>n ( |f_m − f̄_m|(x)(|f_n| + |f̄_n|)(y) + (|f_m| + |f̄_m|)(x)|f_n − f̄_n|(y) ) dxdy + ∫ R ∑ m>n (v_m(x) − v_n(x)) ( |f_m − f̄_m|(x)(|f_n| + |f̄_n|)(x) + (|f_m| + |f̄_m|)(x)|f_n − f̄_n|(x) ) dx = ∑ m>n ∫ R^2 1l_{x<y} ( R_m(x)(|f_n| + |f̄_n|)(y) + |f_m − f̄_m|(x) (~ Q_n(f) + Q̃_n(f̄) ) (y) + (~ Q_m(f) + Q̃_m(f̄) ) (x)|f_n − f̄_n|(y) + (|f_m| + |f̄_m|)(x)R_n(y) ) dxdy ≤ bΛ_d(f, f̄)(t) ( L(t) + L̄(t) ) + bL(t) ( Λ(t) + Λ̄(t) ) where we used the notation L̄(t) = L(f̄)(t), Q̄(t) = Q(f̄)(t) and Λ̄(t) = Λ(f̄)(t).

Hence, Q_d obeys the differential inequality dQ_d dt + v_∗Λ_d ≤ bΛ_d(L + L̄) + bL(Λ + Λ̄) . (3.63)

Combining with (3.62), we obtain d dt ( L + M_1Q_d ) + M_1 ( v_∗ − b(L + L̄) ) Λ_d ≤ bΛ_d + M_1bL(Λ + Λ̄) . (3.64)

Proposition 3.12 yields d dt ( Q + Q̄ ) + v_∗(Λ + Λ̄) ≤ b(ΛL + Λ̄L̄) (3.65) and that there exists a threshold ϵ_0 such that for ϵ < ϵ_0 and for ‖f_0‖_L1 , ‖f̄_0‖_L1 sufficiently small we have (L + MQ)(t) and (L̄ + MQ̄)(t) are decreasing in time and L(t), L̄(t) < ϵ. From (3.64) and (3.65) we deduce d dt ( L + M_1Q_d + M_2(Q + Q̄) ) + M_1 ( v_∗ − b(L + L̄) ) Λ_d + M_2 ( v_∗ − b(L + L̄) ) (Λ + Λ̄) ≤ bΛ_d(L + L̄) + M_1bL(Λ + Λ̄) .

(3.66)

Since L + L̄ < 2ϵ, by selecting ϵ even smaller (if necessary) and M_1, M_2 sufficiently large we have d dt ( L + M_1Q_d + M_2(Q + Q̄) ) + v_∗ 2 Λ_d + c(Λ + Λ̄) ≤ 0

for some constant c > 0. □

Acknowledgment We thank Marshall Slemrod for various helpful discussions. SYH is partially supported by the National Science Foundation. AET is partially supported by the National Science Foundation, the European Union-IHP project HYKE, and a Marie Curie Fellowship.

References

[1] Beale, J.-T., Large-time behavior of the Broadwell model of a discrete velocity gas, Comm.

Math. Phys., 102 (1985), 217-235.

[2] Beale, J.-T., Large-time behavior of discrete velocity Boltzmann equations, Comm. Math.

Phys., 106 (1986), no. 4, 659-678.

[3] Bony, J.-M., Solutions globales bornées pour les modèles discrets de l’ équation de Boltzmann, en dimension 1 d’espace. Journées ”Équations aux derivées partielles” (Saint Jean de Monts, 1987), Exp. No. XVI, 10 pp., cole Polytech., Palaiseau, 1987.

[4] Bony, J.-M., Existence globale et diffusion en théorie cinétique discrete, In Advances in kinetic theory and continuum mechanics, R. Gatignol and Soubbaramayer eds, Springer-Verlag, (1991), 81-90.

[5] Bony, J.-M., Problème de Cauchy et diffusion à données petites pour les modèles discrets de la cinétique des gaz. Journées ”Équations aux derivées partielles” (Saint Jean de Monts, 1990), Exp. No. I, 12 pp., cole Polytech., Palaiseau, 1990.

[6] Bony, J.-M., Existence globale à données de Cauchy petites pour les modèles discrets de l’équation de Boltzmann. Comm. Partial Differential Equations 16 (1991), 533–545.

[7] Bony, J.-M., Existence globale et diffusion pour les modèles discrets de la cinétique des gaz.

First European Congress of Mathematics, Vol. I (Paris, 1992), 391–410, Progr. Math. 119, Birkhuser, Basel, 1994.

[8] Bose, C., Grzegorrczyk, P. and Illner, R., Asymptotic behavior of one-dimensional discrete velocity models in a slab, Arch. Rational Mech. Anal. 127 (1994), 337-360.

[9] Bressan, A., Liu, T.-P. and Yang, T., L^1 stability estimates for n × n conservation laws, Arch.

Rational Mech. Anal. 149 (1999), 1-22.

[10] Broadwell, J.E., Shock structure in a simple discrete velocity gas, Phys. Fluids 7 (1964), 1243-1247.

[11] Cabannes, H., Solution globale du problème de Cauchy en théorie cinétique discrète. J.

Mécanique 17 (1978), 1-22.

[12] Cercignani, C., A remarkable estimate for the solutions of the Boltzmann equation, Appl.

Math. Lett. 5 (1992), 59-62.

[13] Cercignani, C., Weak solutions of the Boltzmann equation and energy conservation, Appl.

Math. Lett. 8 (1995), 53-59. See also: Errata, Appl. Math. Lett. 8 (1995), no.5, 95-99.

[14] Cercignani, C., Illiner, R., Global weak solutions of the Boltzmann equation in a slab with diffusive boundary conditions, Arch. Rat. Mech. Anal. 134 (1996), 1-16.

[15] Gatignol, R., Théorie Cinétique des Gaz a Répartition Discrète de Vitesses, Lecture Notes in Physics, Vol. 36, Springer-Berlin, Berlin-New York, 1975.

[16] Glimm, J., Solutions in the large for nonlinear hyperbolic systems of equations, Comm. Pure.

Appl. Math. 18 (1965), 697-715.

[17] Hu, J., LeFloch, Ph., L^1 continuous dependence property for systems of conservation laws.

Arch. Ration. Mech. Anal. 151 (2000), 45–93.

[18] Illner, R., Global existence results for discrete velocity models of the Boltzmann equation, J.

Meca. Th. Appl. 1 (1982), 611-622.

[19] Platkowski, T., Illner, R., Discrete velocity models of the Boltzmann equation: a survey on the mathematical aspects of the theory. SIAM Review 30 (1988), 213-255.

[20] Katsoulakis, M., Tzavaras, A., Contractive relaxation systems and the scalar multidimensional conservation law, Comm. Partial Differential Equations 22 (1997), 195-233.

[21] Kawashima, S., Global solution of the initial value problem for a discrete velocity model of the Boltzmann equation, Proc. Japan Acad. 57 (1981), 19-24.

[22] Liu, T.-P., Yang, T., Well posedness theory for hyperbolic conservation laws. Comm. Pure Appl. Math. 52 (1999), 1553-1586.

[23] Nishida, T., Mimura, M., On the Broadwell model of the Boltzmann equation for a simple discrete velocity gas, Proc. Japan. Acad. 50 (1974), 812-817.

[24] Schatzman, M., Continuous Glimm functionals and uniqueness of solutions of the Riemann problem. Indiana Univ. Math. J. 34 (1985), 533-589.

[25] Tartar, L., Existence globale pour un système hyperbolique semi linéaire de la théorie cinétique des gaz. Séminaire Goulaouic-Schwartz (1975/1976), Équations aux dérivées partielles et analyse fonctionnelle, Exp. No. 1, 11 pp. Centre Math., École Polytech., Palaiseau, 1976.

[26] Tartar, L., Some existence theorems for semilinear hyperbolic systems in one space variable, MRC Technical Summary Report, No. 2164. University of Wisconsin-Madison (1980).

[27] Tartar, L. (1987): Oscillations and asymptotic behaviour for two semilinear hyperbolic systems. In Dynamics of infinite-dimensional systems, NATO Adv. Sci. Inst. Ser. F, 37, Springer, Berlin, 341–356.

[28] Tzavaras, A., On the mathematical theory of fluid dynamic limits to conservation laws, In:

Advances in Mathematical Fluid Mechanics , J. Malek, J. Necas and M. Rokyta, eds.; Springer, New York, 2000, pp 192-222.