FINITE VOLUME RELAXATION SCHEMES FOR
MULTIDIMENSIONAL CONSERVATION LAWS

THEODOROS KATSAOUNIS AND CHARALAMBOS MAKRIDAKIS

ABSTRACT. We consider semidiscrete and fully discrete finite volume relaxation schemes for multidi-
mensional scalar conservation laws. These schemes are constructed by appropriate discretization of a
relaxation system and it is shown to converge to the entropy solution of the conservation law with a
rate of h1/4 in L>°([0,T], L1 (RY)).

loc

1. INTRODUCTION

In this paper we consider a class of finite volume schemes approximating the scalar multidimen-
sional conservation law, whose construction is motivated by discretizing the relaxation system

1 d

(1.1) O + divAw® = - X;Gi(wg,zf), r € RY
1=
1
(1.2) Oz +divB;z; = —G;(w®,z7), i=1,...,d, x € R,
3

in variables (w, Z) with Z = (z1,...,24). The constant vectors A, B;,i = 1,...,d and the smooth
functions G; : R x R — R satisfy certain structural assumptions, cf. Section 2. The system (1.1-2)
is considered with initial data we(z,0) = w§(z), Z%(z,0) = Z§(x), x € R%. Contractive relaxation
systems of the form (1.1-2) were introduced and analyzed in Katsoulakis and Tzavaras [KT1], and
it was shown under certain assumptions that as € — 0 their solution is associated to the unique
entropy solution of the conservation law,

(1.3) Ou+divF(u) =0, z€RYt>0, wu(z,0)=uo(z) € L'(RY) N L®RY).

Here, for a given conservation law (1.3), we appropriately select A, B;,i = 1,...,d and the
functions G;, and we discretize (1.1-2) by semidisctere and fully discrete finite volume schemes.
The approximations emanating from these schemes are shown to converge to the entropy solution

of (1.3) with a rate of A'/4 in L>°([0,T], L] (R%)).

loc

2. PRELIMINARIES — RELAXATION SCHEMES

We assume that for a given conservation law (1.3) we select the vectors A, B;,i = 1,...,d, and
the functions G; such that,

(A1) G;(-, z;) is strictly decreasing in w for fixed z;,

G;(w,-) is strictly decreasing in z; for fixed w,
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and that there exist functions h; : R — R,
h; strictly decreasing, h;(0) = 0, lil’:{:l hi(w) = Foo,

(A.2)
Gi(w, hi(w)) =0, G4(0,0) =0, w € R.

Given R*® = [a, b] x Hle[hi(b), hi(a)], there exists a ¢ = o(a,b) > 0 such that
(A.3) 1Gi(w, z)| > o|hi(w) — 2| for (w, Z) € R*?,

and finally, if F' is the flux of the conservation law (1.3), h; should satisfy

(A.4) .
ifn:v—Zhi(v), veR.
i=1

Note that as a consequence of (A.1-3) there hold

(hl(w) — zi)Gi(w,zi) > 0,

(A.3)
|Gi(w, z)| < o' |hi(w) — 2| for (w, Z) € R*®, where ¢’ = o’(a,b) > 0.

Lemma 4.1 of [KT1] shows that it is indeed possible to construct such functions, e.g. when
A= (wiVh,...,wqgVy), Vi > 0,w; >0 B; = (0,...,—V;,...,0), and G;(w,z;) = h;(w) — z;, and
Vi, w; are chosen to satisfy certain sub-characteristic conditions, cf., [KT1], [CLL] and [JX]. In this
case and for d = 1 the relaxation system (1.1) is equivalent to the one proposed by Jin and Xin
[JX] and analyzed by Natalini [N1]. The convergence properties of (1.1) for d > 1 were investigated
in [KT1]. In [N2] an alternative relaxation system was proposed and analyzed.

Assumptions (A.2) and (A.4) provide a (formal) reasoning on the relationship of (1.1-2) and
(1.3). Indeed (1.1-2) imply that

d

(2.1) at(w‘szZf)eriv(Aws—ZBﬂf) =0.
1=1 i=1
As € — 0 we expect that the local equilibrium, z; = h;(w), i = 1,...,d, will be enforced and

therefore, in view of (A.4), the limiting dynamics of the relaxation system will be described by the
weak solutions of (1.3), cf. [KT1]. For small e, w® — Z?:l z¢ will provide an approximation to the
solution u of (1.3). Based on this observation one can construct approximating schemes to (1.3) by
discretizing the relaxation system. The corresponding schemes are then called relaxation schemes.

Finite difference relaxation schemes were presented in a systematic way by Jin and Xin [JX].
Finite difference relaxation schemes based on the system (1.1) were proposed and analyzed in
[KKM]. It was shown that these schemes converge to the entropy solution of the multidimensional
conservation law with a rate of h'/2 in L>°([0,T], L' (R?)). Error estimates of difference schemes to
relaxation models arising in chromatography were proved in [ScTW], [ShTW]. The convergence of
finite volume schemes approximating the entropy solution of (1.3) was analyzed, e.g., in [CCL1,2],
[KR], [V]. In a recent paper Rohde [R], using an appropriate extension of DiPerna’s theory, has
proved convergence of finite volume schemes to weakly coupled hyperbolic systems.
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Space discretization. Let Tj, be a decomposition of R? into non-overlapping, nonempty and open
polyhedra such that KeT, K = R? The set of faces of K is denoted by 0K and, on each face e
on K, vex € R? represents the outward unit normal to the face e. I';, will denote the set of all
faces of the decomposition 7. Given a face e of K, K, denotes the unique polyhedron that shares
the face e with K. The volume of K is denoted by |K| and the (d — 1)-measure of e by |e|. Let
hx be the diameter of the polyhedron K and let h = supy7, hx < 1. We shall assume that our
decomposition is regular, i.e., if px is the diameter of the largest ball B, B C K,

hx <vpx, K €T,

with a constant 7 independent of h. In particular this implies that if e is a face of K, then |e| and
hy are comparable. We define the finite volume scheme approximating (1.1), (1.2) as follows: We

seek a piecewise constant function (wp, Z3), wi|k = wk, Zn = (21,4, -+ 2d,n), Zi,n| K = Zi, K, such

that
1

dwk + Z Klwk, wk,) = z Z Gi(wrk, 2 k),

(2 2) eG@K i=1

1 .
Ovzi i + Z |K] K2k, zik,) = gGi(vazi,K)y i=1,....d, K €T,
ecOK
where g,9; : Rx R — R, ¢ = 1,...,d are discrete monotone fluxes. For initial approximations

we take wg (0) = ﬁ [ wdz, and z; ;¢ (0) = |qu [ 20dx. Although ¢, g& correspond to linear
fluxes, it is convenient in the analysis to list their properties as in the general (nonlinear) case. We
explicitly use, when it is needed, the linearity, cf. (2.6).

The discrete fluxes are assumed to satisfy:

(2.3) g5 (u,v) = —g%<(v,u) , g (u,v) = =g (v, u) Conservation Property,

(2.4) g5 (u,u) = A(u) - ve e 5 g5 (u,u) = Bi(u) - ve i Consistency Property,
og¥ ogk ogf ogk

(2.5) %, % >0, %, ag:) <0 Monotonicity Property,

(2.6) g% (u,v), g5 (u,v) are linear functions of u, v.

Time discretization. Let § be the time step and t" = nd. Then we shall consider semi-explicit
fully discrete schemes: We seek a piecewise constant function (w5, Zn,s), Wh,s|k x[tn,ent1) = Wi,

Zhs = (21065 -+ -5 2d,h,8)s Zishs|Kox [ ant1) = 2{' ¢, such that,
5
n+l _ E n+1 n+1
wK - ’e‘g wK7wK +gZGz ) zK)
(27) eE@K i=1
)
n+1 n+1l _n+1 .
%K z Z‘e‘gz zK?zK)—i_EG(wK 7211{) i=1,....d,
eEE)K
with initial approximations w9 = |qu [ wo(x) dx, and 27 - = |qu [ zio(x)dz,i=1,....d.

The stability and convergence properties of these schemes are investigated in the next sections.
For the semidiscrete case we prove that under standard assumptions on the initial data, for any
R >0, T >0, there is a constant C = C(R,T) such that

lu(-,t) = Un(-, )l L1 (B0,R)) < ChM*, t<T,
3



where U, = wy, — Zgzl h;(wp), cf. Theorem 4.1. Here B(0,R) is the ball with center 0 and
radius R. In the case of fully discrete approximations a similar estimate holds true, provided that
appropriate CFL conditions are valid, cf. Theorem 6.1; cf. also Remark 5.1.

A main advantage of relaxation schemes, is the simplicity of their construction coming from the
fact that the principal part of (1.1-2) is linear, and therefore there is no need to solve local Riemann
problems. Thus high order and adaptive schemes can be easily formulated. Issues related to the
numerical implementation and the performance of finite volume relaxation schemes are addressed
in [KZ].

Error estimates of order O(h'/4) for finite volume approximations to (1.3) were previously ob-
tained in [CCL1], [V], and for finite elements in [CG1]. For finite difference approximations the
order of convergence O(h'/?) was established, e.g. in [Kz], [S]. The main reason for the reduced
order of convergence in the finite volume case is the lack of BV bounds for the approximate schemes
in unstructured meshes. To compensate this, an estimate for the discrete gradients in L? was proved
in [CCL1], [V], which led to the O(h'/*) estimate. In the case of relaxation schemes considered here
we are able to prove an analogous bound, c¢f. Lemma 3.3, Lemma 5.3. In addition for the relaxation
schemes, again due to the lack of BV bounds, an estimate for the distance from the equilibrium in
L? turns out to be crucial, ¢f. Lemma 3.4, Lemma 5.4. (Note that the corresponding result is new
for the continuous relaxation model).

Our analysis is based on an approximation lemma for deriving error estimates for numerical
approximations to conservation law (1.3), cf. Lemma 4.1. This is a result obtained in [KKM] and
extends a result of Bouchut and Perthame [BP] to the case of numerical schemes. The use of this
Lemma in the (complicated) case of finite volume approximations considered in this paper, avoids
much of the technical work needed if one applies the original approach of doubling the variables,
[Kr], [Kz], as in [CCL1], [V]. Indeed, the analysis in [CCL1], [V] is considerable simplified if one
uses Lemma 4.1 along the lines of the analysis presented in Section 6. This is of some importance
because the difficulties of applying Kruzkov’s estimates to numerical schemes are highlighted. As
noted first in [CG2], the classical approach of Kuznetsov is an “a posteriori” approach. This can be
seen directly in the framework considered in this paper, simply by observing that the F—terms in
the bound (4.5) depend only on the approximate solution uj. Indeed, by applying a more refined
analysis, explicit a posteriori error bounds suitable for adaptive mesh refinement based on Lemma
4.1 are proposed in [GM] for finite difference and finite volume approximations to (1.3), cf. also
[CGa).

An alternative “a priori” approach for deriving error estimates, which does not rely on the
regularity properties of the schemes, was proposed and extensively analyzed in [CG2,3] for finite
difference and in [CGY] for finite volume schemes. To carry out the program proposed in [CG1]
one has to show an appropriate “discrete” stability for the scheme considered. A task considerable
more complicated than the “continuous” stability used in the proof of the Lemma 4.1. Cockburn,
Gremaud and Yang in [CGY] were able to prove h'/? estimates by using this approach for a special
class of monotone finite volume schemes in symmetric (or nearly symmetric) non Cartesian meshes,
cf. [CGY, Sections 2.a, b] for explicit assumptions. The development of ideas in [CG2,3], [CGY] and
their application to relaxation schemes in unstructured meshes will be the subject of forthcoming
work.

The paper is organized as follows. In Sections 3 and 5 we prove the necessary stability properties
for the semidiscrete and fully discrete schemes respectively. We then use these properties in Sections
4 and 6 to prove convergence. In particular the relaxation schemes satisfy a basic comparison
principle (Lemma 3.1 and 5.1) which then implies the L! contraction property (Lemma 3.2 and
5.2), the fact that R®? is a positively invariant region for the schemes and as consequence that
the approximations are uniformly bounded in L*> (Lemma 3.2 and 5.2), and the discrete entropy
inequalities ((3.8) and Lemma 5.2). Using the invariance of R*? we are then able to show the
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weak dissipation estimates (Lemma 3.3 and 5.3) and the estimate for the distance from equilibrium
(Lemma 3.4 and 5.4) mentioned above. In the convergence proof of Section 4 we first use the
discrete entropy to prove the basic error inequality (4.15) which allows us to apply then Lemma
4.1. To estimate then the E-terms of (4.5) we use Lemmata 3.3 and 3.4. The proof in Section 6
follows similar plan.

Remark 2.1. One can prove similar convergence results for the fully-explicit scheme,

d
(5
e€OK =

0 .
ZZ;_(l ’, Z |e|gz 1K7 ZK )+EG’L(w%?Z?’K)7 Z:L"'ad'
e€8K

In this case however we have to assume a CFL condition of the type § < Ce. Compare with [LV].

3. STABILITY ESTIMATES

We first prove a Comparison Principle which implies several useful properties of the scheme. We
start by introducing some notation. For a,b € R we set a V b = max{a,b} and a A b = min{a, b}.
Further, for a given function f we denote by fT, f~ the positive and negative parts of f, respectively
and X f>o stands for the characteristic function of the set {(x,t) : f(x,t) > 0}, that is x>0 = 1 if
f >0 and zero if f <0.

Lemma 3.1. Assume that G-,
(Wh, Z1) be two solutions of (2.2)
(3.1)

at{(wK —wg)t + zd:(zi,K - Zi,K)f}

)i =1,...,d, satisfy assumptions (A.1 —3). Let (wp, Zp) and
that vanish outside a ball Byy of radius M. Then we have

+ Z |K\X“”< wK>o{9K(wKV@K,wKE VwKe)—gK(wKA@K,wKEA@Ke)}
e€OK

+Z Z |K\ Xzix — Z7_K<O{gz (zi,x V Zii, 2k, V Zi K, )—gf((zz‘,K/\ii,K,Zi,Ke/\Ez‘,KE)} <0.
=1 ecOK

Proof. Let (wp, Zy) and (W, Z1,) be two solutions of (2.2), then we have

d
1
Op(wie — k) + Y ”%{QK(MK,MKQ) - QK(QT)K,E)KQ)} = Z {Gi(wK, zi,x) — Gi(Wk, Zi,K)}
e€OK i=1
e 1
O0¢(zi,x — Zi,x) + Z |K’| { 2k, 2ik,) — gZK(Z‘,K,Z‘,KE)} = E{Gi(wazi,K) - Gi(wKazi,K)}'
e€COK
Using the fact that f™ = xf>of, f~ = —Xf<of multiplying the first equation by X —wyx >0, and

the second by —x., ;. —z, x <o summing over 7 and adding the resulting equations, we get by using
the monotonicity assumptions on G;

(3.2)
3t{(wK wK)+MhCTZ Zi,K — Zi,K) } Z \K|X“’K x>0 [QK(UJK,U)K&) — g™ (0K, 0K,)
= ecdK
—Z Z zzKfzi7K<o{gf{(Zi,Kin,Ke) —QZK(?@‘,K,%,KE)] <0.
=1 eeaK
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Let Tw = _XwK—H_JK>0[gK(wK7wKe) - gK(ﬁ)K,’LT)Ke)], and 7; = Xzi¢K_2i¢K<0[giI<(ziyK7ZiyKe) -
95 (zi K, Zi k. )]- Then we have

(a) For wxg —wg > 0, we have that wx = wg V wg and wx = wi A Wk ; otherwise T, = 0.
Then, using (2.5) we have
(3.3) T < —Xwx—wr 089" (Wi V Wk, wg, Vk,) — g™ (wx ANk, Wi, Nk,)}.
(b) Similarly, for z; k — Zi k < 0 (otherwise 7, = 0) we have that z; x = 2z; k N Z; k and
Zi,Kk = %,k V Zi K- Now, (25) implies

(3.4) 7. < —Xzi,K—zi,K<0{gzK(Zi,K VZiKk, %Kk, VZK,)— giK(Zi,K NZiKk, %Ko N ZiKk,)}-

Therefore, (3.2),(3.3) and (3.4) yield (3.1). O
Next, we show that the scheme is L' contractive and bounded in L.

Lemma 3.2. Under the assumptions of Lemma 3.1 we have

d
[wn (t) — @ ()| 11+ Z 20,1 (t) — Zip (2, 8)]| 11
(i) =t )
<|lwn(r) = Wn (1)l 2 + Z I2in(T) = Zin(T)||lp, 0< 7 <t

(i) If, for some a < b, we have a < wi(0) < b, hi(b) < z; k(0) < hi(a), i=1,...,d,K € Tj, then
a <wg(t) <b, hi(b) < 2k (t) < hi(a), K €Ty, i=1,...,d,

, the region R*" = [a, b] X ]_[Z 11hi (D), hi(a)] is positively invariant.
Proof. (i) Relation (3.1) implies

d
at{’wK —’LT)K|+Z\Zi,K —ii,K\} Z |K| \ZUK Wk, |wk, — Wk,|)
(35) =1 ecOK

+ Z Z |2k — Zi k|, |2i Kk, — Zix, ) <0

i=1 e€8K

Multiplying by |K| and then summing w.r. to K € 7}, we get (i) by noticing that in each edge
of our partition, g¥ (jwg )+ g% (|lwk, — Wk, |, lwk — wk|) = 0, and a similar
relation for the z; g terms.

For the proof of (ii), we first observe that

X’wa’lT)K>OgK(wK - wK7wKe - wKe) Z gK((wK - wK)+7 (wKe - wKe)Jr)?

~Xeix—zx <09 (2K = Zik, 2K, — Zik,) 2 05 ((2ix = Z,K) 7 (k. — Zik,)7)-
Indeed, by the monotonicity properties of g%, if Yy w0 = 1,

XwK—ﬂ)K>OgK(wK - U_JK,U}KS - u_)Ke) = gK((
gK

((

WK
WK

v



in the case where Xy, _wx>0 = 0 it suffices to show ¢% (0, (wg, — wx,)*) < 0. But this is a
consequence of (2.3), (2.4) and the fact that (wx, — Wk, )t > 0. The corresponding relation for
z; i 1s proved similarly.

Using now these relations, the fact that g% ((wx—wx )", (wg, —wg, ) V) +g% (wi, =0k, )T, (Wi —
Wk )T) =0, and the corresponding relation for z; i we obtain in view of (3.2),

> K| (w(t) = wxc(B)* + 3z (t) ~ k(1)

KeT,

(3.6) < 3 K[ (wi(0) = @ (0))F + 3 (z0.x(0) ~ i (0))

KeT,

Then, (ii) follows by noticing that wx = b, Z; k = h;(b) is a solution of the semidiscrete scheme,
since Y cox lelg™ (a,a) = 0 and 3o o lelgf (hs(b), hi(b)) =0 . O

Discrete entropy inequality. Lemma 3.1 implies a discrete entropy inequality. Indeed (3.1) is
still valid if we interchange + and —. For any £ € R, we let wx =&, 2Z; k = hi(€), i=1,...,d, and
setting, for u,v € R

D (u,0) = g% (uV & vV E) = gF(un&ong) = g™ (Ju—¢lv—¢),
(3.7) DE’K(Ua v) = g (wV hi(€),v V hi(€)) = gi (u A hi(€), 0 A hy(€))
= g/ (Ju = hi(©)], [ = hi(E)])

we get after summation using (3.1), the following Discrete Entropy Inequality

d
le]

d
(3.8) at{wa N ENE hi(f)]} + Y %{,{Df(w;@w&) n ZDQK%K,%,KJ} <0.

=1 e€OK i=1

Remark 3.1. Notice that for Dg{ we have, for u € R,

Df(u,u) =|u—¢|A-ve g and Dé’K(u, u) = |u—hi(&)|B; - Ve K -

Dissipation estimate. The next lemma provides an estimate for the distance from the equilib-
rium z; = h;(w) for our approximating scheme and a weak dissipation estimate for wx and z; k.
A stronger estimate for the distance from the equilibrium is proved in Lemma 3.4 This result com-
pensates the lack of BV estimates for our schemes, compare with [CCL1], [V], in the proof of the
convergence result in Section 4. We need some more notation: Let h; 1 denote the inverse of h;,
and

Wy (z) = —/Ozhf(g)dg,

cf., [KT1]. The functions ¥;, i = 1,...,d, are positive and strictly convex according to our as-
sumptions on h;, cf. Section 2. In particular (A.2) implies that there exists u = p(a,b) > 0 such
that

(3.9) U (2)>pu>0, . z € [hi(b), hi(a)].



Our assumptions on the fluxes imply that

A v,
0" (1,0) = S (wt0) oo u = o),
(3.10) Bl
91 (u,0) = =25 (ut0) + b, (1= v),
where ae := ay,, = Gy, > 0and b} =0, = bfjc «, = 0.(2.5) implies 2|4 vek| < ae and

% ‘Bz . Ve,K| S bé

Remark 3.2. Most of the well known monotone fluxes are reduced to the linear case, e.g., for
K
9" (u,v) to

g% (u,v) = A-vex (u+v)+ |A2V€K|(u—v)

We have now

Lemma 3.3. Assume that the initial conditions satisfy (w3, ZY) € R*", for some a,b € R. Then
if o = o(a,b) and p = p(a,b) are the constants of (A.3) and (3.9), respectively, there holds

/Z\Iﬂz —zzK /Z]e\{aew;( Wk, ) —i—uf:bi(zi,K—ZLKL,f}

KeTy, =1 ecl'y, =1
d
1
< Y IR Gk + w0 <C,
KeTy, i=1

where ae, b. are defined in (3.10).

Proof. First we notice that (2.4) implies ) 5 lelg® (wx, wx) = 0, Y ecoK le|lgX (zik,2i6) =0 .
We then multiply (2.2a) by wg and (2.2b) by h; '(2; k), sum over i and subtract the resulting
equations. Next if we multiply by |K| and sum we finally obtain

> \K|8t{ wK—i—Z\II (2i.x }+0 > \K|Z K) — zi k)2

KeTy, KeTy, =1
+ 2 M{ngK(vawKe) +wKegKe(wKeva)}
(3.11) eGFh
—Z > Ie{ o) [97 (i zik,) — 97 (20 2]
=1 EEFh

+hi N2k [0 (zik, 2i) — Qf(e(zz',KeaZi,Ke)]} <0,

Where we have used that —(w — h; '(2))Gi(w, z;) > o(hi(w) — 2;)?, cf. (A1-3), (A.3"). We will first
estimate the terms corresponding to w-fluxes. Using (3.10) we get

Z |€|{IUK9K(UJK7U)KE) + UJKEQKc (wKe7wK)} = Z lelac(wi — wi,)?,
ecly ecly
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since

1 1 1
> lelg A vex(wk —wh) = Y lel{5 A vewwk + 5 A vexwk, |

ecl'y ecl'y,
1
= E E |e\§ A ve gwi =0.
KeT, eecOK

For the z fluxes of (3.11), using (3.10) for ¢~ (2 k, zi k. ), we first write,

_ 1 .

—hi H(z) 98 (zikc, 2ik,) — 97 (7K, 2ik)] = V(20 k) [5 Bi - vex — | (2i,x, — 2i,K),
where, as before, b} = bf,e’K = bie,xe' By (2.5) % B; Ve i — bl <0, and hence using Taylor’s formula
and (3.9), Ui(c1)(c2 — 1) < ¥(ea) — ¥(er) — &(er — ¢2)?, we get

1

b ) [05 (ks 2k — 95 2k k)] > [5 Bi - ve,x — bl (Wi(zi,k.) — Vilzik))
+ % p[bl — % Bivek|(zik — zix.)? -
Similarly,
() [QiKe ik 2ix) — 95 (21 i ziK,)] > [% B; ve k., — b (Wilzix) — V(2 k.))
+ % bl — % B; - ve k.| (2ik — 2i,K.)° -
But then,

> el [1 B; - vex — L] (Vi(zik.) — Vilzik)) + [1 B; ver, — o] (¥i(zix) — ¥i(2ik.))
2 2
ecl'y,

= Z le|Bi - ve,k (Wil2i,k.) — Vi(zix)) = — Z lel{Bi Ve kVi(zix) + Bi - Ve,Ke\I/i(Zi,Ke)}

ecl'y, ecl'y
==Y > lelBive,xVi(zix) = 0.
KeTp ecOK
Therefore,
-y !6{hfl(zz‘,K)[giK(Zi,Kin,Ke) — 91 (21,5, 21K
ecl'y,

+ b M (zi,) (08 (20K 2ik) — gzK(levzzK)]} > Z le|ubl(zi,x — 2i,k.)% -
eel’y,

In view of these estimates (3.11) implies

1 d 1 d
> \K]@t{Qw?{ + Z xp,.(zi,K)} +o- S TIED (hi(wk) = 2i k)

(3‘12) KeTy, ) KeT, i=1
+ ) lelac(wr —wie ) + )Y lelubl(zikx — zik.)? <0,
EEFh =1 EEFh

and the proof is complete. [

Distance from equilibrium. Next, we estimate sup, > e r K|, [Gi(wik (1), zi k()%
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Lemma 3.4. Let (wp, Zp,) be a solution of the semidiscrete scheme emanating from data with finite
total variation and lying in an (invariant) region R*®. Assume further that

(3.13) > |K|Z|G wi(0), 2,5 (0))|? < Ce.

KeTy, =1

Then, for any 1 >n > 0 there exists a constant Cy,, = C(n, a,b) such that

sup Z |K| Z |Gi(wr (), zi 5 (8))]? < C,e', withe = g,
KeTy,

Proof. Using the definition of the scheme, we have

d
0,Gli(wie (£), 24, (1)) { ZIK! wK,wKe)+%ZGj(wK(t),zj,K(w)}

ccdK j=1
e 1
LIS 7 (o) + ZGulwnc(t) 5 ()}
ecOK

Multiplying by G;i(wk, zi,x) = G; and adding, we obtain

1 1 le? 1< 3G, d
3 atzi: |Gi(wK,Zi,K)\2+g Z( NGi(wie, zi.x)|* = gi (Wi, zi K ;G] WK, %j,K)

? 9z —1 811)
e
+2Gi(aw {_ Z ||[e{|( (wK,wKe)—gK(wK,wK))}
=1 e€OK
+8G¢[_Z H( (2 1) — g5 (2 ‘ ))D
0z |K] 9i \Zi,K> Zi,K. 9; \Zi,K,Zi K .

ecOK

Observe now that (A.2) implies that —% > ¢; = ci(a,b) > 0 in R**. Also, |¢ (wk,wk,) —
g5 (wi,wr)| < aclwxg — wg,|. Therefore, if ¢ < Chyg, K € 7Ty, there exists a constant ¢y =
co(a,b) > 0, such that

(3.14) 0 Y KDY IGi(wi, 2i x| + Z K| |Gi(wie, i) < CA,

KeT, i ¢ Ker, i
where
(3.14a)
d
—af Z |K]Z (wr) — zix)* + Z le] ae(wi — wi,) —i—Z Z le|ubl (zi. — 2ix.),
€ Kern =1 €l i=1 e€l},

and Lemma 3.3 implies that, for any ¢ > 0, fo s)ds < C'. By (3.14) and our assumption on the
initial data, we have

Y KDY Gi(wi () zak ()P < e T Y IKIZIG wic (0), 2,1 (0))]”

KETh % KETh

+c/ L (-9 4 )ds<C€+C/ 209 A(s)ds



Let 1 > n > 0, be an arbitrarily small number and & = £'=7. The proof of the Lemma will be
complete if we show

t
(3.15) / =209 A(s)ds < Cye'.
0
Since %e*%% is bounded for ¢ — 0, we have, in view of Lemma 3.3,

o . g 1 . t—e’
/ e*?o(t*S)A(s)ds < 5/ fefeigA(S)ds < 65/ A(s)ds < cz.
0 0 0

3

On the other hand, for N, = [¢7"7] + 1,

t . t N t—(m—1)e
(3.16) / e” =9 A(s)ds < / A(s)ds < / A(s)ds .
t—e’ t—Nce m=1Yt—me

Then using (3.12), we obtain
(3.17)

t—(m—1)e

[ awas e 3 ik - me) — ukte~ m - 12)
t—me KeT,,
d
+ ) Wz k (t—me)) — Wiz k0 (t— (m — 1)5))|}
i=1

d
<C'(a,b) Z \K|{\wK(t —me) —wg(t—(m—1))|+ Z |zi,k (t —me) — 2z g (t — (m — 1)€)|}

KeTy, =1

d
<Cab) T |K|{\wK(€) w0+ 3 i) - zi,K<o>|} .
=1

KeTy,

Here we also used that (wp, Zs) € R** and the L' contraction property (Lemma 3.2 (i)) for
(Wr(+), ZK(})) = (wr(- +€), Zn(- + €)). Let us assume that

d
(3.18) ) !K\{mK(a) g O)]+ Y e (e) - zz-,K<o>r} < Ce.

KeTy,
Then, (3.16), (3.17) and (3.18) imply

t
| e HOA)ds < ONoe = Ol + e < O
t—e’

and the proof of (3.15) (and therefore of Lemma 3.4) will be complete. Hence it remains to verify
(3.18). To this end let 0 < 7 < ¢; then, by (2.2), we see that

d
K] Jwie () = wic(0) + Y J20.x(7) = 26,k (0)|}
=1

d d
T 1
SC/ e(wK—wKe + ZiK — Zi,K.| T — K||G; WK, 25, K )ds.
; > el(] EM K| 5;:1' G )l

e€OK =1
11



We estimate the terms of the right-hand side as follows

Gi(wi (s), 2,k (8))] < [Gi(wk (0), 2,k (0))| + C(a,b)(Jlwk (s) — wi (0)| + |2,k (s) — 21,k (0)])
and
lwr (s) — wk, (5)] < lwk (0) — wg, (0)| + [wk (s) — wi (0)| + |wk, () — wk, (0)] -

Therefore in view of the stability of the local L? projection in BV, cf. [C], our assumptions on the
initial data, we have upon summing over K and using again the fact that ¢ < Chg, K € T,

> 1Kl (r) - |+Zrm< )= 2.k (0)] ]

KeTy,
d
<Or+ - / > ]Kl lwre (s K(0)|+Z‘Zi,K(5)_Zi7K(O)|}d‘S'

KETh

Then, since 7 < e, Gronwall’s lemma implies

Z |K’{’wK( ) — wgk (0 ‘+Z’21K _Zi,K(0)|}§C€C€TSC€,

KeT,

The proof is thus complete. [

4. CONVERGENCE OF THE SEMIDISCRETE SCHEME

Our convergence results will be based on the following approximation lemma, [KKM], which
provides a compact form for deriving error estimates for numerical approximations to conservation
law (1.3). Lemma 4.1 is an extension of a result of Bouchut and Perthame [BP], and allows the
explicit treatment of terms that typically arise in numerical schemes.

Lemma 4.1. ( [KKM] ) Let up,u € L2 ([0,00), L}

L (RY) be right continuous in t, with values in

L} (RY). Assume that u is the entropy solution of a given conservation law, i.e., it satisfies (1.3)
and
d
(4.1) Oclu— k| +> 0z, [ (Fi(u) — Fi(k))sgn(u—k)] <0, inD', for all k €R,
i=1

with initial value u® € BV (RY). Let ¥ be a nonnegative test function, ¥ € C°((0,00) x R), and
assume that up, with initial value u) satisfies

- // (un — k|OY + sgn(up, — k)[F(up) — F(k)] - VI\I/)dtdac
(0,00) x R4
(4.2) g// d (ag|6t\lf| +ZaH|—| + BoBo(0,0 +Zﬁﬂ B (2= )dxdt
(0,00) xR
for all k € R,
where F' = (F1,...,Fy) and ag, a%'{, Ba, ﬁﬁ, are nonnegative k-independent functions in

L}, ([0,00) x RY) and ag, B € Ly, ([0, 00), Lj,.(RY)).
12
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Let A, A" >0, and S), = {S} be a given decomposition of [0,00) x RY, into elements S, such that

diam(S;) < A, zfﬁ , 18 not identically zero for some j, 7 =1,...,d, and
1S:| < A", if B is not identically zero,

(4.3)
where S, = {t: (t,x) € S} and S; = {z : (t,x) € S}.

In addition, the k-independent operators Bq, By, satisfy: for all (t,z) € S, 1 <1i,j < d, there
holds

oA ov
S <
By )(t.0)| < C sup [ 55 (1.07)]
(4.4) |B(0:9)(t,x)| < C sup |Ow(t',z)| sup |w(t',z)]
t'eK, t'eK,
+ C sup [Qyw(t',z)| sup |[v(t',x)] Xsupp dyw
teK, teK,

where in the second relation ¥ = vw, and xq denotes the characteristic function of Q. Here C' is
a uniform constant independent of ¥ and the element decomposition Sy,.

Then the following estimate holds: for any T >0, xg € R, R > 0, v > 0, with M = Lip(F), we
have:

/ o lup (T, x) — u(T, x)|dx g/ lup (0, ) — (0, z)|dx + (M A" + ATV (u°)

(4.5) Bo
+C(EC + E" + Eg + Eg).
Here
1 <& 1 <&
EH = — ol (t,z)dzdt, Ff = — // 3 (t,x)dzdt,
A 231 //0<t<Tac€Bt " A ; 0<t<T zeBA "
T MT T MT
E¢ = — su / ag(t,z)dr, E =1+ — + su t,x)dx
(1+ A A + V) 0<t<p2T B, a(t2) ( AT A+ V) 0<t<p2T BA fo(t, @)

and B, = B(zo,R+ M(T —t) + A + v), BA = Bz, R+ M(T —t) + 2A + v) and BA =
B(xog, R+ M(T —t)+ A+ A" +v).

Remark 4.1. The terms B}J,ﬂil, j=1,...,d,in (4.2), (4.4) can be replaced by one term By, Bx.
In this case (4.4) will be

[Bu(Va¥(t,2))| < Csup [V, ¥(t,z)l,
€S

and F will be modified accordingly.

We will use Lemma 4.1 to prove our convergence results. We introduce notation that will be
used in the sequel along with some preliminary results. In particular, for any k € R we define £ € R
such that

d d d
k=¢— Zhi(f) and we set U = wyp, — Zhi(wh) ie., Ux = wg — Zhi(w;{), KeT,.

i=1 =1 =1

13



Then Ux — k = [wg — & — Zle[hi(w;() — hi(§)], and, since we assumed that the functions
hiyi =1,...,d are decreasing, we get |Ux — k| = |wx — &| + Zle |hi(wk) — hi(E)], e,

d d
, 1
(4.6) ’UK_M:|wK_§|+Z‘Zi,K_hi(£)|+JK with ‘JK‘ SEZ’Gi(wK7ZLK)"
i=1 i=1

In view of (A.4) we have F(Uk) = A(wk) — Zfil Bi(h;(wk)). Hence

d
(47) | i)~ (89 (e~ = { [ACur)— A©)] = S Bihatwro) - B ©)] fseaU 1.

=1

Now for wg —& > 0, we have by (A.2), h;(wg) — hi(§) < 0, hence, sgn[(wx — &) — Zle(hi(w;() -
hi(€))] > 0. So, by (4.7) we get

d
(4.72) [F(UK) - F(k)} sgn(Ux — k) = [wx = E|A+ ) |hi(wi) = hi(€)|B;

i=1

Similarly, (4.7a) holds, if wx — & < 0. Therefore,

d
()~ P8O~ 1) o €14+ 3 s — (€18 + Hic
(4.8) ij

with |Hg| <) |hi(wk) — 2,k Bil .

i=1
Now we are ready to prove our convergence theorem for the semidiscrete scheme.

Theorem 4.1. Let u be the entropy solution of the conservation law (1.8) with initial data uy €
BV (R?) N L>®(RY). For Uy, = wy, — Z?zl hi(wp), where (wy, Zy,) is the solution of the semidiscrete
finite volume scheme (2.2), assume that the assumptions of Lemma 3.4 hold and for some 1 >
n > 0, el=" < Ch. Then, for any time t < T and R > 0, there exists a constant C = (R +
MT)*T"2¢(a,b) such that the following error estimate holds

[u(-t) = Un( )l 1 (Bo,ry) < CRY* + ||u(-,0) = Un (-, 0)]| 11 -
If in addition ||ug — (w§ — Z?Zl hi(wE))|| 1 < Ce, then
[u(, ) = Un(, )l (0. R)) < Chl/* .

Proof. To apply Lemma 4.1 we consider a nonnegative test function ¥ with compact support,
supp ¥ = Q. We also set

VK = ‘UK — k?’ and VF,K = [F(UK> — F(k)]SgH(UK — k)
Then, we would like to estimate the following quantity
(4.9) E:= —/ > / VW, + Vig - Vo Uldzdt = —(Ey 4+ E).
K

KeTy,
14



For the first term, we have

Elz/ Z / VK\IItdzz:dt:/ Z VK/ U, dx dt
K K

(4‘10) KeT, KeT,
= > /VK\det where \IJ;K:/ W, dt .
KeTy, K

For the second term we have,

E2:/ > VF,K./ Vx\I/dxdt:/ >N VF,K.VG,K/\desdt
K e

(4.11) KeT, KET, ec0K
= Z (Vek Ve + Vik, “Verx,)¥dt  where ¥°¢ = /\IldS.
ecl’y, e

Now, (4.8) and (3.7), cf. Remark 3.1, imply
d
Vi K - Ve ik = DE (Wi, wie) + Z DE’K(Zi,Ka zix) + Hi - ve i -
i=1
Combining (4.9), (4.10) and (4.11) we have
(4.12)

E==% /{wK—5|+irzi,f<—m<a>|}@{<dt— > /{[Dg<<wK,wK>+Dg<e<wKe,wKe>]

KeTy, ecly,

d
+ Z[DQK(ZLK, Zi,K) + Dch (Zi,Keyzi,Ke)]}‘Ije dt — Z (/JK\I/f( dt + /HK . / V. Vdx dt) .
=1 K

KeTy,

There holds Y ok le| DE (wie, wre) = 0 and - ok ]e\Dé’K(zi,K,zi,K) =0, i=1,...,d. Thus, if
we multiply the discrete entropy inequality (3.8) by ¥X and sum for all K € 7;, and get

- Z /{|wK_€’+i|2i,K_hi(€)|}qu(dt

(4.13) Retn )
oy / |ey{<f5 K L3 (FE +fg§e>}dt <o,
eel’y =1

_ K K _
where Fi = ﬁ[Df(wmch)—Dé{(wK,wK)]\PK,fff = |Tl<|[D2 (Zi,K,Zi,Ke)—DE (Zi,K,Zi,K)}‘I’Ka
and Fle, FEe are defined by the same formulas with K and K, interchanged. In view of (4.13),
we see that (4.12) implies

E<-> /|e|{(f{f + FEey +zd:(f§f +f§fc)}dt

eEFh =1
— Z /{DgK(wK,wK) +D?e(wKe,wKe)}\ile dt
(4.14) R
- /{Z[DE’K(Z@KJLK) +DZ’K6(Z@K€,Z¢,KE)]}‘I’6 dt
ecl'y =1
-y /(JK\IfferHK-/ v, Wdz) dt.
KeTy, K

15



Now for the w-terms in (4.14) we have using the properties of the discrete fluxes,

el le]

K] K|
- {Dg (Wi, wi) + D?e(wKe,wKe)}\Tle + {Dg{(wK,wKe) + D?E(wKe,wK)}@e

{Dg (’LUK,’UJK ) D?(wK,wK)}\T/K — {D?E(wKE,wK) — D?e(wKe,wKe)}\I/Ke

= {D?(wK,wKe) — D?(wK,wK)}{\T/e - "BI‘WK}

K
+ {D?S(U)KE,’U)K) —D?e(wKE,wKe)}{\ile - |L(|‘\IJK }
< Cae — ‘\Ije_iqu‘ Ca, ‘\I/e— H*
< Caclwg —wg,| K| + Cac|lug —wg,| K]

A similar inequality holds true for the z-terms in (4.14). Hence summing back to the elements K,

el -
E< ) Z/{%WK wKHZb\zzK zzK!H\If"’—"K“\I/K’dt

(415) KeT, ecOK

—Z/JK\I/ +HK/V\Ide dt

KETh

To adjust to the notation of Lemma 4.1 let Sj, = {SE}, S = ([0, +00) x K), K € T}, be a partition
of [0, +00) x R%. Then, for any t > 0, (S¥); = K.
Further, we set

(x,t) = \K] le| U (xz,t) — \Ife(t)‘.

SK

Then, since z € K, we have

1 = 1
le|W(z,t) — T(t)| = — ||| (x,t) — [ W(S,t)dS

ChK|e| sup |[V¥(2',t)| < C sup |[V¥(2',1)],

’ ‘ ' eEK ' eK

i.e., (4.4) is satisfied.
In view of (4.15), Uy, satisfies (4.2) with S, = {SX}, K € 7}, as above, and

aH‘SK:’HK| aG’sK:|JK|

5H‘ —CZ{ae|wK wK|+Zb|le—le}.

ecOK

(4.17)

Next, we will estimate the terms on the right hand side of (4.5) in our case for v =0, A = A’ and
up, = Up. The only nonzero E—terms are E| E¢ and E¥. By (4.17), (4.8) and Lemma 3.3, we
obtain for R, T fixed,

1 2 1/2 1/2
EH < = // ag(t,z)) dzdt / B, |dt (R + MT)¥2T'20e1/2
A{ 0<t<TxeBt( a( )> } { ogth| ol } A( )
16



Similarly, (4.17), (4.6) and Lemma 3.4 imply

(1+M)T

MT
E¢ =1+ sup / ag(t,z)dr < (R4 MT)Y2C, (1 + ==)el/2=/2
A 0<t<2T J B,
Finally, (4.17) and Lemma 3.3 yields
. 1 d
Ef < AC/ Z |K| Z {ae|wK_wKe|+ZbZe|Zi,K_Zi,K6|}
0<t<T KnNBA e€OK i=1

1 d_ 1/2
< —(R+ MT)d/2T1/2C{/ h Z \e\{ae\w;{ —wg, |* + Zb;yzm — Zi K, 2}}

A osi<T G, i

1/2

< ChA (R+ MT)¥2TV/2 |

Using the above estimates in Lemma 4.1 we have, for t < T,

MT d/ZThl/Q
[ ten) - it lar < o(a+ 2D )+ [ 100.2) ~ (0.,
I:E|<R By

and the proof of the theorem is complete by minimizing over A. O

5. STABILITY ESTIMATES FOR THE FULLY DISCRETE SCHEMES

We consider now fully discrete finite volume schemes for (1.1-2) defined in section 2. In the
proofs of the estimates in this section we shall assume that the following CFL condition is satisfied

S|OK| i 1
(5.1) K] max{ag, 2 b} < 3
: _ _ 7 - = _ "
Wit arc = Yagk de i = 200, Jegk e A A= RO = 100 ey

ae, b, U; and p are defined in Section 3, cf. (3.9). In Lemmas 5.1 and 5.2 we actually need a
weaker mesh condition than (5.1), cf. (5.9).

We prove first a comparison principle analogous to Lemma 3.1.

Lemma 5.1. Let (wps5, Zns) and (Whs, Zn,s) be two solutions of (2.7) that vanish outside a ball

By of radius M. Let also W" = wy — i and 27" = 23’y — Zi'ge,t = 1,...,d, K € Ty. Then we
have
d
WD 4y (2t
i=1
5 n —Nn n —n n _n TL _n
" @ Z |€|XW"+1>0[9K(UJK Vg, wy, Vg, ) — QK(’LUK NWg, Wi A wKe)]

ecOK
(5.2)

d
J _ _ _ _
+ & ZXzi"“<o Z le] [giK(ZZK VZi, 2k, Vi) — giK(ZZK NZ'ks 2, N ZZKJ]
i=1 eCOK

d
<SWMHT > (Eh T,

i=1

17



provided the CFL- condition (5.1) holds.

Proof. Multiplying the equations that YWn+!, Z{LH, satisfy cf. (2.7), by xyyn+150 and —x znt1_g,
respectively, sum over ¢ and and using the monotonicity properties of G;, i = 1,...,d, we obtain

d d d

n — 6 (5] e n n

(5.3) WY+ (2t - K] > lel(T5 + D TE) < xownrisoW™ =) Xznt1 o2 s
i=1 c€OK i=1 i=1

where T 1= —Xxyyn+10 [QK(W?OU)?(S) - gK(w%,QD%e)], and T7 = Xzrtico [giK(ZZK’ZZKe) -
9 (Z g, 2} x.)]- Next, we estimate T, = T and T%, = T¢.. We distinguish two cases :
(i). First we assume that xyynt+159 = xwn>0 and xgn+1_q = Xzr<o. Then, as in Lemma 3.1, we
have l

T < —xwn1s0[g" (Wi V @i, wi, Vv wk,) — g™ (wi Awfe, wi, Awk,)],

T, < “Xzrtico [QZK(ZZLK \ ZZKa ZZKe \% ZZKE) - QK(ZZK A ZZK? ZZKE N Zane)]

Hence (5.2) follows.
(ii). Now suppose that xyyn+159 = Xywn<o and Xzr+ico = XZ7>0-
For the first term we have

Ty < — xwr<o[g™ (Wi V @, wh, V@, ) — g™ (Wi AW, wi, A 0f)]
+ xwr o[98 (Wi V Wk, wh V k) — g% (Wi A0, wi, V wi,)]
— xwr<o[g" (Wi AW, wh AW, ) — g™ (Wi V Wi, wi A wf)]
= — xwr<o g™ (Wi V@R, wi, Vo) — g% (Wi A0, wi, Awi,)]
+ 2axwn<o(Wk VW — wi A W),
with a = W =a.+A-v/2>0.1f xyyno = 1 then
(5.4) T < —xwn<o[g™ (Wi V@, wh V@) ) — g% (Wi A0k, wik, Aok )] +2a(WV™) 7,

and if xyyn<o = 0 then (5.4) holds trivially. A similar argument applies for the Z"—term as well,
and therefore, if b; = b, + B; - v/2 > 0,

(5.5) T, < ~Xzrtico [QZK(Z?K V2, 2k, VZiK,) — QK(ZZK NZiks ik, N Z' )] +20(Z)T.

Now if xyynt+1s9 = Xwn<o = 1 (otherwise the inequality reduces to a trivial one) we have
Xwr >0 = 0 and similarly xzr<o = 0; hence, from (5.4), (5.5) and (5.3) we get relation (5.2) with
right-hand side

d d
W+ 3@+ {—1 + ‘”(i{ff'zla,{}(wn)— + Z{—1 + 5||§(I|{|4b;<}(2f)+ |
=1 =1

But then the CFL condition (5.1) implies that the last two terms are non positive and (5.2) follows.
The other cases are treated similarly and the proof of the lemma is complete. [

The comparison principle (5.2) now gives the L!—contraction property of the fully discrete scheme

as well as a discrete entropy inequality.
18



Lemma 5.2. (i) Under the assumptions of Lemma 5.1 we have

d
[wns (") = D s (") 1+ Y - zins (") = Zin s ()|
i=1
(5.6) )
< Nwn,s(t") = @ps ()L + ) N2ims(t") = Zins () -
i=1

(ii) (Entropy Inequality) For any & € R we have

d
n n ‘7K n
ol _ H‘Z’Z +1_ ]K\ Z \e\{Dg Wi, Wi, )+ZD2 (zl”K,le)}

e€OK i=1
d
(57) <lwic =€+ D Ik — ma@)]
i=1
(iii) If, for some a < b, we have a < wl < b, h;(h) < ng < hi(a), i=1,...,N,K € T, then
a<wp <b, hi(b) < 2'x <hia), K€Ty, i=1,...,N,
, the region R%" = [a,b] x ]_[Z 11hi (D), hi(a)] is positively invariant.

Proof. (i) The L' contraction property is a direct application comparison principle and of the fact
that g% (jw} — o, |wi — 0% |)] + g% (jw — % |, |wh — @%])] =0, cf. Lemma 3.2.

(ii) Letting wf = & and z]') = hi(§), i =1,...,d, for any £ € R, (5.2) yields (5.7).

(iii) To prove this part it suffices to combine arguments similar to those used in the proofs
of Lemma 3.2(ii) and Lemma 5.1. Let us only notice that in the case xyyn+1s9 = Xwn<o and
Xzrticg = Xz2p>0, ONE can see that

X509 (Wi =0, i, — @) = xwn<og™ (Wi — O, wik, — )
>g% (wh — o)™, (wh, — @k, )") = 2a.(wk —o%)~
_XZZ‘+1<091'K(ZZK_EZK7 Zik, —ZiK.) = —XZ;“L>09¢K(ZZK —Z k%K, — i K,)
> — QK((ZZK —Zig) (B, — Zk,)T) — 2bfa(ZZK - Zk) T,
and the CFL condition implies

3 \K|{ pyntLy+ +Z 2t } 3 |K\{ Wy Z(zy)—}.

KeTy, KeTy, =1
Hence (iii) follows. O
Next we show the analogous of Lemma 3.3 for the fully discrete scheme.

Lemma 5.3. Assume that the initial data (w9, 24 K) e R¥ i=1,...,d, for somea,beR. Then
if o = o(a,b) and p = p(a, b) are the constants of (A 3) and (3.9), respectz'vely, there holds

Z |K|{; n+1 +Z\II n+1 }_|_5 Z 7| | n+1 n+1)

KeTy, ecl’y,
59) o30S nlh et -+ DS S G -
i=1 ecTy, i=1 KeTh,
1 d
<y |Kr{2<w?<>2+2m<zsz(>},
KeTy, =1
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provided that the CFL condition (5.1) holds.
Proof. We multiply (2.7a) by wii™ and (2.7b) by h; ' (z ”'H) to obtain

)
(w%—i-l) _ w}‘{Hw?( o W Z |€|w?<+ng(wnK>wK ZZU?(—HG n+1’ Zn}i-(l)
ecOK
and
SRR =W
1)
- Z el g e 2 ) + 2T D Gawit 2750,
e€8K

Now, since ¥; satisfies (3.9), Vi(y)(z —y) < ¥i(z) — ¥i(y) — 5(z —y)
and subtracting the resulting relations

d
ZIK\{ W Y, "*1} S UKL e - w4 Y KIS - )

, we get by summing over ¢

KeT;, i=1 KeTy, KeTy,
d
0y D lelwi g (wicwie ) =8 > Y lelhi (g (ke k)
KET), ecOK i=1 KeTy, e€0K
d
1
0 3D LTSI DRI LIV e AEMIE
i=1 KeT, KeT, i=1
where ¢;(w, z;) = —(w — h; *(2))Gi(w, 2;). As in Lemma 3.3, and in view of our assumptions on

hi, G, we have ¢;(w, z;) > o(h;(w) — ).
We next estimate the terms corresponding to the w-fluxes. We have

Z Z |6|wn+1 K ’w%,U)K Z Z ‘6|wn+1 K n+1 w%Jrl)

KeT, ecOK KeT, eecOK

Y re{wxﬂgﬂw?ow?@) WL g () w}@“)}:z W
KeT, ecOK

The Wi—term is treated like in the semidiscrete case and we have,

Z |€|ae n+1 ;L{-‘rl) ]

eel’y,

On the other hand we have for the Wy—term, using the arith. geom. mean inequality and
|A~V67K‘ < a
2 — €

“Wa < 3 lel2acwit — wit|(Jwh - wit! | + [k, — wit)
eel’y,

< 3 lel{ St = wit)? + dac(wk - wit)? + dac(wi, - wit)?).
eel’y,
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For the terms corresponding to the z—fluxes we have

d
72 Z Z ’ |h n+1 9i ( sz zK Z Z Z |€|h n+1 (zn;r(l?’z:f;r{i)

i=1 KeTh ecOK i=1 K€T), ecOK

+Z Z Z |€’{ n+1)gl ( Z’L}l’zz—}i)_hz ( n+1>gz ( szZzK )} =21+ 2.

=1 KETh ecOK

As before the Z;—term is treated as in the semidiscrete case, Z; > Zle > cer, l€l ,ubl( ntl _
zf}if . Further for the Zso—term we have
—Z < Z D lel20p [Wi (=) = Ui (1278 — 2l + 25k — 21, )

=1 e€l'y

Hence using the arith. geom. mean inequality we get

72
—Z%ZZ\el{ BN - o + AL (R o? + G - ) |

1= 166Fh
Notice now that
> lel{dac(wh = witt)? + dac(wi, — w2} = 30 7 Jeldac(wi — wit)?.
eel’y KE’Z—}L ecOK

A similar relation holds for the z-terms. Therefore

> 1Kl 5wp 2 +Zw "*1}+21K\ (e — e+ DD KB - 2

KeTy, KeT, KeTy,
n+1 n+1 e n+1 n+1 n+1 n+1\2
+0 3 Jel (o +ZM ) + Z§j|K|a )= =%
eel’y, i=1 KeTy,

d P —
n n Wi n
<2 (|Kl{ >2+Z%<zm>}+5|8K|4aK<wK Wi+ SJOK| = (7~ 1))
KeTy =1

and (5.8) follows by using the CFL condition (5.1). O

Lemma 5.4. Let (wp s, Zp,5) be a solution of the scheme (2.7) emanating from data with finite
total variation and lying in an (im)am'ant) region R In addition to (A.1-3) we assume that

(5.9) ( (% Z) ) >e >0 in RO,

Let e'=7 < C§, where 1 > n > 0 is any small number. Assume further that (3.13) and (5.8) hold.
Then for any n =0,1,... , there holds

(5.10) Z |K|(|w"Jrl —wk|+ Z |z"Jrl - zZ”K|> <Co6 and
KeT,
(5.11) ) |K|Z!G (whe, #x)* < €6,
KeTy,
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Proof. By the L' contraction property (Lemma 5.2 (i)) it follows,
> IKI(Jwit! - wie] + Sl - 2ikl) € 30 UK (Jwk — whl + D12k — 20kl).
KeT, KeTy, i

To estimate wy — wy and 2z} x — 27 we have to estimate first |Gi(w, 2j x)| : As in [KKM,

Proposition 4.6] we have

Gi (w}(vzil,K) - Gi(wgﬂ Z?,K) =

(5.12) =/, dsﬂ”g@%” 9@”?2}%(@«2}@}
# ([ G [0 5 o o ) + St
0 EBK

where £(s) = (wh + (Wi — wi)s, 20 + (2} x — 20 )s). Multiplying (5.12) by sgn G;(wi, 2} k),
and summing with respect to i, we ﬁnally obtaln

Z\KIIG who 2ol + 2 Z/ e Z\ o(s)| ) s 1K1 16wk, 2]
<> IKTG e )l + €5 Y el (Juwfe = w, |+Z|ZZK—Z 1)
=1 e€OK

Hence using (5.9), (2.7) implies

> 1K (Juok - il + 3 ek = 2l )

KETh

O3 KGiul, 2 Yl +C8 Y el (lu — wKr+Z\zzK—z
=1

e€OK

Thus (5.10) follows in view of the BV stability of the L? projection, cf [C], and of (3.13).
To prove (5.11), we start from (5.12) for n,n + 1 instead of 0, 1, we multiply by G;(w"", 22}1),
and as in the semidiscrete case, cf. (3.14), we finally obtain

(5.13) (1 015> > \K|Z|G (Wit 2N < Y |K\Z|G )2+ CA™,

KeTy, KeTy,
where
—0* > K !Z )
(5 14) KETh i=1

d
+0 ) lelac(wh —wi )+ Y lelubl(=xc — z'x.)*

eel’y, i=1e€el'y
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Relation (5.13) implies that for any n,

(5.15)
> KIS il ) < (1) 3 KIS (Gt |2+cz( LAYy,
KeTy KeT,

Next we show that the last term of (5.15) is of the order O(d). To this end, let 1 > n > 0, an
arbitrary small number. In view of our assumption £!~7 < C4§, we see that as ¢ — 0

e (14 i‘s) < (1+€%)*1 <a,

Let M,, be the smallest integer such that nM, > 1. By Lemma 5.3, Z?:o AJ < C, and therefore,

Z_: ( c15> _ A),Aj _ ”j‘zj::" (1 . C;S)(nj)Aj +jnriz_]\:;+1 (1 N c;é)(nj)Aj
— M, ' _ n—1 '
< (1 + 6%) . Al + (1 + 5%) 1jn§n+1flﬂ
< G 4 e nzl Al < Ce + Ce” ni: A

j=n—My,+1 j=n—My,+1
Using (5.8) and (5.10) each A7 can be estimated as (compare with (3.17))

Al < C(a,b) Z|K|<|wK wie |+Z|zzK zf}ﬁ)ﬁCd.

KGT},
—(n—j) .
Hence Z?;ol <1 + %5> Al < Ce+ CM,e"é < C46, and the proof is complete . [

Remark 5.1. The assumption (5.9) was used only to show

(5.9 > 1K (Juwk — w] +Z|21K —0yl) < C8.

KeT,,

So, it can be replaced by assuming that (5.9") holds. In any case, Lemma 4.1 of [KT1] shows that
(5.9) is satisfied by choosing h;, and G; appropriately. Note also that this assumption was used in
the proofs of the error estimates in [KT1] and [KKM].

6. CONVERGENCE OF THE FULLY DISCRETE SCHEME

As in section 4 we will use Lemma 4.1. For any k € R let £ € R such that k = £ — Zle hi(€)
and we set

d d
Uh7§ = Wh,§ — Zhi(whﬁ) and U}é = w’}( — Zhl(w?(), K e /Z;l, n = 0, 1, e
=1 =1
Also,
d
(6.1) Uk — k| = |wk — §|+lem |+ Jg with [Jg| < — ZIGi(w%,ZﬁK)I,
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and

d
[F(U}}) - F(k)} sen(UF — k) =l — €A+ el — hi(©)B; +
(6.2) iz;

with |[Hje| <> |hi(wi) — 25 ||Bs] -
=1

We prove the following convergence result for the fully discrete scheme

Theorem 6.1. Let u be the entropy solution of the conservation law (1.8) with initial data uy €
BV (RY) N L=(RY), and let |ug — (w§ — 20, hi(w§))||pr < Ce. For Uns = wis — S0y hi(wn 5),
where (w5, Zp,5) s the solution of the finite volume scheme (2.7), assume that the assump-
tions of Lemma 5.4 hold. Then for any time t < T, and R > 0 there is a constant C =
(R4 MT)¥4T2¢c(a,b) such that the following error estimate holds

[u(-t) = Uns ()l so,my) < C (R +8%) + [[ul-,0) = Uns(-, 0)| 11 -
If in addition ||ug — (w§ — Zle hi(w§))||r < Ce, then

[u(-,t) = Uns( )l L1 so.ry < C (RV*+ 6%

Proof. Let ¥ a nonnegative test function with compact support and set
Vi =|Ug —k| and Vg :=[F({Ug)— F(k)sgn(Ug — k).
To apply Lemma 4.1 we have to estimate
(6.3) B — Z/ 3 / (VW + Vi - Vo Ulde dt = —(E, + By),
n=0"In geT;, /K
where I,, = [nd, (n + 1)J).
For term corresponding to space discretization we have as in the semidiscrete case,
e —_ —_
(6.4) By=> Y (VP vex + Vi, -ye,Kc)/ ¥¢  where U°= /\Ifds.
e

n=0 eGFh In

To estimate the other term, let Wji := |wi — &| + ijl |27 — hi(§)]  then Vi = Wg + Jg,
cf., (6.1). We then have summing by parts for V% = [, Wdt and Uf = [, ¥, dt,

Er=Y > VK”/IH/K\IItdtdx:Z > W}é/lnilfdtJrZ > J}é/ln@f(dt

n=0 Kc&T;, n=0 Ke&T;, n=0 Ke&Ty,
= 3 S wp-wt)s [ W 33 (W - W) (9 - 5 [ ek
KeT;, n=0 Iy KeT, n=0 In
> IR / UK dt .
nZOKETh I""
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We multiply the discrete entropy inequality (5.7) by % i) I UK dt and we sum with respect to K and
n. As in the proof of Theorem 4.1 we finally conclude

e lel K‘
e — LK
K]

o R RN

n=0 K7} ecOK

(6.5) +Z 3wt - WK|/ ‘\IJ (", z —é/ \I’(t,m)dt‘da:

n=0 KeTj, In
—Z 3 (JK/ xI/{fdtJrH;g-/ /Vx\I/dx) dt
n=0 KeTh, In JK

To adjust to the notation of Lemma 4.1 let S, = {SE}, S = I, x K, K € T;, be a partition of
[0, 4+00) x RY. Then, for any t > 0, (S%); = K. If

B (V)| (o.0) = e flelw o) - 20

K]

then (4.4) is satisfied, cf. (4.16). Let also

Bo(0,9)|  (

1
1) = 52/ ‘W(t"“,m) - \Ii(t,x)dt‘.
In
If ¥ = vw, then
B, 2) — Wit 2)] < |, 2) — o(t, 2D, )| + |, ) — w(t, )l ),
and (4.4) follows upon integrating. Therefore (6.5) implies that Uj, 5 satisfies (4.2) if

O[H}S?(:|Hﬁ'|7 aGlS” = [Jkl,

i, =€ Y {ochuic - wmzmm—z 1}
K e€dK
Ba| . =wi - wKHE |2k — 2Tk

Sk

Then (4.5) holds for v = 0, A = A’ and uy, = Uy, 5. Let R, T fixed. The terms B, E¢ and EH are
estimated as in the semidiscrete case using here the stability estimates of Lemmas 5.3 and 5.4. By

Lemma 5.4,

- (1+M)T

EC =01+ sup Ba(t,z)dr < C§.

A 0<t<L2T JBA
The desired result now follows by minimizing over A (4.5).
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