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Abstract. We are interested in the numerical modelling of the
incompressible Navier-Stokes equations, in two space dimensions.
The approach considered consists in developing semi-discrete finite
element schemes for appropriate relaxation models, which formally
arise as hyperbolic approximations of the Navier-Stokes equations.
Stability properties of the relaxation finite element schemes are de-
rived from estimating suitable modifications of the standard energy
functional, that is suggested by the presence of relaxation terms.
These techniques are also applied to prove error estimates and de-
duce the convergence of relaxation finite element schemes to the
(smooth) solutions of the incompressible Navier-Stokes equations.

1. Introduction

We consider the incompressible Navier-Stokes equations, in two space dimensions,

∂tu + u · ∇u− ν ∆u +∇p = 0 ,

∇ · u = 0 , t ∈ R+ , x ∈ T2,
(1)

which describe the flow of an incompressible fluid with kinematic viscosity ν > 0,
where u(t, x) ∈ R2 and p(t, x) ∈ R are the velocity and the pressure field, respec-
tively. For the sake of simplicity, we assume the fluid moves in a two-dimensional
torus T2 ⊂ R2, to reduce to homogeneous boundary conditions.

We introduce the relaxation approximation of (1) considered in [4], for ε > 0,
{

∂tu
ε +∇ · Uε +∇pε = 0 ,

∂tU
ε + ν

ε ∇uε = − 1
ε (Uε − uε ⊗ uε) ,

∇ · uε = 0 , t ∈ R+ , x ∈ T2,

(2)

which is obtained by singular perturbations of the nonlinear term in (1) through a
supplementary (matrix valued) variable Uε(t, x) ∈ R2 ×R2, or rather, by means of
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diffusive scaling from standard relaxation approximations of the Euler equations,
most in the spirit of [9]. We mention that similar relaxation models are also pro-
posed in [2] for numerical purposes, as reduced discrete velocity kinetic models,
and these approximations are systematically used to study the relaxation limits of
hyperbolic conservation laws (see [6] and [12], for instance).
We recall the one-field equation associated with the relaxation system (2), namely

∂tu
ε + uε · ∇uε − ν ∆uε + ε ∂ttu

ε +∇pε + ε ∂t∇pε = 0 ,

∇ · uε = 0 , t ∈ R+ , x ∈ T2,
(3)

which turns out to be a hyperbolic approximation of the Navier-Stokes equations (1)
with a small dissipative correction (that is viewed as part of a wave operator).
We refer to [4] for the rigorous justification of the convergence, as ε → 0, toward the
incompressible Navier-Stokes equations, by the “modulated energy” method [3].

We deal with a numerical approach to the Navier-Stokes equations (1) based on
standard finite element schemes for the relaxation approximation (3).
Let Th be a (uniformly regular) partition of R2, with characteristic parameter h > 0.
The discrete velocity uh and pressure ph are determined in finite element spaces
denoted by Vh ⊂ H1(T2) and Πh ⊂ L2(T2), respectively. These spaces are assumed
to satisfy typical approximability properties, namely for Vh consisting of piecewise
polynomials (globally continuous) on Th such that

(4) inf
v∈Vh

[ ||u− v||L2 + h ||u− v||H1 ] ≤ C hk ||u||Hk , u ∈ Hk(T2) , k ≥ 2 .

We focus on spatial discretizations of (3), the so-called “semi-discrete schemes” (for
the computational issues, a semi-implicit discretization in time is eventually con-
sidered in [1], for which some analogue of the estimates below can also be proved).
In a first attempt, we only address the question of establishing error estimates for
the velocity field, therefore we introduce the subspace Zh ⊂ Vh of approximate
divergence-free functions, given by

(5) Zh = { v ∈ Vh ; 〈∇ · v , q 〉 = 0 , ∀ q ∈ Πh } ,

where the inner-product 〈. , .〉 is defined for the L2-norm.
According to [5], we take the variational formulation of (3) into account and the

corresponding finite element scheme, for the numerical solution uh ∈ Zh , reads

〈∂tuh , v〉+ 〈N(uh, uh), v〉+ ν 〈∇uh ,∇v〉+ ε 〈∂ttuh , v〉 = 0 , ∀ v ∈ Zh ,(6)

N(uh, uh) = uh · ∇uh +
1
2

(∇ · uh) uh ,(7)

and the modified numerical nonlinear term (7) is introduced to keep the conserva-
tion property 〈N(uh, uh), uh〉 = 0 in the finite element framework (we remark that
the divergence-free constraint holds only weakly in the finite element space Zh).
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2. “Sub-characteristic” Condition and Stability Estimates

The qualitative analysis of finite element schemes is performed by applying similar
techniques as for the corresponding continuous problems (we refer to [7], [8] and [11]
for standard finite element approximations of the Navier-Stokes equations).

To deduce stability properties of (6)-(7), we study an appropriate modification
of the standard L2-energy functional, whose form is suggested by the presence of
the relaxation terms (see [1], [4] and [12], for instance).
Lemma 2.1. Under the following assumption on the numerical solution,

(8) ‖uh‖L∞ ≤
√

2 ν

5 ε
, ∀ t ∈ R+ ,

the relaxation finite element scheme (6)-(7) satisfies the dissipation estimate

(9)
1
2
‖uh + ε ∂tuh‖2L2 +

1
2

ε2 ‖∂tuh‖2L2 + ε ν ‖∇uh‖2L2 ≤ C(u0
h) ,

for some constant C(u0
h) only depending on the approximation of initial data of (1).

Proof. We take v = uh ∈ Zh in (6) to obtain

(10)
1
2

d

dt
‖uh‖2L2 + ν ‖∇uh‖2L2 + ε

d

dt
(∂tuh , uh)− ε ‖∂tuh‖2L2 = 0 .

To estimate the time derivative, we take v = ∂tuh ∈ Zh in (6) and we obtain

(11) ‖∂tuh‖2L2 + 〈N(uh, uh), ∂tuh〉+
1
2

ν
d

dt
‖∇uh‖2L2 +

1
2

ε
d

dt
‖∂tuh‖2L2 = 0 .

Then, we multiply (11) by 2 ε (as a correction by lower order effects) and we combine
with (10), rearranging the resulting equality as follows,

1
2

d

dt
‖uh + ε ∂tuh‖2L2 +

1
2

ε2 d

dt
‖∂tuh‖2L2 + ε ν

d

dt
‖∇uh‖2L2

= − ν ‖∇uh‖2L2 − ε ‖∂tuh‖2L2 − 2 ε 〈N(uh, uh), ∂tuh〉
= − ε ‖∂tuh + N(uh, uh)‖2L2 − ν ‖∇uh‖2L2 + ε ‖N(uh, uh)‖2L2 .

(12)

Recalling (7), the last two terms of (12) are bounded as follows,

(13) − ν ‖∇uh‖2L2 + ε ‖N(uh, uh)‖2L2 ≤ −
(

ν − 5
2

ε ‖uh‖2L∞
)
‖∇uh‖2L2 .

The result (9) is thus achieved, after integrating (12) with respect to time, by using
the uniform bound (8) to conclude the estimate of (13). ¤

We remark that the a priori L∞-bound (8) is equivalent to the “sub-characteristic
condition” required in [1] to derive stability estimates for relaxation finite element
approximations of hyperbolic conservation laws, that reveals the regularization role
of the wave operator in (3).
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The “sub-characteristic condition” in (8) is actually satisfied for the relaxation
finite element scheme (6)-(7), because of some “inverse-inequalities” which hold in
the finite element spaces, namely, in two space dimensions,

(14) ‖uh‖L∞ ≤ C h−1‖uh‖L2 , ∀ t ∈ R+ .

Such inequalities, obviously degenerate with respect to the characteristic parame-
ter h, are proved for several classes of finite element spaces (refer to [5] and [7], for
instance), also including the framework (5).
Therefore, it follows from (14) that a sufficient condition for (8) to be satisfied is

(15) ‖uh‖L2 ≤ C h

√
2 ν

5 ε
, ∀ t ∈ R+ ,

that is guaranteed by the stability estimate (9), provided that (15) holds for an
approximation of the initial data of (1), and with (at least) ε = O(h2) as the ratio
between the diffusion parameters.

3. Error Estimate for the Velocity

We consider standard arguments to derive error estimates for finite element schemes.
According to [7], the technique is based on splitting the error between the solution
to the Navier-Stokes equations (1) and the numerical solution obtained by applying
the relaxation finite element scheme (6)-(7) into two parts, as follows,

(16) u− uh = (u− Phu) + (Phu− uh) ,

where Ph is some appropriate projection operator into the finite element space (5).
The consistency error η(u) = (u−Phu) is interpreted in terms of approximability

properties of the finite element spaces, according to the definition of Phu ∈ Zh.
In a first attempt, we introduce the “elliptic projection” associated with the linear
stationary part of the Navier-Stokes equations (1), namely

(17) 〈∇Phu ,∇v〉 = 〈∇u ,∇v〉 , ∀ v ∈ Zh ,

for which some analogue of (4) in the framework (5) also holds (see [5], for instance).
We thus deduce that

(18) ‖η(u)‖L2 ≤ C hk ||u||Hk , u ∈ Hk(T2) , k ≥ 2 .

Taking the variational formulation of (1) and (6) into account, together with (17),
we establish a variational equation for the stability error ξ(u, uh) = (Phu−uh) ∈ Zh

in (16), namely

〈∂tξ , v〉+ 〈u · ∇u−N(uh, uh) , v〉+ ν 〈∇ξ ,∇v〉+ ε 〈∂ttξ, v〉
= −〈∂tη , φ〉+ ε 〈∂ttPhu , φ〉 − 〈∇p, v〉 , ∀ v ∈ Zh .

(19)

We make similar computations as for the proof of the L2-stability estimate (9) in
Lemma 2.1 and, in the right-hand side of (19), we use the consistency properties (18)
of the elliptic projection, to deduce the following convergence result.
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Theorem 3.1. Under the assumption (8) on the numerical solution, the relaxation
finite element scheme (6)-(7) satisfies the following error estimate, for k ≥ 2,

(20) ‖u− uh‖L2 ≤ C exp
(

1
ν

)
hk , ∀ t ∈ R+ ,

with some constant C depending on smoothness properties of the solution to (1).
We remark that is the treatment of the incompressibility condition which leads

to the singular dependence of the error constants in (20) with respect to the dif-
fusion parameters. That issue is particular important in the numerical analysis
of the incompressible Navier-Stokes equations, as the question of dealing with the
divergence-free condition rigorously is still an open problem.
The main idea of relaxation finite element schemes for the incompressible Navier-
Stokes equations is to achieve stability also in the limit of small viscosity, when the
transport terms become dominant and we recover the framework of hyperbolic con-
servation laws (we actually consider relaxation approximations of the incompressible
Euler equations), for which these techniques have been successfully applied in [1].
In that sense, further works are in progress for some different relaxation models
(see [6], for instance).

We refer to [10] for the details of the proof of Theorem (3.1) and the more general
statement of the subjects covered in these notes.
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