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Kegpdhawo 1

ITivaxeg xow Anaroiwpn Gauss

H Teapuixr) AhyeBoa Cexvder ue tn UEAETN CUOTUATOY YPUUUIX®Y EELOWOEWY, ONAUDY)
eZlooewy TewTou Baduol pe ToAhoUS Ay VHOoTOUC.

AVO YEWUETEIXES EQUTVELES
Oa eetdoouye T0 GUOTNHUA 5V0 EELGHOOEWY PE BVO AYVOOTOUS

20 — y =1
T + y =5

amo 600 BAPORETIXES ambELS.
Modta Yewpotye xde ypouuy| (egiowon) ywetotd. H mpdtn ypouuh

2 — y =1

7 7’ 7 7 4 Vé
noplotdver o eudeior oto eninedo: v eudeio mou téuver Tov z-dZova oto 1/2 xar Tov
y-dCova oto —1. H deltepn yoauut

r + y =5

TaptoTdvel TV eudeio Tou TEUVEL TOV T-AZova 6To 5 Xt Tov Y-dZova 6To 5. Edv ot 600 eudeieg
TEUVOVTL, OTWE OTO TURAOELYUA, TO GLOTNUA EEICWOEWY EYEL LoVadXr AUoT), TG GUVTETAY-
UEveS (x, y) Tou ornuelou oto onofo Téuvovtal ol dVo eudelec. Ye auUTO TO TAPABELYHA, TO
onueio (2, 3).

T dAho uropet va ouuBel; Ado dwgopetinéc eudeleg oe éva eninedo, eite téuvovton elte
etvon TopdAdnhes. Edv or eudeleg elvar mopdAinieg, 6Twe 6TO TORAOELY U

2c — y =1
—4r + 2y =

T0 oLoTNUA OeV €yl xapia Abor. Edv ol evdeieg ouprintouy, 6nwe oto mapdderyua

2 — y = 1
—4r + 2y = -2

10 olotnuo éyel TOAEC NOOEIC: Ol CUVTETAYUEVES (2, ) OAwV TwY onueiny tne evdeiac
amoTeAOVY AUGELC TOU GUOTAUATOC.
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Mia BtapopeTiny) TPOGEY YIoT) EVAL VUL ETIXEVTPWGOUUE TNV TEOGOY Y| UAS OTIC XUTAXOPUPES
OTAHAES X VoL VEWPHGOUUE TO GUOTNHA EELOMOEWY W Wia Slavuouatixy e€iowon):

SHEIER
1 1 51 °

Ye auth TNy TeocEYYion avalnToUUE £Val CUVOUUCUO TWV BLVUCUATWY OTNAGY OTNY dplo-
TeR) TAEUPA TN e&lowong, UE XATIAANAOUG CUVTEAECTEC T xaL ¥, Tou va divel tn dedid
Theupd. T'ewpetpind autod BideToL omd TOV XAVOVO TOU TORUAANAOYEAUUOL, xou 1) ADoT elval
Hovadxy| €dv tar dtaviopata GTARES AmOTEAOUV TAEURES TORUAANAOYEAUUOL, ONAADT, EGY OEV
elvon cuyypaUUIXd.

Tt dhho unopel va cuufel; Edv ta dtavicpata oThAeg elvon ouyypauutxd, T6Te dev oyn-
watiCouv magodnhoyeauuo. Edv to didvuoua otr 0eid mhevpd efvan exiong ouyypaumxo,
ToTE LTdEYOLY dmelpeg ADoel. Edv To didvuoua ota 5e€id Bev elvol cLYYEAUUUIXO UE To SAAX
0V0, TOTE OEV UTAEYEL xauio AUoT.

Ac¢ dolue 1t ouuPaiver otig 3 daoTdoels. Oewpolue 10 cUOTNUA ECLOWOEWY

2u + v + w = 5
du — 6v = -2 (1.1)
—2u + Tv + 2w = 9

EZetdlouvpe mpwta xdie ypauur (eZiowon). H medtn yeauuy toplotdvel 10 eninedo mou
Téuver Touc dZovec ota oueta (2, 0, 0), (0, 5, 0), (0, 0, 5). H deltepn ypouur maplotdver to
eninedo mou Téuver Toug u- xou v-dZovee ota onueta (—3, 0, 0) xau (0, %, 0). Otav Bérouye
u =0 xou v = 0 téte Talpvouue Ow = —2, mou dev €yel AooT. JUVETKS TO ERiNEdO TOU
avtiototyel otn deltepn Yeopun etvar tapdhhnio mpog tov w-dfova. IIdvtwe to dYo enineda
Téuvovton oe o euleta. H toltn ypauur maplotdverl tdl éva eninedo, mou TEUVEL qUTHY TNV
eudeio oe €va onueto. Ou cuvtetayuéveg autol Tou onueiou didouv 0 AOoT TOU CUGTAUATOC.
Y10 mopdderypa, eivon to onueio (1, 1, 2).

Tv dAho unopel va oupPel; No unv téuvovtor T tpio enineda e Eva Povadixd oruelo.
YTig TeELS OtaoTdoel auTd pmopel va GUUPEL UE TEPLOGOTEROUS TPOTOUS:

e To Tpla emmEdA Vo elvol ToRAAATAAL,

0V0 enineda va efvon TapdAANAa xon var ToL TEUVEL To TpiTo, OE BU0 TopdAANAeg eudeieg,
7 7 /7 7 / 7

o To Tpla enineda var TEUvovTon aval 60, ot TEELC TopdAANA e eudeieg.

e To Tpla enineda var T€uvovTon o€ o xowt| eudeia,

® 0Vo and ta enineda Vo cuUTTTOLY, X0t TO TPlTo Vo T TéUveEL oe wa evdeia,

o ou ta Tplor EMiNEdA Vo GUUTITTOLV.

YTIC TPEG TMPWTEC TEPITTWOEIS TO GUOTNUX OEV €YEl AUOT), OTIC GAAEC TEELS EYEL AMELRES
Aoelc.
Mrnopolue va xottdZoupe xar mdht to obotnua (1.1) g wa Svuouatixy e&iowaon,

u 4 1 +v| 6 |4+w|0|=]-2]. (1.2)
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Oélouue va PpolUE TOUC OUVTEAEOTES U, U XL W WGTE O GUYOUAOUOS GTA APLOTEQY Vol
etvon {ooc pe 1o drdvuopa ota dedtd. [ewyetoixd, 1o dlpoioua TELOY BIAVUCGUATWY GTO R3
elvor 1 Olary@viog Tou mapahhnhemnédou Ue axpés ta tplo dlaviouatea. Etot, edv ta Ttpla
OLVOOUOTA ATOTEROLUY AXUES EVOC TUPUAATAETULTEDOV, TOTE UTHOYEL HOVDIXT AUOT), OE QUTHY
v nepintwon (u, v, w) = (1, 1, 2).

Tt dhho unopel va cuyPel; Edv o tplar Slaviouato 6ev anoTteholy axUéc EVOS TORUANT-
Aemmédou, aAld Pploxovtoar xou To tplo o€ €va eninedo, TOTE T0 cUGTNUA EYEL AOoT UdVOV
€dv xan To Btdvuoua ota 0eid Poloxetoan oto B0 eminedo. AwagopeTind dev €yel Ao
E&etdlouye to mapdderyya

to1e 1) e€lowon €yet Aor. Edy

167€ 1) e&lowan dev Eyel Ao,

BAénoupe ott untdpyouy 600 DLUPOLETIXES YEWUETEIXES EPUNVELEC TWY GUOTNUATWY Y-
@y e€IomMoEwy Ue dVo xou Tpew ayvaotous. H mpooextiny| avdhuorn Va amoxakigel T
oy€on AVAUECA OTIC 0U0 TEOOEYYIOELS, TOU EVE TN SloncVavOuacTeE Bev efval EUXONO VoL TNV
mpoodtoploouue axp3ne. To mo onuavtixd elvon ott Vo pog EAEUIEPOOEL A TOUS TEPLOPLO-
wolg TNg YewueTeg drafoinong, xon Vo pag emitpédel vo uEAeTAoOUYE CUOTAUATA TOAAGY
eZIOOOEWY UE TOAOUC oy VOGTOUC.

‘Aoxnor 1.1 Yyeddote oto xopTectavd eninedo Tig evdeieg

r + 2y = 2
r — y =1

of. Bpelte and 10 oyfuc TIC GUVTETAYUEVES TOU GNUEOU TOUNS TV BU0 EVUELWY.
B". Troloylote ahyefoixd tn A)on TOU CUGTHUATOS.

Y. AMNEETe ToUg CUVTEAEGTEG TOU T Xou Tou Y oTn OevTEPY e€lowar), €tol KoTe oL 500
eudeleg va etvon mapdhinhes.

. AMGEte 10 otadepd 6po (ota Be€Ld) e VEuc eliowong, €tol HoTe ol dlo eudelec va

cuUTiTTOUV.

‘Aoxnor 1.2 OcwproTe 10 TUPATAVEW GUCTNUL WS dtavucUaTixy| e&lowon:

M e

Yyedtdote o Telar BtavOopaTd, xou ERIANUEDGATE OTL OL TWEC TOU T X0t ¥ TOU UTOAOYIGUTE
oty 1.1, 1xavomotody ToV xavovo ToU TURUAANAOYEAUUOU Yid TO GUEOIGUO DAVUCUATWY.
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’ 7 / /7 / / 2 /’ /. / /
Aoxnor 1.3 Bpeite moléc eivan ot oyetinéc ¥éoeic Twv Ty emmédny ot xdie éva and
To oxOhoLYa CUCTAUATAL.

’

o
2u + v + w = 5
du + 2v + 2w = 6
—2u + v 4+ 2w = 9
B
u + v + w = 2
2u + + 3w = 5
3u + v + 4w = 6
Y.
u + v + w = 2
2u + + 3w = 5
3u + v + 4w = 7
ArvavOouota

Oplopode. Oa epyastolye anoxheloTind oc cbvora R™, yon > 0,
Rn:{(‘rh Lo, -y In)|CL’Z ER,Z.:]., 2, cee, TL}

Ta otoyelor Tou R™ Yo ta ovoudlouye dravbopata, xo To advoro R™ Yo to anoxaholue
XOEOo (Yeouuxd yweo 1 dvuopatixd ywpeo). Ot mpayuatixol aprduol 1, ..., T, ovoud-
Lovton GUVLETHGCES oL dlaviopatog & = (21, T2, ..., T,) € R™

To Staviopata uropolue va o avTalOUaoTe KOG ONUEN EVOS YMPOU, OTWS O XAPTECLAVOS
TpWdoTaToC Yweog, Tautilovtag to dtdvuoua (21, g, T3) UE TO onuelo e Ti¢ OLeg xopTe-
olavég ouvteTayuéves. Mrogolue enlong va to gavtalouaote we BEAT, Ue dpyh oTny apy
v 0&6vev (0, 0, 0) xou téhoc 6To onueio (21, T2, 3). Avdhoya ye Ty nepioTaom, Unopel
n W ¥ 1 dAAn epunvela va ebvar mo yerowun. Xe xdlde nepintwon, éva didvuoua oto R™ eivan
uior drorteTaryuévn n-6da mparyaTX@Y aptdudy, T = (21, T, ..., Tn).

Ye autd To udinua, cuvhdng, Yo TAPLGTAVOUUE Ta BLUVUGUATA WS GTHAES,

x
X2

Tn

av %ot Yo AOYoug TUTOYRApXY|G owovouiag, xaud @opd Yo YRAPOUUE TG CUVIGTWOES TOU
SLavOoUATOC YWEIGUEVES UE xOpa, optldvTia, ot Topeviécels, (T1, T2, ..., Tp).
Y10 oUvoho R™ Ty BloavuoUdTwy UE N GUVIGTWOES, 0pllouue 800 TEdLel, TNy tpocVeoT)
OLAVUOUATMY X TOV TOAAXATAACLACUO BLAVOOUATOS UE TRAYUATINO XpltOWUO.
H npboleon yivetow cuvioTOOW TROG CUVIGTWOA, OTIWS GTO TURADELY L

1 2 3
2 o| | 2
3|l 1|7 4
4 _5 1
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Fevixd,
T Y1 1+ Y1
Z2 Y2 T + Yo
: + : - :

O molhamhaclaoudg BlavioUaToS UE Teaypatixd apdud, yiveton exiong xatd ouviotwod,
OTWS OTO TOPADELY UL

21 [ 2v2

0 0
V2| 3

-5 | | -5v2

Fevixd, ) )
T axy
i) ax9
«
Ty | | oz

Evac Yeout®o6g CUVBLACWUOS Blavuoudtny eivor €va GUEOIoUo TV BLaVUGUATWY,
TOAMATAAGIACUEVWY UE Tparyatixols aptiuole (CUVTEAECTES), Yior TapddELy o

1 Y1 21 axy + By + v

T Y2 2o axy + Bys + V22
al | +B8] . |ty .| = .

Ty Un Zn ATy + BYn + V2n

Ano v Avahutiny| 'ewpetpio yvwpilouue dAAn wa mpdln, tnv omoiad UTOpOUUE va
opioouye UETAED BLAYUOUATWY UE OTOLOOATOTE aptdUd GUVIOTWOKY, T0 ECWTERLXO YLVOUE-
vo. (IlpocéZte ot 10 €wtepikd Yvouevo optleton uévov oto RE) Edv x = (21, 29, ..., Tp)
xu Yy = (Y1, Y2, - - -, Yn) TOTE

T Yy =Ty T ToY2+ -+ Tuln .

Eva clotnua n e€lohoewy e 1 ayveoTous, Unopolue enlong va To Vewpfoouue Ue 000
TPOTOUC:
o H xdle ypopur-cgiowon, napotdvel éva ‘eninedo’! péoa oo R™, xou 10 cLOTNUA EYEL

HovaoLxy| AooT) edy Ta n ‘enineda’ TéuvovTal GE €val u6vov orucio.

o H xdle othln mapioTdvel €va didvuoua, xat avalnToOUE TOUC CUVTEAEGTES EVOS YRO-
%00 GUYBUACUOU TWY BLUVUOUATWY OTNY dploTeRT] TAEUPd WOoTE Vo efvan {00g ue To
otdvuouo o1 detd TAEUEAL.

‘Aoxnon 1.4 llowd cuviixn Teénel Vo IXavoToo0y T Y1, Yo, Y3 GOOTE va Poloxovton ta
onueta (0, y1), (1, y2) xou (2, y3) oty Bro eudeio;

‘Aoxnorm 1.5 DBpelte ypouuxoi¢ 6UVOUACUOUS TV BLAVUCUATWY

3 1 2
-1 ~1 , 0
2 4 ~1

1ALo'co‘coccmq n—1!
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TETOLOUC WOTE
’ 7 7. 7.
o’. H mpwtn cuviotwoa va etvon 2.
7 7 4 Ve 7 7 7
ﬁ. H mpotn cuviotooa va etver 2 xou 1 Bsurspn CLVIOTWOA VoL elvor —2.
’ 7 7 Ve 7 7 7.
Y. H mpodtn ouvictwoo va ebvar 2 xou 1 0eUTERT, oUVIOTWOOA VoL Elvar 2.
o’. H tpitn ouviotoa va eivon 1.
Etvor awtd o anoteréoyota povodixd;
‘Aoxnorm 1.6 Ilepiypddte Tic TOUEC TV TELOY ‘EMTEDWY’ OTOV TETPADIAOTATO YWEO:
= 6

4
= 2.

+ v +
+

z
z

IS
-
g2 8

Arnoteheiton and plo eudela, éva onueio 1§ T0 xevé clvoror Ilowd eivon 1 Toungdy ouumep-
thdPBouye xon To TétapTo ‘eninedo’ u = —1; Bpeite pla tétapty e€iowon OoTE Vo uny UTdpyEL
Moo,

‘Aoxnon 1.7 Kavovixd, 4 ‘eninedoa’ 6Tov TETRAOLIOTATO YWEO TEUVOVIUL OE . oo v een ..
Kavovixd, 4 dtaviouato 6Tov TETAOLIGTATO YWE0o UT0EOUY VO GUVOUNGTOUY YId VoL TApAY Sy OUY
onotodfnote b. Iowde ypopuxdc ouvduacudc twyv (1, 0, 0, 0), (1, 1, 0, 0), (1, 1, 1, 0) xou

(1,1, 1, 1) mopdyer to b = (3, 3, 3, 2); Ilowc eivar o1 téooepelc EEIOWOELS, UE Oy VMOTOUS

x, Y, z, t Tou TEEREL var AudoUy;

Arnoloipr, Gauss

Trdoyouv Todkég pédodot Yo TNy eXiAUCT) CUCTNUATOY YROUUXWY ECLOMOEWY. Oa UEAETH-
ooupe ) pédodo tne anahowprc Gauss (Gauss elimination), 7 omola €tvor XUTIAATAT
Yoo TNV €TEAUCT UEYAIAWY CUOTNUATWY, UE TOMAES ECIOWOELC ol TOAAOUSC oy vWoTOUS. Av
xou Yo eetdoovue v amahowpry Gauss 010 amAd TapddELYU TEIOY EEICMOEWY UE TEELC
AYVOGTOUG TOU GUCTAUATOC (1.1), 9éroupe va dolue cuoTnuaTxd T Brjdota Tng pedooou,
OOTE VO UTOPOVYE VAL TA EQPUPUOGOUPE xat G TOAD UEYAAUTEPA cuGTHUATA, PE TN Pordela
NAEXTEOVIXOU UTOAOYLOTH.

2 + v + w = 5
4du — 6V = =2
—2u + Tv + 2w = 9

[Tapatneolue 0Tt 0 GUYTEAEGTAS TOL U oTNY TPWTH e&lowaon dev eivar 0. Apa, edv agaipé-
OOUUE XATIAANAN TOAAATALGIAL TG TpWTNG e€lowone amd OAEC TIC JAAEC, UTMOPOUUE Vo
AAVOUPE TOUG GUVTEAEOTEC TOU U OE OAEG TIC €LIOWOELS, EXTOS AN TNV TEWTY, {Coug UE
0, dnhadt va amadetipovpie 10 u and aUTEG TIC ECIOWOELS. LUYXEXPIUEVA

o Agopolue 2 gopéc TNV Tty eiowor and TN SelTERT,

o Agaipolye —1 gopd Ty mpd TN e&lowon and tny teity (dnAadr tpocdétouue TNy TEdTN
elowon oty Tpitn).
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O un undevixdc GUVTEAECTAC TOU U OTNY TEWOTY €EI6WOT OVOUdlETHl TEWTOS 0087NYOS.
Borxaye toug moOAAATAACLACTES 2 xar —1 Blap®V TG TOUG GUVTEAEGTES TOU U GTT) OEVTER-
1 xou Ty Teity elowon ue Tov TemTo 0dnyd. Ilpoxintel 10 Véo cloTrua

2u + v+ w = 5
-8 — 2w = —-12
v + 3w = 14

0T0 omoio 0 U €yel UNBEVIXG GUVTEAESTY OF OAEC TG €CIOWOES €XTOC UMb TNV TEWTY.
[apatnpodue ot 0 cuvteheothc Tou v otn deutepy ediowon dev efvon 0. Autdg ebvan o
0eVTEPOG 00MNYOg, Tov omolo Yo YENoIUOTOoOUYE Yiot Vo amakeiouue 0 v and TNy
Tpitn edlowon.

e Agaipolue —1 @opd 1 deltepT) e€lowor and Ty Telty.

Autd 10 Briua ohoxhnowvel Ty anohowpt; Gauss. Ilpoximtel to véo clotnua

2u + v+ w = 5
-8 - 2w = -—-12
w o = 2

070 0T0{0 0 V EYEL UNDEVIXO GUVTEAEDTY| ‘OE OAES TIC EELOMOELS EXTOC ATO TNV TEWTT X TN
ocutep. O ouvteleoTric Tou w oty Tpitn e€lowon dev elvon 0 xau efvon o Tpitog 0dNYo<.
Eivar ebxoho va Micoupe autd to obotnua. And tnyv teitn e€lowon €youue

w=2.
Avtixadiotolue o w oty devtepn ediowor), —8v — 4 = —12, dpa
v=1.

Avtixadiotolue T v xou w oty TewTtn e&lowon, 2u + 1+ 2 =5, dpa
u=1.

Auth 7 Bradixaoia ovopdletar avadpoun avtixatdotacy (back substitution).

H arodowpry Gauss Pocileton otny mopatrenoyn oti €4V XAMOIEC TWES TWV U, U XL W
IXAYOTIOOUY Vol GUOTUA ESIOWOEWY, TOTE axpBKS oL (Oleg TéS xavorotoly xal xdle
oVOTNUA TOU TPOXUTTEL ATO TO APYLXO UE EVAY a6 Toug axohoudoug 500 TEOTOUS:

o Edv alrd&ouye tn oelpd pe TNy omolo YEdPouuE TIC EELCMOELS

e Edv molhamhaoidoovyue pla eliowon ue €vay aprdud, xon agapéGouUe autd TO TOA-
Aamhdoto and plo and Tic dAAeC eELOWOELS.

Katd tnv anahowpr; Gauss enavoraufdvouye cuotnuatixd autd to 000 BAUaTa, OCTE va
xatahngoupe o€ éva amholoTEQo GUGTNUA, Yol TO OToio UmopoUUe €lxoha va Beolue To
oUVOAO ANIOEWV.

Katoypdgpouue mo owxovourxd tn dtadxacio T anaAolgic YenoulomolwyTag Evay ivoxa
UE TOUC CUVTEAECTEC TN e€lowong xon T Bedtd TAevpd:

2 11 5 2 1 1 ) 2 1 1 )

4 60 2|—-|(0 -8 -2 —-12|—=1]0 -8 =2 —12
-2 72 9 0o 8 3 14 0 0 1 2
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O odnyol, mou eugaviCovton pe moyld otolyeior otov mivaxo, TEEReL vo un undevilovta,
€QOGOV VENOLUE Vo OLPEGOLUE UE auToLS. Eav Aowmdv otr dradwacio tng anahotprc ot €va
oboTnUa 1 eELIOWOEMY UE N AYVWOGTOUS, epgaviovtal n (pn pn&:vmoi) odnyol, T161e UTdpPYEL
war ot povadixr; Aoon Tou oUCTHUNTOS, THY ontofa Bploxouue UE avddpouT AVTLXATACTACT).

Edv oe xdmowo Brua tng Sradixactog anahowphc epgaviletor undév otn Véon evog odnyoo,
TOTE LTLdEY 0LV 000 EVOEYGUEVAL.

1. Edv undipyel un undevixdc cuVIEAEOTAC O xdnola T xdtw Véon otn oTiAn Tou e&e-
TdCouye, 10T ahhACOVUE TN OELRd TWV ECLOWCEWY, ONAADY) EVOAIGCOUUE TIC YOUUUES
TOL Tivaxa, WOTE VO PEQOUNE TO U1 UNOEVIXO GuvTEAESTY| o1 Y€on tou 0dnyou. T
10 60OTNUA EEIGWOEWY

u + v + w = a
2u + 20 + Sw = b (1.3)
4u + 6v + 8w =
€)Y OUuE
1 11 a 1 1 1 a 1 1 1 a
225 b —=]1003 —2a+b|—|10 2 4 —4da+c
4 6 8 ¢ 0 2 4 —4da-+c 0 03 —2a+b

Etou éyoupe mhipeg alvolo odny®y, xat To cOGTIU EYEl Lovadxr Ao

2. Edv 6)ot ot cuvieheoTég oTIC To xdTw Véoel ot oTAAY Tou e€etdlouye efvar undéy,
T6TE BEV Unopolue va Bpolue TAfeeC oUVolo 0dnY®Y. To chotnua ovoudleton LoLo-
pop@o. [ topddetyya, 6T0 cloTNUA

u + v + w = a
2u + 2v 4+ bdw =
du + 4dv + 8w =

UETE TNV ATAAOLPT] TV CUVTEAECTOY TOU U, EYOUUE

111 a 1 11 a
2 25 bl —=]1003 —2a+b
4 4 8 ¢ 0 0 4 —4da+c

XL OEV UTOPOUUE VA EQUPUOGOUUE TNV AVAOPOUY AVTIXATAGTACT Yo Vo Bpolue pla
wovooxy) Aoor.  Eva ddpoppo clotnua umopel va unv €yet xoplor oo, 1 vo €yet
drelpec Aooelg. Autd e€aptdton amd T Oedid TAELEA.

o Edv —2a+b =6 xou —4a +c =T, 161€ €)0UUE
3w = 6
dw = 7
xou dev undpyel hoor. To olotrua ebvar acOUBaro.
o Edv duwc —2a +b =6 xou —4a + ¢ = 8, 161€ €)0UulE

3w = 6
4w = 8

xow w = 2. ANG 1 tpwtn e€lowon dev unopel Vo Tpoodloploel xaL To U ot TO V.
Mo %dde Tr Tou u umdpyel xou plar Tipr Tou v Tou divel Aoorn. To clotrua €yet
dmelpec AOGELS xal Efval ATEOCBLOELOTO.
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‘Acoxnorm 1.8 Ocewpolye 10 0OOTNU EELOWOEWY

20 — 3 = 3
du — dbv + w = 7
2u — v — 3w = 5

o . Kdle egiowon maptotdvel €va eninedo 010 TROLICTATO YWEO UE GUOTUN CUVTETOYUEV-
v u, v, w. Bpelte ta onpela Toprc xde emmédou pe toug dEoveg, xar tpooTadoTe
VoL GYEDLACETE UEQOG TWV TELOY ETUTEOWY GTO Gy AU GUS.

B". Egagudote 0 dwdixacia anahowpric Gauss yio va Beelte ) Ador Tou ouoTAUATOC:
apatp€ote €var TohhamAdoto TNg TeKTNG e€lowong and T delTeRT), £TOL WOTE VoL U
OEVIOTEL 0 OUVTEAEGTHC Tou u oTY) OevTepn ediowor. Kdvete 1o Bo yia v Tpity
elowon. Koatomy agopéote éva todhanhdoto tne (véac) dedtepng elowong and tny
(Véar) tpitn eZlowon, €tol WoTe Vo UNdeVIGTEL 0 GUVTEAEGTAC TOL ¥ 6TV Tpitn eiowon).
Beeite 10 w xou €@opudcTE avddpoun avTixatdotacy yio v Bpeite to v xou 1o u.

‘Aoxnon 1.9 T mowd Tyr tou b ypetdleton apydTERP VoL XAVOUUE EVUAAAYT) YROUUDV;
[ motd Tipr Tou b 8ev umdpyel xdmolog 0dNYoS; Xe auTh TNV WLoUopyT Tepintwor, Beeite
wlar pn undevixy) Ao yio T T, y, 2.

x + by — z =0
r — 2y — z =0
y + 2z =0

‘Aoxnomn 1.10 BOcewpolye 10 GLOTNUA EELOWOENY

u + v+ w = =2
3u + v — w = 6
u — v + w = -1

o. Egopudote anahoipr; Gauss 010 mopandvew cOoTrL (wcopsi VoL YEELOTEL Vo ahhAEETE
N OERd TV eEIGMOEWY OE XATOL0 ﬁr’]pa).

B’ AXN\&ETe To oLUVTEAESTY) TOL ¥ OTNY Tpitn e€lowaT, WOTE Vo TAPETE Eval GUGTNUA TOU
0ev €yel Aoo.
‘Aoxnorm 1.11 'Eva clotnua yeauuixwy eClo@oewy OV fvar Buvatoy var €yel oxpt3mg
ovo hooewc. E&nyhote yiori.
of. BEdv (z, y, 2) xou (X, Y, Z) eivon d0o AMoeig, unopeite va Beeite axdun ulo;

7 / 7 / 4 7 / 7. / 7’ /4
B". Edv 25 enineda téuvovtoar oe 600 onueio, motd etvar tor dhhar onuela TS TOUNRS TOUC;

‘Aoxnomn 1.12 Bpeite Toug 0dnyolg xou T AMoT TV TECCdpwY eEIGMCEWY:

2v + y = 0
r + 2y + =z = 0
y + 22 + t = 0

z 4+ 2t = 5



12 Ewaywyr oty pauuwer] Adyefoa

‘Aoxnomn 1.13  Eivow 60oTég 1 haviaouéves ot axoAoulee TapaTneroeic Yo T Sadixactio
anolowpric Gauss;

7

o. Edv n tpitn e€ioworn Eexvd pe undevind cUVTEAESTY, TOTE BEV aanpelTal TOAATAAGLO
¢ e€lowong 1 and v ediowon 3.

B". Edv 1 tpltn e€lowon €yetl undevixd deUTEQO GUVTEAEGTY) TOTE BEV AQotEEiTol TOAATAG-
o g e€lowong 2 and tny edicwon 3.

Y. Edv 1 tpltn e€iowon €yel undevixoic toug 600 Tp®TOUS GUVTEAECTES, TOTE DEV apaLel-
Tot ToAamAdoto g e€lowone 1 1 tne elowong 2 and tny edioworn 3.

ITivaxec

o peyahitepa cuoTApOTA OEV Efvan TREOXTIXG VAL YRAPOUPE avahuTixd xdUe e€lowaorn xat va
xataypdpouue Ty arahotpr. O cuuolicude mvixwy efvor Toh) yerolog.
¥1n 0e€id mhevpd wag eiowong €youue €va Sldvuoua-oThAN, b. Xto napdderyua (1.2),

5
b= | —2
9

YTy aploTepr) TAEUPd, €)YOUNE TOUG AYVOOTOLS, TOug onoloug eniong yedpouue wg €va
OLVUGU-GTHAT,
U
r=1| v |. (1.4)
w

Téhog €youpe Toug 9 GUVTEAEGTEG, TOUG OTOIOUS YEAPOUUE WG €Vl TVIXA, UE TEELS YRUUUES
AL TRELS OTNAES,

2 11
A=| 4 =6 0 (1.5)
—2 7 2

Avutdc etvan évag Tetpaywvinde mivoxag 3 ent 3.

Oplopog. Evac m eni n nivoxag, A nivoxag ye m ypahég xar n oTHAES elvar pia
Oldtaln mn TEAYHATIXWY apiUWY GE M YRAUUES xou 1 OTAAES, XAELCPEVY o 0pVOYOVLIES
nopeviéoews [, |. Edv m = n Mue ot o nivoxog eivar teTtpaywvixdg. Edv m # n Aéue
0Tt 0 Tivoaxac eival TARAAANAOY P LOC.

O nivaxec mpootidevtal xatd GUVIGTOG, Xat TOAAATAAcLALovTon Ue aptdroig,
wEBwe OTwe Ta daviouata.  Xuyvd Yo Vewpolue €va n-dwdvuoua ¢ Eva i X 1 mivoo.
Mropotue va npoc¥écouue d0o0 nivaxeg udvov edv éyovr tig d1es daotdoes, dnhady Tov
d10 aptdud Yeouuwy xa Tov Bo apriud otniwy. o topdderyyo:

R R B i

J[2 11]_[6 33
4 =6 0] |12 18 0"
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Xpetaloyaote GUUBONOUS YL VA UVAPEPOUUGTE OE XAUE CUVIGTWOO €vOg Tivaxa. H
OUVICTWOoW OTYN Ypauun @ xouu otn otnAn j oupPoliletar a;. Etor o m x n mivaxag A
ouufBohileTton

ail a2 ... Q15 ... Qin
a9 Q2 ... Q25 ... Q2
A=
;1 Qg ... Qi ... Qg
L Gm1 Om2 .. Amj ... Qmn

Mot suvtéueuor autol tou oupBoliopol eivon va ypdgouue A = [a;;]. Etot, €dv A = [a;;]
xou B = [bj] etvon m x n nivaxeg éyovue A+ B = [a;; +b;;]. Enionc oupBorilovpe (A+ B);;
™ ouvicTwoa otr Yéon i) Tou adpoloyatog A + B, xou €youue

(A -+ B)U = aij + bij s

(OéB)ij = Ofbij .

Eidaye o1t 1 aplotept| mheupd tng e€iowong (1.2) umopel va Vewpniel wg o ypauuixdg
GLVBUAOUOS TV GTNAGY Tou Tivaxa A, 1.5, Ue CUVTEAECTES TIC GUVIOTMOES TOU BLayOOUATOS
z, 1.4. Téroor ouvduaopol eugaviCoviar cuyvd, xou uag odnyoly vo oplooude uio Tpdln
UETUEY TVIAWY XAl DLAYUOUATOY.

Optopog. To ywouevo tou m x n nivaxoa A ye 10 n-didvucyo = €tvor €vo m-dLdvuoua
Az, Tou onolou 1 cuvioTOoa 0T VéoT T Elvan TO ECWTEPIXG YIVOUEVO TNG i-Ypouunc Tou A
ue 0 x, Ar = (Y1, Y2, -- -, Yn), OTOU

Yi = Q1T + Q%o + -+ QipTp, YT =1, ..., m.

[Ipocéite tn oyéon avdueoa oTic SlaoTdoelc Tou m X n nivaxa A, Tou n-dlavbouatog o
xou Tou m-dlovouatog Aw.

IMopdderypo 1.1 To ywoéyevo evioc 3 X 3 mivoxa ue €va 3-0tdvucya etvon €var 3-Ldvucyar,

12672 241040 12
303|[5|=]6+0+0|=]6|,
114100 24+5+0 7

aAAd TO Yrvouevo evog 2 X 3 mivaxa ye €va 3-Oudvuoua efvar €va 2-0tdvuoya,

1 2 6 i_ 24+10+0 | [ 12
30 3 0_6+0+0_6‘

E)éyyoupe ot to Sidvucpa Az efvon medyuatt 0 Ypouuxog CUVOLAOUOS TWV GTNAGY TOU
Tivoxa A UE OUVTEAESTEC TIC CUVIOTMOOES TOU OLayOoUATOS Xt

1 26 2 1 2 6 12
3 0 3 51 =23 |+5|0|+0|3|=1|6
114 0 1 1 4 7
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[t var avopepVolUe OTIC GUVIOTOOES TETOLWY YIVOUEVWY, GUY VA Y ONOWOTOOUUE TO GUU-
Bohoud ) yia adpoloyara:

n

(Az); = Z ;T .

J=1

Oa mpooradricouue va exgpdoovue Tn dSadixacior TG anaAolpnc Uéow mvixwy. ‘Eva
OLLPOPETIXO EIBOC YIVOUEVOU BLovUOUATOSC UE Tvoxd, OTOU TWEO YPAPOUUE TO BLAVUOUN WS
YUY XL OTa PO TERS TOL THivaa, efvar 1) acdhovdn:

2 11
[-2 1 0] 4 -60]|=[0 -8 —2].
-2 7 2

H xdde ouviotwon tne yeauuric ota 0edtd €lval T0 ECWTEPXO YWOUEVO TOU Blav)oUATOC-
Yoouur ue tnv avtiotolyn othin tou wivoxa. Ilapatneolue ot OhGXANEn 1 YEOUUT oTd
0e€Ld elvan TO AMOTEAEOUA TOU Vo Aou€COUUE 2 QORES TNV TRWTN YRoUUT TOU Tivaxa and T
dettep), dSnhadh axpiBde autd tou xdvaue oty anohowpy| 6o cbotnua (1.1). Egapuélovue
TOV {OL0 XAVOVIL UE T1) YRUUUY) [ 0 01 },

2 1 1
[001]] 4 60|=[-272].
-2 7 2
To arotéheoya eivan 1) tpltn Yeouur tTou mivoa. And autéc TI¢ TapATNETOELS 001 YOUUAOTE

OTY) BLYATOTNTA VoL EXPEACOVUE TO TEWTO BHUA TNG ATUAOLPHC UECW ‘TOAAATAAGLAGUOL  TOU
mivoxar A pe évav mivaxo E:

100 2 11 2 1 1
EA=| -2 10 4 -6 0|=| 0 -8 —2 (1.6)
00 1]]-2 72 —2 7 2

Oplopodg. Oewpolye Tov m X n nivaxo A xou tov n X p nivaxa B. To ywoépevo AB eiva
o m X p nivaxog, o onolog €yel otolyeio ot V€orn iJ 10 EOWTEQIXO YIWOUEVO TNG i-YRUUUNS
Tou A xou g j-oThAng Tou B,

n

(AB)ij:Zaikbkj, yioi=1,....mxuj=1,...,p.
k=1

['a v opiCeTon to yvouevo mpénel o aptdude Twv oTnh@y Tou A va eivar {cog pe Tov apriud
TWV YPoUUUWY Tou B.

IMopdderypo 1.2 IMolaniactaouog Ue tov 2 X 2 mivaxo I agriver auetdBinto tov 2 X 3
mivaxo B:
10 2 37 2 37
]B_[O 1][4 —6 O}_{él —6 O}’

IMopdderypo 1.3 O molhamiactacouog mvdxwy dev efvar PeTAVETINGS, oxXOUn ot OTAY
optlovton xon ot 8Vo nivaxec AB xa BA:

AB=1]1 6]{?]:[8],
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2 2 12
BA:{l][l 6}:{1 6}.

IMopdderypo 1.4 Ilohhamhaolooudc and to aploTepd Pe tov Tivaxa P evolldooet Tic
Yeouuéc Tou B, moAaniactaopog e tov P oamd ta 8e€id evaAldooel Ti¢ oThAeC Tou B:

o-23]33)-112)
se-[33][24)-123)

Extoc and tov opioud 1ou TOAATAAGLIGU0) TUVAXWY TOU OWOAUE, oL axdloudec dUo
Yewpr|oeig elvan ouy Ve TOAD yeNoES.

IMeotaon 1.1 1. Hi ypapuij tov nivaka AB eivai ion e to ypappiké ovvovaousd twy
YPAUMUOY ToU B e owvTedeoTéS T oUVoTioes s i ypapupung tov A.

2. Hj otjAn wov nivaka AB efval ion pe to ypappikd ovvdvaoud twv otndadv tov A e
OUVTEAEOTES TIS OVVIOTWOES TS j OTHANS Tov B.
Arnodegn. H i ypauur, tou AB eiva

n

[ (AB)H ce (AB)zp } = [ ZZ:I aikbkl R 22:1 aikbkp } = ik [ bkl . bkp } .

k=1
[eddte Tov avdhoyo umtohoyloud Yio TG GTHAEC.
O

ITpbtaom 1.2 O moAamAaciaoudés mvdkwy €ivar TPooetaiploTikes, Kal €MUEPIOTIKIS W
mpos tny npéodeon. Xuykekpipéva, edv A, B eivai m x n nivaxes, C, D eivai n X p nivakes
ka1 B efvar p X q nivaxag, tdte

1.
A(CE) = (AQ)E,

A(C+D)=AC+AD , (A+B)C = AC + BC.

Anédelr. H anddeiln tng mpooestonplotinfic WLOTNTAC anoTelel doxnorn otn yeron Tou
oupPoliopot Y yia ta adpolopata. Twi=1, ..., mxuw j=1, ..., g, €youye:

n

(A(CE))y; = Y an(CE)

k=1

n P

= E Qi E Ckt€tj
k=1 t=1
n o p

= E E Qi Crt €15

k=1 t=1
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OAAG UmopoUUE Vo AAAGEOUUE TN OELRd UE TNV oTola Talpvouue ta adpoloyata,

(A(CE)); = D ancuey

t=1 k=1

P n
= E E QikCrt | €ty
t=1 \k=1
p

= ) (AC)aey

t=1

= ((AC)E);; .

H erahidevon tng emuepiotinrc dtnTog elvor anholoTeRT %ot AQHVETOL S doXT o).
O

‘Acoxnorm 1.14 Troloyiote To 500 ECWTERIXA YIVOUEVO XAl TO YIWOUEVO TUVAXWY:

1 3 1
(1 =2 7] | —=2|,[1 =2 7] |5]|,|—-2]|,[35 1]
7 1 7

‘Aoxnor 1.15 TrnoloyioTe To YWVOUEVA TVIXWY

210 0,9
12 3 /2
V2/3
1 00 —1 6cos(m/6) 7
020 3 2 2
103 /3 V3 1
100 1 0 0
020 0 1/2 0
103 -1/3 0 1/3

‘Aoxnom 1.16 Troloylote 10 ywvépevo Ax yia va Bpeite pla Ador tou cuothpatog Ar =
UndeVinG didvuoua. Mropeite va Peeite dhheg Mioeg Tou Az = 0;

3 =6 0 2
Az =10 2 =2 1
1 -1 -1 1

‘Aoxnon 1.17 Tpddte toug 3 ent 3 nivaxeg A xou B pe ototyela
aij:i—j Ho bi]’:—.
xou urohoyiote T Yvopeva AB, BA xa A%,

‘Aoxnom 1.18 Edv ta otoyeia tou nivaxa A ebvon a;;, yenowonoiote 1o cupfoloud
TWY BEXTWY Yol VoL YPAETE
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o. TOV TPWTO 0dNYH
B". Tov moAamhactaoT i1 TS TEWTNS YRUUUAS OTAY TNV opotpOVUE Amd TNV YEAUUUT ¢
Y. To véo cToryelo mou avtxohoTd To a;; YETE aUTH TNV aPalpeEoT).

0’. Tov BEVTEQO 0OTYO.

‘Aoxnon 1.19 Ilepiypddte tic yoauuéc tou yvouévou FA, xou tic othle tou AE, 6tay

r_ 17
10 1
‘Acxnomn 1.20 Ocewpolye 0Tt oL 6THAES Tou N X n mivaxa A elvar Ta dtavdouata ¢, Ca, - . .,
Cp, XOL OL YPOUUEC TOU N X m mivoxa B elvar tor SlavOoUoTa-YeaUuéc 71, T2, - .., Tp. TO

Ywouevo ¢;r; ebvon évac n x n mivaxag (deite to Hopdderypo 1.3). Exgpdote to ywouevo AB
wg d¥poloud TETOLWY TVIXWY.

‘Aoxnomn 1.21  Anodeite TV EMUEQLOTLIXT LOLOTNTO TOU TOAAATAUCLAGUOY TIVAXWY, YE1OL-
HOTOLWVTAS TO GLUPoMoUS adpoicuaTtog >

‘Aocxnor 1.22 Beelte nécouc noAamAactaouols aotdumy yeeldletol Vo XAVETE YLol Vol
TohMoamhaoidoste eva 2 X 3 mivaxa ue Evar 3 X 5 mivaxa.

‘Aoxnomn 1.23  Akndéc 1) deudés; AixowohoyoTe TNV andvInoct| cog.

’

o . Edv n mpdtn xon 1 tpitn othin tou nivaxa A etvon (Siec, to Blo cupPaiver xon pe TV
TEWTN xou TNV Tl oTHAN Tou Thvaxa AB.

. Edv n mpdtn xau i tpitn otikn tou mivaxo B eivon (Bieg, to (B0 oupBaiver xa pe v
TEMTA XL TNV Tl oTAAN Tou Tivaxa AB.

Y. Edv n mpodtn xou ) ity yeouur) Tou mivaxa A etvar (dieg, To (dto oupPaivel xon Ye TNy
TEMTA Xt TNV TEiTn Ypouur Tou mivoxa AB.

. Edv n mpwtn xan 1 teitn yeouur tou nivaxa B etvor (dieg, To dto cuuatver xou pe tnv
TEMTNA X TNV Teltn Ypouur tou mivoxa AB.

‘Aoxnorm 1.24 Edv A eivou mivaxac m x n xou B ebvar nivaxag n x r, 6eilte ot yio Tov
uTohoyoud Tou ywopgvou AB amoutolvton mnr mtohhamhaotoouol aprdumy. (Xe autd to
TEOOPBANUA BEV o anaoyohel 0 aprdudc twv tpocdéoewy). Edv C eivar nivoxac 7 X p, Beelte
16601 TOMOTAACIAOPO! aptdU®y anatTodyTaL YL ToV UTOAOYIoUS TV Yivouévey (AB)C xa

A(BO).

‘Aoxnon 1.25 Aidovtor mivaxeg A, B, C, D pe ta axéhovda yeyédn: A : 5 x 14, B :
14 x 87, C : 87 x 3 xu D : 3 x 42. Bpeilte ndéoot noAaniaclacuol anattodvton yLol v
unoloyloete 1o ywouyevo ABCD ue toug axéhoudoug tpo6moug

o. (A(BC))D
. A(B(CD))
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Exgpacn tng anaholpng HECW TUVAXWLY

Ornoxc eidaye oto (1.6), 0 mp®To Bhua T analotghc oto cbotnua (1.1) neprypdyeta Yéow
TOMATAUCLACUOU ATd APLOTERE, TOU TVAXAU GUYTEAEGTWY UE XATAAANAO Thvora.

Opiopoéeg. O mivaxag mou €yet 1 otn drayovio xou 0 6e dheg Tig dhheg Véaetg, ovoudleto
TowToTixog mivaxag. O mivaxag mou éyet 1 oty Swaydvio xaw A # 0 oe xdnowa ¥éom
ij Yy i # j, eved €yet 0 otg undhoineg VEoELS, oVoudleETol CTOLYELDONG Tivaxag, ot
oupPoriletar Eij(N).

Otav todhanhaotdlouye €va nivoxo A and ta apotepd Ye tov E;j(—N), 10 anotéheoya eivou
VoL apatpoUPE A Popéc TN yeauuy| j and Tn yeauuy ¢ Tou A.

Otav nodamhaoctdlouye éva tivaxa A and to 6eéid pe tov Ej(—A), 10 anotéheopa eivar va
apatpoUUE A QopEC TN oTHAN 4 amd Tn othAn j tou A. TlpocéZte tn Bagopd otn ddtaln

TWY OEXTWV

Ac¢ egapuooouue auth T ddixaoio oto clotnua 1.1, Bdlovtac xar to didvuoua b Tng
0e&1dg mhevupdc otov emavénpéro mivaxa.

2 11 5
4 -6 0 -2
-2 72 9

1. Agoupolue 2 @opéc TNy TpWTY Ypouur and T delTepn

2 1 1 5) 1 00 2 11 5)
0 -8 -2 —-12|=|-2120 4 —6 0 -2
-2 7 2 9 0 01 -2 72 9
2. AgoupoVue —1 gopd TNV Tt Yeauur and tny Teitn
2 1 1 5) 1 0 0 1 00 2 11 5}
0 -8 =2 —12 | = 0 10 -2 10 4 —6 —2
0 8 3 14 —(=1) 0 1 00 1 -2 72 9
3. Agoupolue —1 gopd T deltepn Ypouur amd TNV TElTN
2 1 1 )
0 -8 =2 —12 | =
0o 0 1 2
1 0 0 1 00 1 00 2 11 5
0 1 0 010 -2 10 4 —6 0 -2
0 —(-1) 1|]1 01 001||-2 72 9

Bl\émoupe ott o molhamhactaoudc tou mivaxa A and ta oploTepd, mpdTo UE Tov E

1 00 1 00 1 0 0
=2 1 0 |,xatomy ye tov F' = 0 I 0| xwwtéhoguetovG = | 0 1 0
00 1 —(-1) 0 1 0 —(=1) 1

€yl TO (D10 AMOTEAEGUA UE TNV ATAAOLPT Gauss. To (80 umopolye vor xdvouue xat UE TO
owdvuoua b. H arnodowpr Gauss yivetan

[A] — E[A] — FE[A}] — GFE[A] .
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XpnoWomoiwvToc THY TEOOETHUELOTIXT LOIOTNTA, XATUAYOUUE OTL UTOPOUUE Vo EXPEACOUUE
™V anaholgy g ToAamiactaoud Tou ivaxa A xon Tou dtaviouatog b ue to ywépevo GFE.
To apyxd cloTnua

AX =b

yiveTan

GFFEAx = GFFEb.

Optowds. Evac nivaxac A = [a;;] ovopdleton dvew Tprywvixdg edv dha ta otoyela
x4t amd T Srywvio ebvon oo ye 0, dnhadr €dv a;; = 0 dtav 7 > j.

Evag nivaxag A = [a;;] ovoudleton %dte Tprywvixodg edv 6ho 1o otoryela Tdve ond
otrywwio ebvon (oo we 0, dnhadr edv a;; = 0 dtav 7 < j.

Edv yeddouvye U = GFEA xan ¢ = GFED, U elvan dvew Torywvinog Thvoxag, xon €youue
Vo AOGOULUE TO GUGTNUY

Ur=c

70 omolo AOveTal UE avadpour AVTIXUTAOTAOT), Xal EYEL oaxpl3mS TO (Blo aUvolo MICEWY UE TO
oy O cUGTNUOL.

Mmnopolue vo avarpécouue To Briyato Tng arahotpnc, Yo va tdue and tov mivaxa U o-
Tov A: mpénel va avoupéoouue évo-éva Briua, ue TNV avtiotpogn oepd. Eivor gavepd ot
YLOL VO OVALOEGOUUE TO ATOTEAECUA TOU ToMhamAactacuol ue tov G apxel vo ToAamhaold-
COUUE UE TOV Tivoxa Tou teocV€Ter (—1) popéc tn dedtepn ypouur oty Teitn, Tov onofo
ouuBoiilovue G1,

1 0 O
G'=]0 1 0
0 -1 1
1 00
Avéhoya opiloupe Ttov mivoxa F! = 0 1 0 | nou mpootéter (—1) gopd v mpd
-1 0 1
1 00
Yoopuh oty Telty, xou tov wvoxa B~ = | 2 1 0 | nou npoodétel 2 popéc TNV Tedh
0 01

Yoouu ot DEVTERT), X EYOUUE
ET'FTIGTIU = A.
To ywopevo ET'F1G™! 1o oupPoliCoupe L. Eyoupe ypdber tov mivoxa A cav yvopevo
A=LU.

Mropotue vo extehécoupe auth T SLadLXAold OE OTOLOONTOTE TETPAYWVIXO 1L X M Tivaxa,
opxel o oTotyelor Tou eu@avilovial oTH BLAYOVIO XAUTA TNV ARAAOLYY) VoL Uny elvon undév. e
aUTY| TNV TERINTWON AEUE 0Tt 1) dradixacia anahogphc Peloxel Eva TAHpEC GUVORO 0ONYOV.

‘Aoxnom 1.26 TYroloyiote to ywopevo L = B~ F-1GL

BAénoupe o1t o L o710 mapdderyua eivon x4t Tptywvixog UE 1 oTn Dlay®VIo Xl TOUg
TOMOATAACIAGTES XATW amd TN Olrywvio. Ou del€ouue ot autéd dev eivon tuyalo. O L eivon
TO YWVOUEVO E7'F1G7! twv mvdxwy mou avarpoOy Tor friuata g anohowgphc. O G~ etvon
0 OTOLYEWWONS Tivaxag Es3(—1), ue Tov avtiototyo tohhamiactact| Ag2 = —1 otn ¥éon 3 2.
O F ' etvar o ototyeddne mivoxag Esi(—1), ue tov avtiotolyo nolomiactaoti Ag; = —1
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ot Véon 3 1. Iohhamhoaotaoude tou Esp(—1) ue tov Esi(—1) and ta apotepd, npocvétel
A31 QOREC TNV TPWTY Yeouur Tou Ess otny teitr ypouur. AAAG 1 mpdTr yeouuy civo [100],
OTOTE TO ATOTENEOUA Elval ATAWS VoL EPPUVIGTEL 0 ToAAamhactacThc Az1 6T ¥éon 31 tou
YIVOUEVOUL:

1 00 1 0 O 1 0 O
0 10 0 1 0| = 0 1 0
/\31 01 0 )\32 1 )\31 )\32 1

[apbuowr, moAhamhaotaoude pe tov mivaxo E~1 tonodetel tov nolhanhactaoth| Ay ot
Véon 21, ywplc vor ahAdEet Tor dAAa GTOLYElL TOU THivaXOL.
‘Etou éyouue

L =FE'F'G" = Ey(la)Es(As1)Es(As)

1 00 1 00 1 0 0

= | X1 10 0 10 0 1 0
0 0 1 [ A 01 0 Ay 1
1 0 0]

= | X 1 0

_)\31)\321_

IMegbétaon 1.3 Edv oton x n ovotnua Az = b n dwdikaoia aralopns Ppioker éva tAnpes
oUvodo 00nydy Ywpls va xpelaotel va kdvoupe evaAdayEés ypapudy, tote o tivakas A ypdpe-
ta1 w§ ywopevo A = LU, émov

/. 7 7 4 / / Vé
o L efvar kdtw tprywvikds, pe 1 otn daydrio, kar tovs toAkamdaoiaotés A;; kdtw amd
TN 01aYwIo.

o U efvar dvw tprywrikdg, pe tous 0dnyols otn diaywvio.

H rapayovrtonoinon A = LU éyel yeydhn npoxtixy| onuacio. Aev efvon anAd €vag tponog
va topaothooude TNy arnodotgr. H e&lowon Az = b yiveto

LUz =b.

ANNG €&y ypddouue ¢ = Uz, umopolue vo avTixatac THOOUUE THY oyt e€lowor ue Tig 8o
eCloWoELC
LC=b Uz=c

‘Etou yia va Aoouye v apyixy e€ioworn apxel va fpolue o ¢ Tou txavorotel Ty e€iowon
Lec = b xou xatémy 1o  mou ixavoroel Ty e€iowon Uz = c. To onpavtixd eivor 6Tt autd Tol
000 cuoTApaTA Efval TELYWVIXE, X CUVETWS Etval EOX0AO VoL ToL AUCOUUE. LTO TUEAOELY UL
1.1 7 e&loworn Le = b yivetan

1 00 c D
2 10 e | = | =2
-1 -1 1 c3 9
ONAAON
C1 = 5
201 + ¢y = =2
—Cc] — C + c¢3 = 9

’ 7 Z ’ 7
o’ 6mou €youye, ue evdeia avtxatdotaon, ¢ = 5, ¢ = —12, ¢z = 2.
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H e&iowon Uz = ¢ topa yiveTto

2 1 1 x 5
0 -8 —2 y | =] -12
0 0 1 P 2

TNV omolot AOVOUUE UE avadEoUY| AV TIXATACTUOT).
H eudela xar 1 avddpoun avtixatdotaor eCac@aiilouy 0Tt autd To cUGTHUATI €YOUV

HovooLxy| Ao

Ilpotaon 1.4 Edv U elvar n X n dvew tprywvikds mivakag, Tov omoiov ta otoiyela oTn
dwayvio efvar 6Aa dwapopetid and to unoév, tote kdle ovoTnua

Uz =1b

éyer povaoikn Avon. To 0w wydea ya kdtw tprywvikd tivaka tov omoiov dAa ta Owrywria
otoweta efvar un punoevird.

Extéc and tny nopayovtonoinon A = LU, xouid gopd yenotuonotoVue pia T GUUPUETELXN
Tapayovtonoinon: yedgouue Tov U wg yivouevo evog dtayoviou miivaxe D Ue Toug 001yoUg
o1 DLy VLo, o EVOS Gvw Tprywvixol mtivaxa U', ue 1 otn draydvio,

A=LDU' .

O U’ anoteheitar and g ypauués tou U Soupepévec Ue Tov avTioTolyo odnyo:

2 1 1 2 0071 1/2 1/2
0 -8 —2 0 -8 0|0 1 1/4
0 0 1 0 01]]l0 0o 1

Iap” 6o mou 1 oelpd pe TNy omola xdvouue To BruaTa TNG amahoLphc (ywpic evodayéc)
umopel var ahhdEeL, To TEMXO amotéheoua ebvan Lovadixd, 6mwe Ya deiete otny ‘Aoxnon 1.30.
‘Aoxnor 1.27 To ywoUeVO 8U0 %ATw TELYOVIXWY TVAX®Y efvar Tl %dTw TELYwVIXOS
nivaxac (6o o oTotyela Tdve omd TV xOpto Sty dvio etvon undév). ECaxpBoote 6t oy lel
UE €Var TORAOELY U TIVAX WY 3 X 3, X0 XATOTY EENYNOTE AUTH TO ANOTEAECUA Y PNOHLOTOLOVTIG
TOUC XAVOVEC TOU TOAAATAACLOOUOU TVAXWY.

‘Acxnomn 1.28 Egoapudote analowgr yio va Bpeite toug mapdyovieg L xow U twv mvdxmy

3 1 1 1 11
[2 ;] R - T T R I TR
1 1 3 1 4 8
‘Aocxnon 1.29 Adote v ediowon
1 00 2 4 U 2
1 10 01 2 v | =10
1 01 0 01 w 2

avaALOVTAS TNY o€ 800 TplYwVixég elowaoele, Le = b xa Uz = c.



22 Ewaywyr oty pauuwer] Adyefoa

‘Aoxnon 1.30 Aci€te ou n napayovtonoinon A = LDU' evéc nivoxo ebvon uovodixt.

‘Aoxnon 1.31 Troloylote o ywopeva FGH xou HGF (€youpe napodeider o undevixd,
T8V omd T DLy VLO):

S O N
o O =
o O O
SN =
-

—_

o O O
o O =
N =

—_

‘Aoxnomn 1.32 Ilapayovtonotiote tov mivoxa A oe ywouyevo LU, xou ypddte 10 dvw
TEYWVixd clotnua Uz = ¢ mou TpoxUTTEL YETA TNV amahoLpt], Yio To oUoTNHL

2 3 3 U 2
Ar=110 5 7 v | =12
6 9 8 w 5

‘Acxnor 1.33 Bpeite toug nivaxeg E?, E® xou E~1 edv
1 0
=[]

‘Aoxnor 1.34 Ocwpolye ToV dvew TErywvixd mivaxa

d1 a b
U= 0 dQ C
0 0 ds

xou uovétouye ot undpyel tivaxag V' tétolog wote VU = 1. Acette ot didads # 0 xon ot
V elvou eniorng dvew Torywvinog.

Evalloyeég yeouuoyv

Y10 oloTnua e€lOWoENY (1.3) YPEWOTNXE Vo AhAGEOUUE TN OElpd TwV eEICWOEWY, Yla Vo
Beolue éva mhrpeg clvoho odnywyv. Ilog Unopolue vo TaQUGTACOLUE UECK TUVAXWY TIG
EVOAAAYES YRAUUUODY;

IMTopdderypo 1.5
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O mivoxog Pog evolldooel 1t Seltepn xou tny Teltn ypouur tou mivaxo A dtov moA-
hamhaoidlouvye Tov A ue tov Pog and ta apioTepd.

Opiopoéc. Ovopdlouye mivaxa evalhoyng Fij Tov Tivaxo Tou eVOAAIGEL TNV & YROUUT
xou TN J yeauur Tou mivaxa A étav ntollarniaocidlouvue tov A ye tov P and ta aplotepd.
O mivaxag Pij €yet 1 otic Véoelg 1) xou Ji, xou oTr dlywvio extog and T Y€oelg it xau jj,
eved €yel 0 otic undhoineg Véoec. ‘Otav norhaniacidlovue tov mivoxa A and to 6e€id ye
Tov mivoxa evahhayic Fyj, o amotéheoya eivar 1 eVOAAAYT TwV GTNAGY © ot j Tou A.

To ywvéuevo mvdxwy evahhayhc ovoudletar mivaxag petadécews. ‘Otav tolaniactd-
Couye tov mivaxa A and o apiotepd Ue €va mivoxa UETAIECEWS, TO amoTéAecya elvon uia
uetddeon twv ypaupudy tou nivaxa A. ‘Otav todariacidlouye tov nivaxa A and ta oe&id
ue évay mivoxa YeTaécens, To anotéheoya eivor Uio uetdieon twy oAy tou A.

[a évav n x n wivaxa A utodétoupe ot otn dradxacio g anohowprc Gauss tou A,
YpeLdeTan Vo XEVoulE BLaboytxd TIC EVOANAYES YRUUUMY, TOU TUPLOTAVOVTOL 0RO TOUS TVAXES
Py Pijyy -y Piyj. Oewenmind Yo umopoloaue vou x8Voulue OAES TIC EVUAAUYES YROUUWY
oTNV aEY Y|, YENOWOTOIWYTAC TO YWOUEVO TwV Tvdxwy evalhayhng P = P j ... P j, xo
xatémy va Eextvicouue T Btadixacta tng amalolgric otov mivaxo PA. O anodetfoue autod
TOV oY UPIoPO 6To Oempnua 2.1, ahkd deite xan v ‘Aoxnon 1.36. Ytov PA 1 dwdixacia
anahoprc Peloxer éva mhfpeg olvolo odnywy ywelc va yeetaotel Vo xdvouue evalhayég
YEUUMMY, X0l CUVETMS €Y OUUE TUEAYOVTOTOMOT

PA=LU.

Topa umoPOVUUE Vo DWGOUUE EVY OPLGUS TOU LOLOUOPQOU TVOXAL, X0 VO AVIXEQPAAALDGOUYE
ToL UEYPL TOPA anoTEAEOUATA OF Eva OEWENUL.
Opwopobc. Evoc tetpaywvindg n X n nivoxoag A eivor t8uopop@og edv 1) Stadixacta g
amahotphic (UE EVOANAYES YPAUUUMY) XATUANYEL GE €VaL Ve TELYwVIXG Tivaxa Ye €val 1 TEpLo-
o6Tepa UNPEVIXG oTotyela ot Blarywvio. Avtrdétwe, o mivaxag A Aéyetar N LWOLORLOpPOg
edv 1) Sradixacio g anaiowpric Beloxet éva TATpe GUYOAO 001YWY, ONAAOT EQY 0 dvw TELY-
wvxo¢ mivaxac U otov omolo xatahfjyel €yel Ol T oToL el 0T DIy VIO DIAPOPETLXS amd
7o 0.

Oecwpnua 1.5 Eotw éva ovotnua n €£100d0€wy 1€ N ayvooTovs
Az =b.
Téte 1w0yvea éva and ta axélovia

1. Edv o nivakas A €lvai 1016poppos, tote kauia avadidraln wwr ypaupdy dev uropel va
rapaydyer éva mAnpes ovvoko odnyoy.

2. Edv o tivakag A dev eivar 161610ppog, tote vndpyel évag tivakas petadéoewns P téroiog
wote otn dwdikaoia aralowpns tov PA bdev eppaviovtar undevikd otn Oéon twr
odnywv. Xe avtn Ty mepintwon

(a’) To obotnua éxel povadikn Abon, n oroia vrodoyiletar pe tn dadikacia analoipris
ka1 avddopouns avtikardotaons.

(B)) O rivaxag PA mapayovtonoieftar wg ywviuevo

PA=LDU'
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orov L efvar kdtw tprywrikés ue 1 otn dwaydrio, D elvar oiaydviog mivaiag e
Tous 00nyols otn daydrio, kar U’ elvar dvew tprywvikés pe 1 otn daydrio. H
TapayovToToinon o€ Tivakes e avTég Ti§ 1010TNTES €ival povaoikr).

‘Aoxnorn 1.35 Alote 1o axdroudo GUOTAUNTA UE ATANOLPT, XAVOVTUG EVOUANAY T Y QOUUUWY
6mou autéd elvan anapaitnTo:

v + 4dv 4+ 2w = -2 v + w = 0
—2u — 8 + 3w = 32 , u + v =0
v+ w = 1 u + v + w =1

Beette toug mivaxeg petadéocwy nou ypetdlovan.

‘Aoxnom 1.36 E civor o 3 X 3 mivaxag mou agatpel TV TedTn and Ty TeiTr Yeauur|, xo
P o mivaxag evolhayfic Tou EVOANLGOEL T1) OEVTERY) UE TNV TELTT YEUUUT).

o. Bpeite toug mivaxee B xon P, xau unohoyiote tov nivaxa B yio tov onoio PE' = EP.
p. Heprypdte ) Spdomn tou mivaxo £
‘Aoxnor 1.37 Kataypddete toug 6 nivaxeg yetadéocwy 3 X 3, ouunepthoau3avouévou tou

TautoTixoL Tivaxa I Beelte ta avtiotpoga Toug, To onola etvan enione mivaxeg yetadéoewe.

‘Aoxnomn 1.38 Bpeeite ) Ao tou ax6loudou GUCTAUATOS, ETADOVTAS To BUO TELYWVIXE
cuoTAUATY, Ywelc Vo utohoyloete To yvouevo LU.

1 00 2 4 4 u 2
LUx=1|111 0 01 2 v |{=10
1 01 0 01 w 2

‘Aoxnon 1.39 Bpeite ¢ nopayovtonooeic PA = LDU' yu toug mivoxeg

N = O

11 1
01/, |2
3 4 1

— e DN

1
2
1

‘Acxnom 1.40 Ilow: eivon oL oToyenmdelg tivaxeg Koy xon Esp or omola gpépvouy tov mivona
A oe dve terywvixt yopgt| Esalai A = U; IlohhamhaotdoTe Ue TOUG TIVAXES E§21 O E{ll
Yiot v Taparyovronotioete to A oe LU = Ey ' Ey,'U:

1
A= 2
0

=~ s =

1
5
0
‘Aoxnor 1.41 Trohoylote toug mapdyoviec L xou U yio To cUUUETEIXO Tivoa

A:

e 2 & &
SOTES JIES St
O 0 o9
QLo o
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Boeite téooepeic ouvidrixec mou mpémel va xavonotoly Ta a, b, ¢, d yio va éyet o A = LU
TEGOERELS 00MY0UC.

‘Acxnomn 1.42 Edv o mivaxag A €yet 0dnyois 2, 7 xa 6, ywplic evollayés Ypouuoy, tolol
etvar oL 0d1Nyol Tou 2 X 2 utorivaxa B otny dvw apioteph mheupd; E&nyrote 1o cuunépacud
coC.

‘Aoxnon 1.43 Ilowde nivaxag yetadéoewe P xdvel tov PA dvew tptywvixd; Towol nivaxeg
uetadéoewy xdvouv tov PLAP, xdtw tprywvixd; Tlodanloactooudc ye tov P ota 6e€id
METOETEL TIC . vt Tou A.

A:

o = O
= N O
Tt W O

‘Acoxnor 1.44 Edv P, xa P, ebvar mivaxeg pyetadéoene, to dto toyler yio tov P Po:
Oelgte OTL auTOC TEREYEL TIC Ypouuéc Tou I oe xdmow dudtaly. Beeite mopadelypata ota
OTEOiO(P1P27£P2P1 pideis P3P4:P4P3.

Avtiotpogot nivaxeg

Ye authv T Topdypea@o TEpLopll OUAOTE GE TETEAYWVIXO0UE TIVAXEC.

Opiopobc. Evoc tetpaywvindg nivaxac A ovoudletar avtioTeedLrog edv undpyet €vag
nivaxac B T€toloc WoTE

BA=1 xwu AB=1.

Evag tétolog nivaxag B ovoudletar awvtioTpogog tou A, xo cuyfoiileto AL

Oa dolue apyoTepa OTL dpxel 1) plar amd Tig 500 cuviixes. Yuyxexpuéva Yo arodeilouye,
070 xEQAAUO 2, TNV axdAoulT| TEOTAOT).

Ilpbtaom 1.6 Edv A efvar tetpaywrvikés mivakas, tote vndpyer mivakas B tétoiog dote
AB =1 edv ka1 pévov edv vrdpyer rivakag C' tétoog dote CA = I.

Ilpbtaom 1.7 Edv o A eivar avtiotpénjuog, tote o avtiotpopos mivakag eivar j1ovadikes.

Anodelly. Edv B xou C eivor avtiotpogol tou A, to61e AB =1 = CA. Apa

B=1IB=(CA)B=C(AB)=CI=C.

O

IMagdderypo 1.6 Evoc 1 x 1 nivaxac A = [a] eivar avtiotpédipoc €&y xon uévov v a # 0,
xau o avticTtpogog etvar A~ = [1/al.

Ilgbétaon 1.8 Edv A eivar avuiotpénjiog nivaxas, tote n povadikny Avon tns eflowong
Az =b etvainx = A™'D.
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H nopandvew npdtacn poc Aéet otl edv o A elvar avuiotpéduloc, undpyel ndvta povodixn
Aoon g Ax = b, yi xde b. ‘Ouwg dev yperdletar va Ppolue tov avtiotpogo yio va
unoloyioouye T Aor. O cuvtoudtepog TedTOS va Peolue Tnv Ao eivon 1) arahowpy) Gauss
X0 1) AVAOQOUT| AV TIXATAOTAOT), Yol TNV oTtola amautouyTon TERiTou To Eva TpfTo TwY TEdlewy
TOU OTOUTOUVTOL YL TOV UTOAOYLOUO TOU AVTLOTEOMOV.

IIeotaom 1.9 To ywiuevo avniotpéhipwy mvdkwr A ka1 B elvar avtiotpépos nivaxag,
Kal

(AB)™' = B4,

Amno6delr. Apxel va delouye ot B 'A~! wavorotel tic oyéoelc mou 0pillouv ToV ov-
tloTpogo.
(AB)(BflAfl) = A(BBfl)Afl = (A[)ff1 =AA =1,
(B'*ANYAB)=B YA ''A B=B"'IB=B"'B=1.

O
Mopddevypa 1.7 Edv A, F, G etvar avtiotpédrpot xon GFEA = U, t6te F1GTIUA™! =
F'GY(GFEA)A™' = E.
Adqupa 1.10 Edv B ka1 C efvar avtiotpénjior tivakes, tote o nivaxag A efvar avtiotpépog
edv ka1 uovov edv o BAC efvar avtiotpénjios.

Anéden. Ipogavae, edy undpyet o A~ t6te (BAC) ™t = C A 'B™1. Avuiotpbowc,
edv undpyet o (BAC) ™, ehéyyoupe ot C(BAC) !B etvar avtiotpogo tou A:

A(C(BAC)™'B) = (B'B)A(C(BAC)™'B) = B~Y(BAC)(BAC)™'B) = I.

O
Afqppa 1.11 Evag mivakag pe pna otiAn pundevikoy Oev eivar avtiotpéijuos.

An6delly. Amd tov oplopd tou Ywopévou BA v onowdrrote B, €dv A €yel otny j-
oTHAN undevixd, tote BA éyel enlong undevixd otny j-otiin. Apa BA # I.

O
’ 7’ 4 rd a 7 4 4
Aoxnor 1.45 Acite ot évag 2 X 2 mivaxag A = [ o d ] elvan avTIoTEEPIOS EGV Xan
’ ’ d . b # O , ’. Ail _ 1 d _b
UOvoVv &y a c , @0t 0 avtioTeoog etval o= R B

‘Acxnor 1.46 Bpelte Toug avticTpoQoug TV TopUxdTw TVAX®Y, EQY UTAEYOUY
3 8 3 6
1 3 ’ 2 4 |
‘Aoxnor 1.47 Acilte ot évag daydviog mivoxag eivon avTioTeéduuog edv xar uévov edv

Ola ta ototyela ot Dty wvio glvat dlawopeTind and to unodév. llowde eivor o avtiotpowoc;
)

‘Aoxnor 1.48 Edv o avtiotpogog tou A? elvar B, dei€te 6Tt 0 avticTpopog tou A eivor
AB. (Auté onuaiver 6Tt 0 A eivan avtiotpédiuog oy o A? elvan avTioTEEPLU0C).

‘Aoxnomn 1.49 Bpeeite Tpeic 2 X 2 mivaxeg, SagopeTxols and toug I xou —1, ot omoiot
elvat (ool pe TOUg AVTIGTEOPOUS TOUG, A% =1T.
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H Swadixacio Gauss - Jordan yio Tnyv ebgeorn Tou av-
TLOTEOPOU

['a vo umohoyicouye tov avtiotpogo tou Tivaxa A Yewpolue v e&lowar AA Y =T oThHAN
Tpoc oThAN: €&y x; ebvan 1) J othhn Tou AT xau e; 1 j othhn Tou I, éyouue

Azj=e¢; , j=1,...,n

Anhadi, Yo var unohoyioouue tov avtiotpogo A™! mpérel va Aicoupe n cuoThuota n eZ-
IOWoEWY UE N ayvwotouc. Ouwe o mivaxag ocuviekeotwv A eivon o Blog xon yio o n
ovotiuata. Apa 1 anahowpr; Gauss uropet va yiver uio gopd, yia 6ho T oucThuata. o va
xotarypdouUe auTH TN Sadxacia GTIEYVOUUE Tov emavénuévo Tivaxa e Ti¢ 6THAESG Tou A
xaL Ttg oThAeg Tou 1.

[A I] = [A €1 €9 63]
[ 2 1 1100
= 4 -6 00 10
| 2 72001
2 1 1 10 0]
N 0 -8 -2 -2 10
|0 8 3 10 1
2 1 1 10 0]
— 0 -8 =2 -2 10
|0 0 1 -1 11
= [UL7]

Avti va mpoywpricoupe otny avddpourn avtixatdotacy Ye 1o cuvidn tedémo, cuveyilouue
TNV AmohoLPY| TV OTOWYEIWY TEVEW amd T Sloy@vio, EEXVWVTIC antd TNV TEAEUTALA GTHA.
IToooiétoupe 800 Qopéc TNy Teitn Yeouur| oTr 0e0TERT YRUUUR, Xal apoueoVUe uio popd Tny
TElTn Yeouur amd TNV TEWT YEUUUT:

2 10 2 -1 -1
vL']—]10 -80 -4 3 2
0 01 -1 1 1

[Tpoovérouye 1/8 gopéc 1 deltepn ypauur oty TedTN Yeauwx:

2 00 2§ -t
-0 -8 0 —4 3 2
0o 01 -1 1 1

Topo oTic Teelc OTHAEC oA APLOTERY EYOUPE €val DlayOVo Tivoxa.  ALpoUUE UE TOUS
odnyoug, Yo va tdpouue I otig TpElg oThHAES oTa apLoTERS:

1
1

o
en
=)

1

1

—[IB].

= oy

o = O

1 0
— |0 0
0 1

il 2]
= 00|

Ov othkeg tou B elvon axpifac ot Aooelg twv eflowoewy Ax; = ej, dnhadh AB = I.
Kottoyvtag 1o dtagopetind, xdie Brua tne dadixaotiac mou oxohovdooue avTioTolyel ot
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TOMATAUCLOGUO b ToL opIoTERA YE €var mivoxar Fh, ..., Fj.. Amb 10 0piotepd pépog tou
emauinuévou mivaxa €yovue Fy ... F1 A = I, eve and 1o dedi yépog éyovue Iy, ... F1 I = B.
Yuvenoe AV =F, ... F} = B.

H dradixaoio tou axoloudfoaue ovoudletar anahorpy) Gauss—Jordan, xau urnogel va
€QUEUOCTEL 0E xdUE un Wdpopgo mivaxa. Apa €youue amodellel ot kdle un 1016110pPos
mivakas efvar avtiotpéipog. Oa deilouue xot T0 avtloTeogo, €rvag 1016H0pPos Tivakas Ocv
efvar avtioTpéipog.

Apyixd Yewpolye évay dve Telywvixd Tivoxa.

Aqupa 1.12 Edv o dvw tprywrikds mivakas U éyer éva unoeviké otoryeio otn owaywvio,
téte Oev efval avTioTpéPipog.

Anodelr. Trovétouue ot o mivaxag U ebvon dvew Tlywwixdg xan €yel €val Undevixo
oToyelo oTn BlYOVIo, £0Tw TO Uk, = 0. Agotp@vTag ToAaTAdoo e oTHAng k — 1 and
™ othAn k tou U unopolye vo UndeVIGOUUE TO GTOLYEID U(k_1) k. 2TT GUVEYELY, AQPALOWVTIC
xaTdAANha TohhamAdo Ty otnAwy k — 2, k — 3, ..., 1 yropolue va undevicouue Ola
TO OTOWEL U(k—2) ks U(k—3) k> - - - » ULk, XATOATYOVTOG OE €va mivaxa W otov omolo dha Ta
otouyelo g oTAANG k elvan undév.

Treviuuilouyue ot 1) agalpeot) evog Todlamhaciov Tng 6THANG J evog mivaxa amd Tn 6TAAY
k, 1ooduvayei ye nohhamhaotaoud ond o 0edid ye 1o otoryewwdn nivaxa Ej(—X). Edv M
elvol TO YWVOUEVO QUTWY TWV OTOLYELWOWY TVIXWY, EYOUUE

W =UM.

['vwpilouye ott oL oToyewmdelg mivoxeg ebvor avtioTteédiuor. Yuvenwg and tny Ilpdtaon 1.9,
o nivaxag M elvou avtiotpédutoc. And to Afupa 1.10, o wivaxag U etvor avtioteédiuog €dv
xaL povov €dv o W ebvan avtiotpédgoc. ARG o W €yet uiot oTHAN UNdEVIX®WY XL omd TO
Afjppa 1.11 dev ebvon avtiotpéduuoc.
O
Edv tihpa A etvan évag 10topoppog n X n mivaxag, ToTe 1) dadixacia tne arnahoipric Gauss
XATOARYEL UE EVaL v TEywvixd Ttivaxa U, o onolog €yel TouAdyloTov Eva Undevixd GTolyeio
OT1) DLy WVLO, XU
A=P'LU.

Aol P xon L eivan avtiotpédiyot xar U dev etvor avtioteéduuog, and to Afupo 1.10 xotahh-
YOUUE 0Tt 0 WLOUopYog Tivaxag A dev etvon avtiotpéduloc.
Eyouye anodeilet o axdrovdo

Ocwpnua 1.13 Evag nivaxag efvai 101610p@og €dv ka1 uévov edv dev efvar avtiotpépipios.

‘Aocxnor 1.50 Xpnowornoifote 11 ddtxaotio Gauss—Jordan yio va Beette Toug avtioTpo-
POUS TWYV TUPAXATL TWVIXWY, €AV UTEEYOLY

100 2 0 4 1 2 -1
120 , | -131]| , |3 -1 0
2 3 3 01 2 2 -3 1

‘Aoxnorm 1.51 DBpelte tov avticTtpogo Tou

1000
1100
A= 4
SR
3 3 3 1



Kegdhowo 1 Iivaxec xon Anadowpy Gauss 29

‘Aoxnomn 1.52 Bpeite Ti¢ cuVIrixeg TOU TEETEL VoL IXAVOTIOLOVY Tol GTOLYE(D TWY TIVAXMY
A xon B, @ote autol va givon avtiotpédulot.

oo
v
Il
oo o
oa o
o oo

a b
A=\ d e
f o

‘Aoxnor 1.53 Evahhdlte tic yeauuués xou cuveyiote ue tnyv anohoigpry Gauss-Jordan yua
va. Beite tov mhvaxo AL
(4 1= { 0210 }

2 201

‘Aocxnor 1.54 Bpelte 2 €010 WOTE

FHEEE

[2a] =133

‘Aoxnor 1.55 Mia evdagépovoa xar xoudr egapuoyr tne dwadixactioc Gauss—Jordan
elvot 0Tl 0 avTioTEOYOC EVOC U1 WOLOUOPYOU GV TEtywwixol Tivaxo elvon emlong dvew Tely-
owxoc. Paviacteite ot exteheite Tn dwdixacio Yo va Oeite ot 0 avtioTpoog elvon dvw
TELY WVLXOC.

7

a.

‘Aoxnorm 1.56 Acilte ot edv évag mivoxag €yet 800 ypouués loeg, 1 800 oThieg loeg,
ToTE eV elvan avTioTeEPLUOC.

‘Aoxnor 1.57 Adote nopadetyyata mvixwy A xou B tétouwy OoTe
o. A+ B dev eivan avtiotpédulog, ahhd A xar B etvan.
B. A+ B etvar avtiotpédipog, odhd A xou B dev ebvou.
Y. xou o teeic nivaxeg A, B, A+ B eivon avuotpéduiot.

Yy tedevtata tepinTwon yenowonoote Ty tawtétra ATH(A+ B)BT! = BT+ A7
yio va detete 61t C = B~1+ AL ebvan emlong avTioTeédiuog, xou Vo UToAoY{oETE TOV c-1.

‘Aoxnomn 1.58 Tro¥éote 6u o mivaxac A eivon avtioteéduuog, xou 6Tt EVIAAICGOVTIC
TIc 000 pwTeC Ypauués tou A AaufBdvouue tov mivaxa B. Eivar o B avuotpéduoc; Tlag
uropolue va épouye tov B~ ané tov A7

‘Aoxnomn 1.59 Edv A xou B eivan avtiotpédpor mivaxeg, oei€te 6t [ — BA elvan avti-
otpédiuoc €8y o I — AB eivon avtiotpédiuoc. Zexwiiote and v toutétyia B(I — AB) =
(I — BA)B.
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Avdotpogot nivaxeg
Optopog. Edv A eivar évac m x n ivaxog, ovopdloupe avdoteogo (transpose) tou A,

xou oupPolilouue AT tov n x m mivoxa Tou onolou ot othheg ebvon ot ypoppés tou A. To
ototyeto otn Véomn ij tou mivaxa AT etvan {co pe to otoryelo oty Véon ji Tou A:

(AT)i; = (A)ji .

IMopdderypo 1.8

[22]-[57]

8
12 11" 1 31
3 46| =|2 4 4
1 4 8 1 6 8

Aev etvor 50o%x0A0 VoL AmoBECOUUE TIC axOAOVIES WOLOTNTES TOU AVACTEOGOU.
Ilgbétaon 1.14 Edv A, B eivar m X n nivaxes, ka1 C eivar n X p nivaxag, téte

1. (A+ B)T = AT 4+ BT,

2. (AC)T = CT AT,

3. Edv o A etvai avtiotpéinpiog, tére (A~H)T = (AT)L.

Oplowoe. Evac tetpaywvixoc nivaxoac A ovoudletar CURUETELXOS €4V AT = A, ONAAUON,
edv (A)i; = (A)j v xdde 4, j. Evac tetpaywvixdc nivaxac A ovoudletar avtioup-
neteuede edv AT = — A, dnhadn edv (A)y; = —(4); yio xdde 4, j.

IMgoétaoy 1.15 Edv A elvar ovupetpicés nivaxas, ket A = LDU’, dénov L efvar kdtw
piywrikds ue 1 own dwydrio, D evar dwaydvios kar U’ elvar dvo tpiywrikds pe 1 omn
owayvio, tdte

LT=U".

AnbdeEn. Eyoupe LDU = A= AT = (LDU")" = (U')"DTLT. AMé (U')" etvan %dtw
TELY WVIXOC, DT givan Srarydviog o LT efvan dve TELYWVIXOS, XU AT T1) LOVODIXOTNTO TNG
napayovronoinonc A = LDU’, éyouue LT = U, xu (U')" = L.

O

‘Acxnorm 1.60 DBpeite tov AVACTEOPO TWV TVIXWY

— N Ot
N W O
-~ o W

4 1 -1
—1 ol -1 2
0 3 0
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‘Aoxnor 1.61  Xuumhnpe®oTe o * 6T0US oxohovdoug Tivaxeg, €10l MOTE Vo efvol ouy-
UETELXOL:

-3 * 8 9
izi -4 7 x 7
452’ *x 2 6 4
* 7 % 9

2
‘Aoxnomn 1.62 Bpeite A tétowo wote (4AT)"! = [ 4 _i }
‘Aoxnomn 1.63  Acilte ot edv A xou B elvon avtiotpédruor mivaxeg, T6te

(AT)—I — (A—l)T 7 (ATBT)—l — (A_lB_l)T ]

‘Aoxnomn 1.64 Aidovror nivaxeg A oyfuotoc 4 X 1, B oyfuatoc 2 x 3, C oyfuatoc 2 x 4
xou D oyfupatog 1 x 3. Iowl and toug axdhovdoug mivaxeg optlovton, xon Tl oyrua €youy;

o. ADBT 3. CTB —5AD
y. 4CA — (CA)? 5. (ADBTC)? — I,

'‘Aoxnon 1.65 Anodeiite o (AB)T = BTAT. Zexvhote and v mpdTn yeoup Tou
(AB)T, n onola ebvon fon pe v mpdtn othAAN Tou AB, xou delfte ot auth elvar N TEMT
Ypopu# Tou BTAT.

‘Aoxnomn 1.66 Bpelte Toug avTioTedPoUC TOV TIVAXWY PETAVECEWS

Plz

_ o O

0 1
1 0| xauu P, =
0 0

o = O
_ o O

1
0
0
EZnyfote vl yio nivaxeg petadéoewe P, woyler névta P~ = PT: Seifte 6m 1o 1 Pploxov-
Ton 0T owoth Véon wote va woylver PPT =1

‘Aoxnom 1.67 Eivar ta axdrouvda adndn 1 Geudr; Adote avtimapadeiyuata €dv elvan
(heudy| xon amodeilelg edv etvon ahn.

o . ‘BEvag 4 x 4 wivoacag pe plor yeauur undév dev elvon avTioTpeéduog.
B". "Evag mivaxag pe 1 otny xOplar dlay@vio etvar avTioteédiuog.

Y. Edv A ebvar avtiotpédupog, t61e A~ etvan avTioTeEQoC.

y. Edv AT eivar avtioteéguiog, tote A eivor avtioTeédog.

‘Aoxnor 1.68 Acilte 6Tt undpyouy un undevixol TVaxes yia Toug omoloug A? =0, &
6t ATA=0 uovo otav A = 0.
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‘Acoxnor 1.69 Ilapayovronotiote 10U¢ 0xOAOLYOUC GUUUETELXOUC TVAXES GTNY LORYT
A=LDL", énou D eivon droydviog xou L %t Terywvxdc.

2 —1 0
Alz{;‘;’]fb:“g}/xg: 12 -1
0 -1 2

‘Aoxnomn 1.70 Trodéote 6Tt o nivaxag R elvon m X n napahhnhoypouuog, xat o A etvor
m X M CUUUETOIXOC.

o . T oyfua €yel o ivaxog RTAR; Actte 6t v CUUMETEIXOC.

B. Aeléte 6T 0 RTR Bev EYEL APVNTIXES TUES O DLIY WVLO.



Kegpdhaio 2

ITivaxeg »aw Alavuopoatixol
Yoy weot

O&houye Vo LETAGOUUE UTOGUVOAX TV DLVUCUATIXWY YwewY R™ ota onola opilovta ol
Tpdelc TwY Slavuoudtwy. Oewpolue tpwTa plo eudela oto R? e = {(z, y) | —3z+2y = 6}.
Edv mpociécouye 6o diaviouata tou cuvohou &, to dpotoya dev avixel oto €. Edv
TOMATAUCLAGOUUE EVOL OLIYUCUA TOU € PE Evay aptdud, TO YWVOUEVO OEV avVAXEL GTO E:

(—2,0) €6, (0,3) e ahd (=2,0)+(0,3) &z, 2(—2,0) &e.

Avudétog, vty eudeia 6 = {(z, y) | — 3z + 2y = 0}, €dv (x1, y1) € 9, (22, Y2) € 0
xu A € R, tote

(w1, y1) + (22, 12) = (w1 + 22, y1 +y2) €6 % Az, y1) = (Azy, Adyp) €6

Avéhoya oto R3, 10 eninedo I = {(u, v, w)|2u + v + w = 0} éyer vy Wi6TNTOL OTL EGY
a, b eIl t6te a+b € I xau \b € 11, eved o eninedo A = {(u, v, w)|2u+ v +w = 5} dev
€YEL QUTHY TNV LOLOTNTAL
Oplopog. Eva unooivoro V' tou davuouatixol yweou R™ ovoudletar SLatvuoUATINOG
VoY WEOoC (A Yeapuixds LTOYWEog) Tou R™ edv

1. V Bev elvon xevo, V # @.
2. V elvou xhetoTt6 w¢ mpog Ny npdoleon: €dv a, b eV tote a+be V.

3. V ebvar %heot6 ¢ mpog Tov molhamhactooud e aprdud: €dv a € V oxan A € R, tote
Aa eV,

To 2 xou 3 pali, onuaivouy ot ot ypauuxol cuvduaouol Twv cTolyeiwy Tou V mapduévouy
uéoo oto V.

IMopdderypo 2.1 Ilopatnpodue ot edv V' etvan undywpog tou R™, 161€ T0 Undevind
Sudvuopo 0 = (0, ..., 0) € R™ avixer oto V. llpdyuat, agol V' Sev elvor xevd, undpyet
xdmow a €V xau0=a+ (-1)a V.

To oivoro {(0, ..., 0) € R"} eivon Sravuopatixdc undywpos tou R™.

Y10 R3, OLVUOUATLXOL UTOYWEOL Elval: GAOC 0 YWEOG R3, x4d¢c eninedo mou TEPLEYEL TO
0 € R?, x&0e eudeia mou nepiéyet To 0 € R?, 1o povooivoro {0 € R3}.

33
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Oa UEAETHACOUYE 0PLOUEVOUC BLAVUGUATIXOUC UTOYweous Tou R™ xat Tou R™ mou cuvdéov-
Tou YE €va oVoTIUA M eEICMOEWY YE N AYVOOTOUS, i UE €val M X n Tivoxa.

IMopdderypa 2.2 Owpolye to cotnua Az = b,

107, b,
5 4 [ }: b,
9 4 | LY b

IT6te éyer to svotnua Mor; Edv undpyet Mo, éotw (ug, vo), toTe T0 ditdvucya (by, by, bs)
YEAPETAL WS YRAUUUIXOS CUYBLACUOS TwY 0TNAWY Tou A:

by 1 0
bo = U 5 | +vo 4
b3 2 4

AvtioTpoga, €dv To Brdvuoua UToeel Vo YRAPTEL WG YROUUIXOC CUVOLACUOS TWY OTNAWY TOU
A, T6TE 0L GUVTEAEOTEC TOU YROUUIXOU GUVBUAOUOU AmOTEAOLUY Utol AUGT) TOU GUGTHUATOC.
Yuvenwe 1o obotnua €yel Aoon €4V xon uévov €dv To didvuopa b umogel va ypaptel wg
Yoouux0¢ cuVBLaoUoS Twv oTNA@Y Tou A. To clvolo TwV YPUUUIXDY CUVBLACUWY TWY
omhédy tou A eivor 1o oivoro V' = {A(1, 5, 2) + A2(0, 4, 4)| A1, A2 € R}, To olvoho
V' Bev elvar xevo, epdoov (1, 5, 2) € V, xou elvar xhewotd we mpog Ty mpdaleon xou Tov
TOMOTAAGCLIAGUO UE aptiuo:

1 0 1 0 1 0
MO | +A| 4 || +p| 4 =Ni+m) | 5| +Aet+pe) | 4
2 4 2 4 2 4

1 0 1 0

% /\1 ) + /\2 4 = M)\l 5 + ,LL)\Q 4

2 4 2 4

Opiopobc. To 6lvoro OAWV TWY YROUUIX®Y CUVBUICUWY TV GTNAGY Tou m X 1 tivaxa A
etvan Stovuouatixde unoyweoc tou R™, o onolog ovoudletar ywpog oTNAy 10U A, %o
oupPoliletoan R(A).

[Tpénel va det€oupe ot mpdypott R(A) eivor ypouuxds undyweoc. H anddeiln eivor amhi
YEVIXEUGT), TOU TPONYOUUEVOU TUPAOELYUUTOS XAl TNV APTIVOUUE WS JOXNOT).

Hogatnpotue ot b € R(A) €dv xar uévov edv 1o clotnua Az = b éyet hoon. Ilpdyuott
Ol GUVIGTWOES TOU DLavOGUATOS T Efvarl axpBMS 0L GUVTEAEGTES TOU YRUUULXOU GUYOUAGUOU
TwY oTNAOY Tou A Tou §{det To b.

O uxpdTEROS BUVATOS YWEOS OTNAWY EVOL 0 UNBEVIXOS UTOYWEOS, TOU amoTEAETOL UOVO
and To Undevixd didvuoua oto R™: autde elvar 0 ydpoc oTNA®Y Tou undevixol rivoxa A = 0.
210 GO dxpo, 0 YWEOC OTNAGY TOL TowToToD m X m Tivoxa ebvar 6hog o ywpog R™:
x4de dtdvuopa Tou R™ ypdopeton we yeauminde GLUYOLACUOS TWY GTNAMY €1, €2, . .., €y TOU
I:

(bl, bg,...,bm) :b161+b262—|—"'+bm6m.

To 0 wyler yia xde un wiopoppo m x m wivaxa A. O ydpog oTnhedy Tou A mepléyet
6ha T SavOopata tou R™: 1 elowon Az = b éyel Mon v xdde didvuoua b € R™.

Iopdderypa 2.3 Egetdloupe v ediowon Az = 0. Ilpogaves o = 0 etvan wio Aoon. Edv
x1 %o T ebvan 800 Aooeg g edloworng, ToTE

Az + x9) = Az + Az =0 xou A(Axp) = Mz, =0.
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Apa t0 ohvoho twv Micewv e e€iowone Az = 0 elvor €voc SlovuouaTIxdS UTOYWEOS TOU
R™.

Opwopdg. Edav A etvar m x n wivaxag, 1o olvolo twv hioewy g edlowong Ar = 0
elvor €vac dlavuouatixdg utoyweos tou R™, o onolog ovoudleton undevoyweog tou A,

xat oupBohileton N (A).
Yy edlowon

10 " 0
5 4 {v}: 0
2 4 0

(0, 0). Apa N(A) = {0 € R?}.

n wovn hoon ebvan (u, v

) =
1 01
Yrovrnivaxa B= | 5 4 9 |, n teitn otihn civon To ddpotoua twv dAAmY dVo. Apa yia
2 46
x40 A € R, o ypouuxnds ouvduaouode
1 0 1
AH | +A4 | =A[9|=0
2 4 6

Anhady| xdde nolanhdoto tou (1, 1, —1) eivon hbon tov B = 0, xau

N(B)={\1, 1, —1)|A e R}

‘Aoxnorm 2.1 Eléy&te edv to utocvola Tou R? 10U tovonololy TIC ToEoX AT EEICWMOELS
AmOTENOVY BLaVUOUAUTIXNOUS UTOYWEOUS T OYL.

o.3x+y=0 g.3(x+2) =5y
Y/3(l,_|_2)_5y:6 8/.$2+y2:

‘Aoxnom 2.2 Edv npociécouye pio emimiéov ot b otov mivoxa A, T6TE 0 Y®eo¢ oTNAGY
yiveTon UEYUAOTEQOS, EXTOCEAY .. .. ... ... A®oTe éva TapddELYUd 0T0 0T0{0 0 YWEOS OTNAGY
UEYAAGDVEL xou éval 6T omofo Tapauével o Bog. Tati 1 egiowon Az = b éyer Moo axpBg
OTAY 0 YWEOS OTNAWY OEV PEYUAGDVEL OGTAY GuUTERLASBouUE To dLdvucyua b;

‘Aoxnomn 2.3 O otiheg tou AB ebvanr ypouuixol cuvduacuol twv otriwy tou A. Autd
onuoiver 6Tt 0 yopoc oTnhey tou AB nepiéyeton otov (1 elvar ioog pe Tov) Ykpo oTNAGY
Tou A. AwoTte éva tapddetyya 6mou ot ywpeot otnAwy tou A xou tou AB Bev eivou (oot.

‘Acxnomn 2.4 Eivar ta axorouvdo ahni 1 peudr; Adote avtinapdderyyo edv eivar Qeudt
X0l UTIOAOY Mo EQY elvon oAU

o . To Swvdopoata b Tou dev tepéyovton 0T0 Yhpo oTwy R(A) arnoteholv ypauuxd
UTOYWQO.

B Edv R(A) nepiéyet ubvo to undevixd didvuoya, tote A elvon o undevixde mivonoc.

Y. O yopoc ooV Tou mivaxa 2A etvon (60¢ Ue 10 Ywpo oTnA®y Tou A.
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8. O ywpoc ooy v A — I elvar {oog ue t0 Ypo oAy Tou A.

‘Aocxnon 2.5
o mowd Sravopota (b, ba, bs) éyouv ta axéhouda cuoThuate Aon;
1 11 1 bl 1 11 T bl
011 ) = bg s 011 ) = b2
0 01 T3 b3 0 00 T3 b3

‘Aoxnor 2.6 Kataoxevdote évay 3 X 3 wivoxa Tou omolou 0 YWEog oTNAGMY TEQLEYEL Td
SravOoparta (1, 1, 0) o (1, 0, 1), odAd dev nepiéyer to (1, 1, 1). Kataoxeudote évav 3 x 3
Tivoca Tou omolou 0 YWEog oTNAGY elvon pla eudeio.

‘Aoxnon 2.7 Edv A eivon mivoxog 9 x 12 xou 10 clotnua Az = b €yet Ao yio xdde b,
t6te R(A) =....

‘Aoxnomn 2.8 Bpelte 10 ytpo oTNAGY xaL T0 UNBEVOYWEO TOU Tivaxal { _? 8 1

‘Aoxnon 2.9 Acilte ot edv A ebvon avtiotpéduuoc nxn nivoxac, tote N(A) = {0 € R"}.

Analoipr, o cUoTNUA M EELCWOOE®Y UE N ALY VOCTOVG

H repintworn ouotnudtny m eloOoewy UE N Ay VOOTOUS Yol M # N, AOVETOL THAL UE O-
TohoLph, eppavilovial OUwS TEPLOGOTERES dUVATOTNTES. TNV oy T e€ETALOVUE, UE EVa oUY-
AEXPIIEVO TapddELYUd, T1) Sodtxactior TS amaholgphc o Eva 3 X 4 mivoo:

1 332
A=| 2 69 5. (2.1)
-1 -3 30

Yy meodTn Yeouur €youue un undevixd ctolyelo oty mp@Tn oTAAY, TO omolo Yenot-
UOTOLOVUE WS 00NY0. A@oupolue 600 POREC TNV TEWTT YpouuY| omo Tr delTepT), xal TpocE-
TOUUE TNV TTEWTY YRUUUH otny Teltn:

1 3 3 2 1 3 3 2
2 6 95|—=1[100 31
-1 -3 3 0 00 6 2

211 0e0TERN OTHAT OEV LUTHEYEL Un) UNOEVIXG GTOLYElD XdTw amd TNV TEOTY YPoUUY|, dea OEV
umopolue va Bpolue odnyo e evahhayt| Ypouuy. Xuveyllouvue otnyv Teitn oThAY, 6TOU
UTdpyEL UN UNdeEVixd oTotyelo oTn OeUTeERn Ypeouur, o O0clTepog odnydc.  Agoupolue 8o
popEc T DEVTERT Youuun and Ty TelTy):

1 3 3 2 1 3 3 2
0031 —]1]0031
006 2 00 0O

Yty téToeTn oThAN Oev undpyel 0dNYoc. MTn yevixd| mepinTwor uropel va yeeldleTon v
AAVOUUE EVORAALYT| YRUUUWY Yio Vo PEPOUUE Eval U1 UNdeVix6 otolyelo otr V€on Tou odnyoD.
Katahfiyouue o éva mivosa otny oaxdhoudT) uop@r, 1 omoio ovoudleTal XAUAXWTH.
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o Ot ypouuéc e un undevixd otowyeia (dv undpyouv) eppavilovton Tdvw ond T YeUUUES
Tou €y0uv Povo Undevixd ototyela (€dv UTdpyouv).

o To npddto pi| undevixd otoyeio xde ypauunc (edv undpyet) ovoudletar 0dnyoc. O
00NY6¢ xdVE Wi undevixhc yeouuns Beloxeton ota de€Ld Tou 0dNYol TNg TEONYOUUEVNS
Ypopric.

Yuunepalvouue 0Tt 0Ta APLOTERE X XdTw and xdve 0OnYd uTdpyouv povo undevixd. Edv
xotaypdhoule Tor avTioTEoYa TWV BNUdTOV TN amaholphc, TAlPVOUUE EVa XATw TELYWVLXO
m X m mivaxo. Y10 Tapdderypa £Y0UUE, YLl TOV avTIGTROYO TOU TE®OTOU BHUNTOS TNE o-
TohOLPTG

1 00
El = 2 10
| -10 1
EVK YLl TO avTloTEOWo Tou delTEPOL PruaTog
1.0 0
Fl=1010
(0 2 1
Apo A= E'FU = LU, érov
1 00
L= 210
-1 2 1

Avuth 1 mepypopt| TEpLAoUPBAVEL Xou TNV TEPITTWOY TETEAYWWIXOU Tivond, xodng 1) dve
TELYWVIXY| HOE®T TOU TOPVOUUE OTO TNV OmohOLpT EVOC TETPAYWVIXO0) Tivoxo Elval €O
TEPITTWOT TNG XAUAIXWTAC LOPPHG. LUVETWE TO ENOUEVO Oemprua, Tou oToiou Yo BOCOUUE
6 TEOCEXTIXY| AnOOELT), TEQLAUUBAVEL XalL Tal TEOTYOVUUEVA OTOTEAEGUATOL

Ocwpnpa 2.1 Ye kdle m x n nivaka A avtiotoryel
1. évagc m x m nivakag petaléoecwr P,
2. évag m X m kdtw tprywvikés tivakas L, pe 1 otn dwydrio, kai
3. évag m X n wivakag o€ kAipakwtn popen U

T€TO0101 HOTE

PA=LU.

Ity 8cdcouue TNV anddelln Tou OewpeUATog TEETEL Vol 0pICOUUE UE XATdAANhO TEOTO Eva
YEVIXO Tivaxo o XAPoXWTH LopPY|. AVOUUE TEOTA EVAY 0pLOUOG OTOU ETUXEVTIPWVOUUE TNV
TPOCOY Y HAS OTIC YeoES Tou mivaxa. Xtov axdhovdo oploud divouue oe mapévieon T
otonoUnTxy) epunvelal Twv AUy r xoL j;.

Oplowog. Evoac m x n nivaxoag U = lai;] eivou o€ HALLAXWTY) LORYPY| EQY UTAQOYEL EVUC
axépatoc 1 (0 aptiuds TV un UNBEVIXADY Yeauu®Y Tou mivaxa), ue 0 < 7 < m, xou yio x30e
i =1,..., 7 undpyouv axépator j; < n (1 Véom tou mEWTOU PN Undevixol ototyeiou TNg
Ypopunc 7) Tétolol HoTE

1. a;j, # 0, xou ovopdleton 08N YOS TN YeauuUY| © xou GTr GTAAY Ji.
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2. 1> Lxowyraxdde i =1, ..., r =1, jiy1 > ji. (Kéde odnyodc Bploxeton ota de€id
TOU TPOTYOUUEVOU).

3. Twxdde e =1, ...,7, aip = 0 yi k < ji. (O 0dnyoc ebvon 10 npdto un undevixd
ototyeio g YpoUhc).

4. T i > 7, ag = 0 yia xdde k. (Trdpyouv uévov r un undevixéc ypouuec).

-0 aljl * e %]
o --- a2j2 *
0 0

H Swdwactio tng anahotgphic mpoywed oTAAN-0TAAY, doa ypelalOUaoTe ULa TEQLYPA®T TS
AP WTAC Hopghc xatd oThheS. Eletdote mpooextixd Tic 800 meptypapec xou PeBarwieite
0Tt ot xdle TEPINTWOY TEPLYEAPOUY TNV (BLol oYY

Edv U = [a;j] eivar m x n nivoxoc oe xhpoxwt popen, t6te undpyer r < m xo yio
x&e j =1, ..., n undpyouy axépotol i; (1 V€on tou TeEheuTaoU PN Undevixol oTolyelou g
oTAANC J) UE i < 7, TETOloL DOTE

1. Ogilgl}{OLLYlO(XdﬂEj:L...,n—l,ijg’ij+1§i]’+1.
2. a; =0y i > dj, xaw €qv i; > 151 T0T€ a4, # 0.

O aprduog 15 petpdel mocoL 00Nyl LTdEYoLY OTIC OTHAEC amd 1 €wg 7.

Anodeln. Ipohta neprypdpouue avadpouxd T Stadixactior Tne anahotgnc, YenoLoTOoLY-
Tag toug aptiuolc i;. Oétouue i = 0, Uy = A xon uvnodétovpe ot yia kye n > k > 0
€youvye rivaxa Uy (tov mivaxa mou mpoxtntel and tov A petd Y anahotpr 6TIC k TPWTES
Gw'])\sg) xo axepaloug g, ..., I OL OTOLOL LXAVOTIOOUY TIC ToQUTAvVe cuVIXeS. Oewpolue
T oA k + 1 tou mivaxa Uy, xon xataoxeudlouue tov mivaxo Uypq xaL TV ox€pauo i1 UE
Tov axolovido TeoTO.

o Edv a1y = 0 vy xdle i ue m > i > iy, 167€ 0ev yperdletan va aAAGEouUE T OTHAN
kE+1 yw va tdpouye tov ntvaxo Upyq. O€touye i1 = ig xou Upyr = Up.

o Awgopetid, Beloxouue 10 WxpdTERO 1 YLl TO OT0{0 @ > if X Ai(k41) 7 0. o autod
TO i, EVAAAACGOUUE TIC YPUUUES 1y + 1 xan ¢ Tou mivaxa Uy, dnhadr tohhamiactdlouye
Tov Uy amd o apiotepd e tov mivoxa B, 41y. Me auth Tnv evodhoryt| Epvoulue Eval
un undevixd otoyeio ot Véon tou odnyol oty othhn k + 1. Apwlyolye avd Tig
Yoouués Tou véou mivaxa, xon ouufBoiilouue ta ototyeia Tou pe a;. o xdde £oue
m > £ > i + 1, tolMamhaoldlovye amd To dPLOTERE UE TO OTOLYEWWDN TVaXo ToU
opanpef % QopES TN Yeouuun i + 1 and Tt yeouur) €. Me autdv Tov TPOTO

undeviCouue Oha 1o otolyelor Tng othAng k + 1 mou Peloxovtar xdtw and tov 0dnyo

A(ip+1)(k+1)- LENOC VETOUPE dpy1 = ig + 1 %o Uy (00 pe 10 A YIVOUEVO.
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Orav e€avtAfiooupe OAeC TIC OTHAES, XaTUAfyouue e Tov Tivoxa U = U, o omolog etvor o€
ANPOAWTT| LOPPY.

Edv oupBohicovye P, ..., P, toug mivaxeg evahhayrc mOu YE1OWOTOW0UE OTa T Un
TeTppéva Briuata Tng dradixaoctog anaiotgne, xo Ly, ..., L, Toug avtioTotyoug xdtw Tety-
wVLXoUS TVAXES, €Y OUUE

U=L,P.L,_\P._ - L1PA.

[Ma va xatahnZouvpe otn napayovtonoinon LU = PA, 6nou L elvon xdtw tptywvixdg ye 1 ot
otorywwvio xou P ebvan mivoxog yetadéoews, Tpénel va mepdooupe dAoug Toug kdtw Tpiywrikols
tivakes L; ota apiotepd twv mvdkwr evaldayns Pi. T'vwpiCouye ott, ev YEVeL,

LP Ly y Py -+ L1Py # LyLypy - LiP Py . P
‘Ouwg Vo delfouue 0Tl uTdpyEL xdTw TELYwVIXOS Tivaxag K, ue 1 otn dlayodvio, t€1010¢ WoTE
L.P.L. Py ---L4PL=KP, - ---P.
©étouue K, = L,, xou yio xd¥e ¢ = 1, ..., r — 1 oplouye tov mivaxa K; and tn oyéon
(PPt -+ Poa)Li = Ki(PPry - Piyy). (2.2)

Y10V axdroudo UTONOYIOUO, EYOUUE UTOYQPUUUICEL TOUC OPOUS TOU €Y OUUE OVTIXATUOTHOEL
oe xde Brua, yenowonowwvag Ty 2.2.

LrPrLr—lpr—l T L1P1 - &PrLr—lpr—l T L1P1
= KK, PP,y - L1 P

= K Kooq- - K3EKGP Py - P3P Py
= KK, KoK \P.P_y-- PP .

Aroyéver va detouyue ot K = K. - -+ K eivon entiong xdtw tprywvinde pe 1 ot diarywvio.
Hapatnpolue ott o L; agotpel TOMATAAGLO TNG ¢ YROUUNAS ATd TIC TO XATO YRUUUES, ONAXDY)
ebvor NG Lop@png

I; 0
Li - :
B : I,
eved B -+ Pigy ebvan wo yetddeon R twv yeouuov @ + 1, ..., m, doa
1; 0
Pr : Pi+1 -
0 R
2ol
I; 0
(P Piy1) =P P, =
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Trohoyilouue o ywopevo K; = (P, -+ Piyy)Li(P, -+ Piyq) ™' molamhaotdlovtoc touc
Tivaxeg oe umhox, xou €Youue

.0 ][ 0 I 0
Ki —
0 R|| B ! L., 0 R
I 0
| RB i I,

o omolog efvon xdTw TEYYWVIXOg Tivaxag, e 1 otn dlaydvio. Buunepalvoupe 0Tl 0 Tivoncag
K =K, -+ K; etvau eniong xdtw tprywvinds pe 1 ot dtayovio.
O

‘Aoxnomn 2.10 Acilte 6t edv A xau B elvar avtiotpédiuol ivaxe, T6TE 0 Tivoxag

‘Aoxnorm 2.11  Afdovtor ot Tivoxeg
100 0 01 1 00
P=(001|,B=(010|,L=|0120
010 1 00 0 21
Yrohoylote T ywéueva PLLP' xon PyLPy . Bivor autd ta ywvépeve xdtw Tpryovixofl

mivoxeg; E&nyriote ta anotedéopatd cog.

‘Aoxnorm 2.12 Bpeite tov xhpoaxwto wivaxa U, xa toug wivaxeg P xar L étol wote
PA = LU, yw toug axdé6hovdouc Tivaxeg:

o

1 2 2
A*245_
Y. )
1 2 2
A=1544
5
1 201
A=10 110
1 201
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w O = O
SO N O

O ADoelg tng opoyevolg elowong

o va Beolye Tic AOGEE TOU GUOTAUATOS M EELOWOEWY PE N ALY VWO TOVS, EETACOUUE TEWTA
TNV OROYEVH TERITTWoN: 6TaY 0T1) Oe€Ld TAEURY EYOUUE TO UNDEVIXO DLAVUGUAL.

Ax =0.

Ané 10 Oewpnua éyovue A = (P 1L)U, xou epboov P~ L eivon avtioteédruoc, Az = 0 edv
xou povoy €dv Uz = (P~1L) 10, dnhadh edv xou pévov €dv

Uz =0.

Auté 1o clotnua éyel mdvta pla TouAdylotov Ao, v * = 0. Moag evdgépet va dolue
€dv €yl xau dAAeC AVoELC.
Y10 mopddelypa 2.1, etyoue tnv e€iowon

13 3 2 ‘;‘ 0

003 1| ]=|0

0000 0
y

‘Eyoude onUEI®OoEL UE TayELd YRAUUATA TOUG 0ONYOUE Xt TIC METUBANTES U XoL W TOU AVTL-
oToly oLV 0 GTARES UE 001Y00S. AUVOUUE UE avddpoun AV TIXATACTAOY):

e and ) devtepn ypopur 3w +y = 0, xon CUVETHS W = —3.

o avTXNOTWVTAS TO W OTNY TEWOTY YRoUUY €YOUNE U + 3v — ¥ + 2y = 0, xaL cUVETWS
u=—3v—.

Anhadr} umopolUE Vo BWCOUUE OTOWIONTOTE TIWY OTIC UETABANTES ¥ ot Y, OL OTOIEC AVTL-
oToL 00V OE OTAHAEG TTOL BEV €Y 0LV 00NY0US, XA VO UTONOYICOLUE TIC AVTIOTOLYEC TWES TWY
vetoPAnT@v u xor w. H yevixr Aoon elvou

(_3U -y _%yv y) .

Eivar yerowo, av xou xdmwe avdaipeto, vo dlaxpivouue Tic UETABANTES OE AUTEC TOU AVTL-
otowyoly ce oThkeC Ye 0dnyols, Tig omoleg ovoudlouye Baoixég UETABANTES, XaL OTIC
UTOAOLTIES, TTOU AVTIOTOLYOUY OE OTHAES Ywplg 00MY0Us, Tig omoleg ovoudlouue eAelVepeg
neTofBAntéc. Y10 mopdderyud pog ot eheblepeg peTaBAnTég elvar ot v xou Y, xon 1) Aoom
umopet vou ypopel

xr =

= —|—y

—wie O =

U -3
v 1
w 0
Y 0
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[Mopatneolyue ott xdVe Btdvuoua Tou YPdpeTat WS YeauUxdS cuvduaouds twy (=3, 1, 0, 0)
xou (=1, 0, —%, 1) avixer oto undevoywpo tou mivaxa A.

Oa delfouye OTL YEVIXOTEQQ, Yol €vay m X n mivoxd, UTdEYEL EVaL GUVOAO BLOVUOUAT®Y
ue mAdog (oo pe to TAfog Twv eAclicpwy YETABANTWY, TETOW OOTE xdUE OLdVUCUL TOU
UNOEVOY PO YRAPETOL WG YRUUUIXOS CUVOLACUOE AUTWOY TwV dloavuoudtwy. [o va Beodue
€val TETOL0 GUVOAO BLAVUCUATWY, UTOPOUUE Vol EQUPUOGOUUE TNV axdiouT) dladixacta.

Ocwpolue 10 6VOTNUA EEICMOEWY TOU TEOXVTTEL ATO TIC U UNOEVIXES YPOUUUES TOU XAL-
woxwtol mivaxo U. Alvouye tnyv T 1 oe pla and tic ehedilepeg uetoBintée, Ty T 0 otic
unohoireg eheOVepeg UETUPBANTES, %ot AUVOUUE TO oUCTAUA YLoL VO TPOOOL0PICOVUE TG avTi-
oToyES THES TwY Bactx®y ueTtoBAntoy. Me autov tov 1pomo yio xde eheblepr) ueToBANTY
€y ouue €va didvuopa tou ixavorowel Ty eiowon Uz = 0, cuvendg xou tny e€iowon Az = 0.

Oa dei€oupe 6Tt xdde BLdvuoud TOU UNBEVOYWEOU EXPEATETUL WS YPUUULXOS GUYVOLNC-

UOC AUTOY TV SLovuoUdTeY. LUuUBolilovye Tic UETUBANTES TOU GUGTAUNTOS T, . . ., Ty XL
uro¥€toupe OTL undpyouv k ehellepeg UETABANTES, OL Ty, . . ., Ty, .
YupPohiCoupe a;, ..., a;, T OLVOCUOTA TOU TEOXVUTTOUY UE TOV TO TAVW TEOTO. Y-

10 Tapddeyud pag ehedlepeg PETABANTEG Ebvan oL Ty = v X T4 = Y, xou 1A avTioToy o
otavoouaTa lvon Ta
1
az=(-3,1,0,0), ay=(-1,0, —3,1).

Oewpolue Thpa €val 0TOLdATOTE dLdvuopa Tou undevdyweou, ¢ = (c1, ..., ¢,) € N(A).
‘Eyouge Uc = Ac = 0. Oua 6elloupe 0Tl T0 ¢ YRAPETU WS YPUUUXOS GUVOUACUOS TOV
Ay s - - -5 Ay, ME CUVTEAEGTEC TIC GUVIGTWOES Cjy 5 - - . , Gy, TOU C,

C = Cj; Qjy + CipQiy + -+ - + G, Gy, -
To dudvuopa a = ¢ — (ciyay, + -+ + ciaq,) glvon éva owdvuoua Tou txavorotel Ty eiowon
Uz =0, agol Uc = 0 xou Ua;; = 0. Enl tAéov, oe xdle ehediepn uetoSinty| n cuviotwou
Tou a eivan 0. Téte duwg ov un undevixés ypauués tou U npoodiopilouv ue povadixd teémo
TIc TWES Tou a oug Paoixég uetoPAntés: autég eivan eniong 0. ‘Apa

c—(cyay +---+cia;)=0.

‘Aocoxnom 2.13 Bpeelte v nopayovionoinon LU oe xdte totywmvind mivaxa xou tivaxa oe
HNPOXWTH LOPQT, Yid TOV

1
A=10
1

N — DN
S = O

1
0
1
IIpoacdiopiote Tic Pacixés xar Tig ehedilepec petaBintéc Tou ouosthuatog Az = 0. Bpeite 1
YeVIXY| AOGT| TOU OUOYEVOUS CUOTAUATOC.

‘Aoxnomn 2.14 T toug nivaxeg A g Aoxnone 2.12, Peeite 1 AoElC TN OpOYEVOUC
elowone Az = 0.

O ANoeig tng un opoyevolg e&lowong
Topa e€etdlovye T Un oUoYeVY| TEp{nTWO):

Az =b , b#0.
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To clotnua €yet Aoeic €dv xar yévov €dv 1o b avrixel 610 yoeo otnhwyv tou A. Edy
b & R(A), t61€ 10 clotnua dev €yet Aor, xau Aéue ot oL e€lotoel; elvar acOuBates.
Edv b € R(A), t6te 1 anahowpt| xon 1 avddpoun aviixatdotacy dider tic Aoelc.

Ag e€etdooupe 1o Topdderypa 2.1. Egapuolovtag tny anahoipr| xou o1 0edid Thevpd g

1 332 Z by

2 6 9 5 w | = by

-1 -3 3 0 bs

Yy
madpvouue TNV e€iowon

133 2 Z by
00 31 w | = by — 2by
00 00 y bs — 2by + 5by

BA\émouye ot €dv by — 2by + 50y # 0, 10 clotnua eivon acluBato. XTo Topdderypd, o
Y WO TV GTNAGY elvar oxp3m¢ To ninedo TWV OLAVUGUITWY (b1, by, b3) mou xavoTolOHY
501 — 20y + b3 = 0. Edv b= (1, 5, 5), té1€ 10 obotnua dev eivar acOpBato. H anahowph to
UETUTEETEL OE

133 2 U 1

003 1 Yl=13

0000 w 0
y

Onwe %ot Yl TNV OHOYEVH TERITTWOT, UTOPOVUUE Yol AOGOUUE YLl TIC Pactxéc UETUBANTES W
CLVAPTAHCELS TV EAEUVEQWY UETUSANTWY,

Y

- 1-Z

v 3

u = —2—y—3v
H yevixr Moo elvon tng popgric

—9 -3 —1
T = = 0 +v L + v
- 1 oY -1
0 0 1

[Tapatneoiue ot ebvan To d¥potopa pag eWLxric Abomg, xot T YeVIXAC AOoNE Tou opoYeVoUg
ovothuatog Ax = 0. Ipdypat, edv Azg = 0 xa Az = b, 161€¢ A(zo+21) =0+b=0.
[t var Bpodue wia ey Moo, unopoluE va 0WCOLUE 6 OAEG Tig EAeLVEREC UETABANTES TNV

Tun 0.

Ocwpnpa 2.2 Heliowon Ax = b éya AVoe edv ka1 pudvov €dv b avrjkel 0to xdpo oTtnAdy
tov A. Edv 1 efvar pia AVomn, téte n yevikn) A0ON) Tyepur €1va1 TNG HOp@IS

T yevicry = L1 + 2o,

omov xq €lvar pa Avon tng opoyevols ekiowong Az = 0.
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[Moapotnpolue ot 10 6UVoho Twv hicewy oty nepintwon b # 0 Sev elvon Stavuouatinde
UTOYWEOG: Efvan 0 UNdevoYwEog Tou A ‘ueTatomouévog’ xatd TNV ey Ao

Ovoudloupe Téd&n tou mivaxa A tov apriud 7 Twv 0dnyov tou eugavilovior oTny
amohowpt|. Edv undpyouv r odnyol, tote undpyouv 1 Bacixéc petaBAnTég xou n —1 eAeliepeg
uetoPAntéc. Ebvan mpogavéc ot o aprdudc twv odnywy eivon {0og ye tov apliud twv un
UNBEVIXWY YROUUWY GTOV XAUaxwT6 ivona U.

Edv r = n, té1e dev undpyouv eAedlepeg UETOPANTEG, CUVETWS 0 UNBEVOYwWEog Tou A
etvon {0 € R™}, xou edv undpyet xdmota oo, auth elvar povodixt.

Edv r = m, t6te dev ebvar 006x0ko va dolue ot dha Ta draviopata Tou R™ aviixouv 6To
YWeo oTNAGY Tou A, xou cuvenwg N e&lowon Az = b €yet Moor yio xdde b.

Edv r = m = n, 10te €y0uUE TETPUAYWVIXO U1 WBLOUop@o Tivaxa: 1) e€lowor €yel mdvta
ula xon povadixr| Aoo,.
‘Aoxnomn 2.15 T toug nivaxeg A e Aoxnong 2.12, Beelte v td&n tou mivaxo, xa
TIC GUVUTXES TTOU TEETEL VAL IXAVOTIOLOUY Ol GUVIOTWGES b; Tou daviopatog b, HoTe va €yt

Aoom 1) e€lowon Ax = b. Xe xde mepintwor, emiédte éva drdvucua b Tou ixavonotel auTég
Tic ouvirxeg, xou Peette dheg Tig MIGEIC TOU GUGTANATOC.

‘Aoxnomn 2.16 Edv A eivar 2 x 3 xou C eivon 3 x 2 nivoxeg, oetgte 61t C'A dev unopel va
elvor 0 TavtoTixdg Tivaxag (eetdote ™V Té&n Tou CA). Beeite éva noapddetypa oto onolo

AC = 1.

‘Aoxnor 2.17 OcwpioTe TOV (AUIXWTO TvaXa

U:

o O =
o O W
S W W
S =N

MmnogoUue vo GuVEYIGOUVUE TNV ATAAOLPY| TEOG To T8VW, WGTE VoL UNBEVIGOLUE Ta GTOLYEl
mou Peloxovtoar mvew and Toug 00NYOUS, XAl 0TI CUVEYELL Vol DILEECOVUE XdUE W UndevIXh
YouuUT UE TOV avTioTolY0 00NY6, WoTE VoL €youlue 1 o1 Vo TwV 00NYWY. 110 CUYXEXPUEVO
TOEABELY UL XUTUAYOUUE GTOV Tivaxa

1
R=10
0

O O W
S = O

1
1/3
0

Avutéc o rmivaxag €yel avnyuévn kAipakwtr) popgn, xou eivar 0 amholoTepog Tvaxag TOU
TEOXUTTEL UE amahotpt| and tov A.
Beelte toug mivaxeg R o€ aviyUevn xAaxmTY Lop@Y| TOU avTIoToly 00V 0Toug Tiivaxeg

’

o . _ .
12
_34_

e ] ]
12
_24_

Y.
1235
2 4 8 12
36 7 13
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‘Aoxnomn 2.18 Acite 6Tt xde m X n mivaxag TAEEWS T YRAPETIUL S YVOUEVO EVOC M X T
xou eVvOC T X 1 mhvoea:

A = (othhec Tou A mou meptéyouy 0dnyolc) (un undevixée ypauuéc tou R).

‘Acoxnon 2.19 Egappbote anahowgt| otov enavinuévo mivoxo [A:b] yi va Peeite tov
1o wtd o U xon Ti¢ GUVITXEC TOU TEETEL VAL LXAVOTIOLOUY 0L GUVIOTWOES TOU b yia
va €yel Ao to olotnua Ax = b.

by
b == b2
b3

A:

NN DN

4 6
5 7
3 5

N O =~

Beeite Tic Moeig g opoyevoig ediowong Ax = 0, xou T yevixr Ao tng Ax = b 6tay
b= (4,3, 5).

‘Aoxnor 2.20 Ilowd daviopata (b, ba, bs) Peloxovia 6o yopo otnhédv tou A; ol
Yeouutxol cuvduacuol Twv Yeouu®y Tou A didouv 0;

121
A=|26 3|, A=
025

DO
I R
O W~

‘Aoxnon 2.21 llowg cuvifixeg ota by, ba, bz, by xahotoly To cboTrua emhloo; Beeite
Ohec Tic MoeLc.

1 2 by 12 3 . b
2 4 ]| b 2 4 6 ol | e
2 5 Ty | | b3 | 2 5 7 ; | by
39 by 3 9 12 3 by

‘Acxnon 2.22 Ilowd cuviixrn ota by, by, by xahotd to chotrnua emhioo; ZeXVAOTE UE

Tov enavinuévo mivaxa [A:b], xou Bpeite dhec Tic Moeg dtav avormoteiton 1 GuVIRX).

r + 2y — 22 = b
2 + 5y — 4z = b
dr 4+ 9y — 8z = bs

‘Aoxnom 2.23 Edv 1 eliowon Az = b éyel 600 dopopeTinég AIOES T1 Xou T2, Beeite B0
dapopeTinég Aooeg g Ax = 0. X1 ouvéyewa Bpeite dAAn pla AMoon g Az = b.

‘Aoxnor 2.24 Tpddte OAeg TIC OYECEC TOU UTOPEITE VO CUUTEQAVETE YLoL TOL 7', 1M XOUL 7,
edv yvwpilete 6Tt 0 m X n wivoxag A €yer Tdin 7, xou Y v eéiowon Ar = b

of. UTdEyouy xdmota b yia Tor omoio dev €yel AVoT).
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B’y xde b €yel dmerpeg hooelC.
Y. umdpyel axpBag uio Aoon Yo xdmota b, xopla Aoor yio xdmoto G b.
0. axplBac o Abom yio xde b.
‘Aoxnor 2.25 Emélte tov apuud g, av eivon duvatdy, €16t HOTE 1) TEEN TOV TVIXWY
A xou B voebvar o) 1, B) 2, ¥') 3.
6 4 2

A=| -3 -2 -1 ,32{333}.
9 6 4 q 2 q

‘Aoxnon 2.26 O undevoywpeog evog 3 X 4 mivaxa A eivon 71 eudela mou mepéyet To
(2,3, 1, 0).

o. Beeite mnv tdén Tou mivaxa A, xou 0 yevixr) Moo g Az = 0;

B’ Beeite v avnyuévn xhaxwt popyt 12 tou A.
‘Aoxnon 2.27 Eivaw ta axdhovdo odndn 7 Yeudr; Awote avtimopdderypa edv etvan Geudt
XL UTIOAGY Mo EQV ebvon oA,

o. "Evag tetpaywwindg mivaxag 0ev €yel ehetlepeg petaSAnTéc.

B". Evac avtiotpédiuog mivoxag 0ev €yer ehelepeg ueTaAnTéc.

Y. ‘Evag m X n nivaxag dev €yet teplocdTEREC and 1 PBaciné uETUBANTEC.

0'. 'Evag m X n nivaxag 0ev €yel TeplocOTERES and M Pacine YETUPANTEG.

‘Aoxnomn 2.28 Bpeite tov mivaxa A €dv yvwpilete 6Tt 1 yevixr) AoY Tou GUGTAUATOS

o= Ve[ ] 4e[0]

‘Acxnomn 2.29 Bpeite évav 2 X 2 nivaxa tou omolou o undevoywpeog eivan {0og e T0 ¥ WO
OTNA@Y.

‘Aoxnom 2.30 Bpeite évav nivaxa Tou omolou o undevoywpog aroteleltar and GAOUS TOUG
Yeoxolc ouvduaopols Twv dtavuopdtey (2, 2, 1, 0) xo (3, 1, 0, 1).

‘Aoxnor 2.31 Bpeite évay nivaxa tou onolou o ywpog ooy tepéyet to (1, 1, 1) xa
o undevoypog anoteheitan and to todlanhdowa tou (1, 1, 1, 1).

‘Aoxnor 2.32 Bpeite évav nivaxa tou onolou o ywpeoc otnhodv nepéyet to (1, 1,0) xou
(0, 1, 1) xon o undevoywpoc ta (1, 0, 1) %o (0, 0, 1)
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Nocapuix” Aveloptnola

‘Otav Véhaye va Bpolue Tic hoewg tng opoyevolg edlowong Ax = 0, yio Tov mivaxa 2.1,
owooue ot pla ehedVepn UeTaBANTA Ty Twh 1, xon otny dAAn v Ty 0, yio Bpodue pla
Moo, Katémy, doooue otny npwtn eAeDlepn UeToBANTH Tny Tiur 0 xou oty GAAT TV TWH
1, vy va Bpolue pia dedtepn Ao, Aev ypewdotnxe va utohoyicouue Tic AIOELS yiot dhhoug
GLYOUAGHOUG, Yio TUEAOELYUa Vo 0wooLUE TNy T 1 xou otig 600 eheblepeg wetaBinTéc,
yiatt OAeC oL dAAeg AOGES TROXUTTOLY WS YeauUixol cuvduacuol autwy Twv 60o. Mia tpitn
AOoT eV TPOOQEREL XATL TEQIGOOTERO GTO UNdevoYweo Tou mivaxa A. Me autr tnv évvola
elvon TEPLTTY.
OewpolUE T0 GUCTNUA YRUUUIXWY EELOOOEWY,

3v. + by + 2z = 0
2 + y — =z 0
r + 4y + 3z =0

70 oTofo YUTOEOUUE Vo AUCOUUE, %ot Vo BpolUE TO GUYOAO TwV AICEWY
U:{(ta _ta t)‘ tER}

Edv tépa Yewprioouye wévo tig 0o mpmteg €lomaotlg, Ya 0oUUE 6Tl Xou AUTO TO GUOTNHA
el wg ouvoho hioewy 1o U. H tpitn e€iowon etvan 1 Stapopd tng 8edTepne and thy TpdT),
xat €tot Oev PBalel xdmolov ent TAov meploplond oTo oUvolo Alcewy. Me auty| tny évvola,
1 teitn e&lowon elvon mepir).

Auth 1 évvola Tou TEEITTOU Yol AOCELC TOU BEV UEYUAWDYOLY TO YOPO TV AUGEWY, N
eCloWoewY ot omoleg dev VE€Touv TEPIGGOTEROUC TEQtoptoolg, anoTehel uio Baotxy| évvola
e Ipaupiic ‘AhyeBpag, tnv onola ovoudlouye ypaupuxn e€dptnon. Mioa culhoyt davuo-
UdTeV etvan yoauuixd eCapTnuévr 6tay TEpLEyEL TepttTd Slaviopata. ‘Eva clotnua e€lohoewmy
elvon Ypouutxd eCopTNUEVO OTAY TEPLEYEL TEPLTTEC EELCWOELC.

H 7é&n evoc mivona etvar o aptdude mou yag didet o mpoyuatind péyedog tou mivoxa.
Metpder tov apriud twv un TEQITTOV EEICMOEWY, TV [N UNOEVIXDY YEUUUWY OTOV XAl-
woxwtd mivaxa. Eniong petpdet Tov aptdud tTov oTRAGY Ye 001 Y00g, dUTOY TOU TEAYUATIXd
OLVELOYEPOUY GTO YWPO oTNAGOY. T'a var xataddBoupe xolbTepa T onpacio TE TENg EVog
mivorcat, YeelalOUAGTE TNY €VVold TNG YRoUUXHS avedoptnotag.

Optowog. Tadaviopota i, ..., u, Tou R™, yian > 2, eivor ypapixd eEopTnureva
€dv éva amd auTd PmopEl Vo Ypapel we YRouUtXOS GUVBUACUOS T UTOAOITOVY.

To chvoho TwV Ypouuwy Tou Tivaxa

1
0
1

Lol

2
1
3

etvor ypopuxd eaptnuévo agol 1 Teltrn yeauun eivon ton pe to dpotopa Twv U0 dhAwy,
(1,3,3) = (1, =1, 2) + (0, 4, 1). Autd éyet wg ouvéneta ott €dv to ddvuopa (u, v, w)
wavorotel Tig 500 TEWTES and TIC €CIOWOELS TOU GUGTHUATOC

u — v + 2w = 0
v + w = 0,
u + v + 3w = 0

ToTE WovomoLel xan TNV TelTn.
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Eva oOvolo k Swavuoudtoy tou R™ nou meptéyet 1o 0, elvar amopotThTwe Yeauxd e€aptn-
uévo: edv vy = 0 16t v = Ovg + - -+ + Ovy.

Oa SWOOUYE €Va O GUUUETEIXG 0PLOHO TNE EVVOLAS TNG Yeauuixric e€dpTnomng, 6oy Bev
OloxplveTal xdmolo amd Ta BLVOCUATAL.

Optowog. Tadraviopoata vy, ..., v, Tou R™ givon yeoaupixnd eEopTnréva dv uTdpyet
YOEUUUIXOC CUVBUUOUOG UE OUVTEAEOTES Ci, ..., Cp, OL OTOIOL Oev €fvar SAo1 unoév, tétolog
WoTE

101 + CoUg + -+ + v = 0.

Auté onuaivel ot edv A efvan o Tivaxag Ue GTARES Ta BLVUOUATA Vg, - . ., Uy, TOTE TO OUOYEVEC
obotnua Az = 0 éyel Moewc x = (c1, ..., ¢,) dopopetxéc and 10 0 € R™.

To Staviopoata vy, ..., v, Tou R™ elvar ypoppind aovegdpotnta €dv dev elvan ypauuixd
eCapTNUéVa, ONAadY EAV 0 HOVIADLXOS YRUUUIXOS GUVBUIOUOS TWY V1, ..., Uk TOU elval (00g
Ue undév, etvan o TETPWUEVOS, PE BAOUG Toug GUVTEAEOTEG (ooug ue 0. Xe auth N nepinTtwon
1 wovader Aoon tou opoyevolg cuotiuatog Ax = 0 ebvau o = 0 € R™,

SuumAnedvoupE Tov optoud Y n = 1, Myovtac 6T to civoro {u} eivor ypouuixd
eCoptnuévo edv u = 0, xou ypouuxd avedptnto dv u # 0.

Iopdderypo 2.4 Abo un undevixd dwaviouota eivar ypauutxd aveldptnta 6Tay dev eivo
ouvyyeauuxd. Edv civg + cavp = 0, 0AAd OeV UTdpyEL ¢ TETOW WOTE V1 = CUp 1| U2 = CUy,
T6TE € = ¢ = 0.

IMopdderypo 2.5 To daviopata v = (1, 2, —1), va = (3, 6, —3), v3 = (3, 9, 3) eivu
Yooppxd eapTnuéva, yiatt To 8elTepo eivon TOAATAGGLO ToL TE®ToU. Etot —3v; +vp+0v5 =
0.

IMopdderypa 2.6 To dwviopata v1 = (1, 2, —1), vo = (3, 4, =3), v3 = (1, 4, —1) ebvu
Yoouuxd e€aptnuéva, yiatt 4v; — vy — vg = 0.

LUVETMS, Yo v eEAEYEOUUE €4V T DLavOoUATA V1, - . ., Up € R™ elvan ypouuxd aveldptr-
T, oynuatiloue Tov m X n mivaxa UE OTAAES V1, ..., Un. Edv umdpyet éva un undeviko
dudvvopa ¢ = (¢, ..., ¢) Té1010 Wote Ac = 0, T61€ 01 6ThHAEC Tou Tivaxa A elvor ypouuxd

eCoptnuévec. Edv 1 yovadixy hoon e Az = 0 ebvon 1 tetpipévn, + = 0 € R”, t61e ot
othhec Tou mivaxa A elvar ypouuxd aveZdpTnTec.

Ewixdtepa, o otiheg evog Torywvixol mivonca efvan ypauuxd ave€dptnteg €dv xon Lovov
edv Oha Ta oToyela oY) Blaywvio ebvan BtaopeTixd and To 0.

IIpotaom 2.3 Ye éva mivaxa o€ kAipakwtr pLop@n, o1 un UNdEVIKES Ypapuues elvar ypaj-
pikd avebdptnres. To 1010 10y Vel yia Tig otnAeg mov mepiéyovy 00myoUs.

Ano68ellr). Ocwpolye Eva m X n Tivaxo 6 XAUOXWTH HOop®T, UE T U UNOEVIXES YOUUUES,
xou 00NYoUS 0TI OTHAES J1, J2, - -+, Jr. 2UUPOAL ovpe U tov 1 X n wivoxa mou anoteheiton
amd Tic ) undevixée ypoppés, xau ¢ = (c1, ..., ¢) éva didvuopa oo wote LU = 0.
O©éhouye va deilouue ott ¢ = 0.

EZetdloupe ) othhn ji. To otowyeio ay;, # 0, eved oho to undhoima etvar 0. Apa
cra1j, = 0 xaw ouvenae ¢ = 0.

Trodétouye Tdpa 0Tt ¢p =2 = ... = ¢ = 0, v k < 7, xou VYo 6el€ouye 0Tl ¢pqq = 0.

Ecetdloupe ™ othAAN Jitr1. To otoyeio a1y, # 0, evo v p > k + 1, ap;,,, = 0.
Apd 10114, = 0 %ot OLUVETWC Cry1 = 0.

[o vou amodelfouye 0Tl oL OTAAEC TOU TEPIEYOLUY 00T YOUS Elvor YpouuLxd aveldpTnTeg,
eZetdloupe Aooe g e€iowone Uz = 0 yio 1i¢ omolec Oheg ot ehebepec ueTafAntéc elvou



Kegdiowo 2 Ilivaxec xon Awavuouatixol Trdyweor 49

0. H avddpoun avtixatdotaon ToTe didel 0 povadixh Aoon x = 0.
O

IIopiopa 2.4 Edvn > m éva olvolon diavvoudtwy oto ywpo R™ eivar ypaupukd eEaptn-
Hévo.

‘Aoxnomn 2.33 Aclltreonedva=07%d=07f =0, 161€ ol 6ihec Tou U eivon ypouuixd
eCOOTNUEVEC:

U=

O O
O Qo
~ D O

‘Aoxnomn 2.34 Edv ta a, d, f otny Aoxnon 2.33 v 6ha drapopetixd and 1o 0, 10TE 1
uovn Aoor g e€lowong Uz = 0 eivar . = 0. Ov othheg tou U elvon ypouuxd aveldotneg.

‘Aoxnor 2.35 Eletdote edv elvon aveldotnta o SlorvOoUoTaL:
o) (0, 1), (1, 1)

#) (1, 1), (0, 1), (1, 0)
v) (1,0,0), (1,1, 1), (0, 1, 1)

‘Aoxnomn 2.36 Acilte 6Tt o OLavOOUATA U, Uz, Uz EEVOL YROUUXE aveEdpTNTA, OAAG OTL
TA Uy, U, U3, Uy EVOL YOUUUXE ECURTNUEVAL

1 1 1 2
Uy = 0 s U9 = 1 s Uz = 1 s Ug = 3
0 0 1 4

‘Aoxnor 2.37 Edv wy, wy, ws evon ypouuxd aveldptnta dlaviouata, dellte 6TL oL ot
APORES U = Wy — Wa, Uy = Wy — W3 XA Uz = Wi — W elvon ypauuixd e€aptruéves. Bpeite
EVOL YROUWIXO GLYOLAOUS TWY Ug, Uz, ug ToU OideL 0.

‘Aoxnomn 2.38 Edv wi, wy, ws elvan ypouuxd aveldptnta dtavioyata, delTe 6TL Ta o-
Vpoloyata v1 = wy + Wy, V2 = Wi + w3 XU V3 = wi + wy ebvor ypopuuxd aveldoTnTa.
Exgpdote 0 oyéon civr + cavg + c3v3 = 0 ¢ mpog oL wy, ot Ppelte e€LlOWOELS Yol TA ¢;.

[Hapaywyr, YTnodyweou

O ywpog otnAmy evég Tivaxa etvar 0 utdyweog Tou R™ nou anoteelton and To daviouaTa
TOU YRAPOVTOL WS YeauULXol cuVOUACUOL TwY GTNAGY Tou Tivaxa. AEUe 0Tt ot GTHAES TOU
Tvoxa Tapdyovy To YWEOo GTNAMY.

Oplopog. Oewpolue yoouuixd vndyweo V tou R". To dwoavioyata wy, ..., w Tou R”
Toedyouy tov undoyweo V C R™ edv

L. wy; € Vylwxdde g =1, ..., k xo

2. Kdde ddvuopa tou V' exppdletal w¢ YRouUNoS GUVOUAOUOS TOY W, . . ., W, ONAAUOY
yioe xde v € V' undpyouy aprduol ¢i, ..., ¢ TETOOL WOTE ¥ = Clw; + - -+ + CLWy.



50 Ewaywyr oty pauuwer] Adyefoa

Tevixdtepa, €va olvolo davuoudtony S C V' mopdyet tov unoyweo V' edv xdde didvuoua
Tou V' exgpdleton ¢ YeauutX6g cUVOLAGUOS BLayUoUdTwy Tou S.

Mopdderypo 2.7 Ta daviopata (1, 0), (1, 1) xou (=1, 0) nopdyovy to R2. Towd ddo
amd autd to Saviopata apdyouy 1o R?; Towd 800 amd autd to dtaviopata dev mapdyouy
0 R%

IHopdderypo 2.8 H éxgpacn wg ypauuxds cuvduaouosg dev eivon, eV YEVEL, LOVadLXT.
Exgpdote 10 Sdvuoua (—1, 2) we ypopuxd GLYOLAGUS TV TUpUTdve SLVUoUETeY YE HUOo
OLLPOPETINO0VS TEOTOUG.

IMopdderypo 2.9 To dwvioyata e, ez, ..., €, Tou R™ (ot othkeg Tou TavtoTixo) Tiva-
xa) mapdyouvy to R™. Mdhota to ddvuoua b = (by, be, ..., b,) Sidetar and to ypouuxd
GUYOLAGUO

b1€1—|—"‘+bn€n.

Aqppa 2.5 Oecwpole ta davdouata wy, ..., wy tov R™. To odvolo dAwv twr davvo-
pdtwy tov R™ mov exgpdlovtar ws ypappixol ovvovaouof twy wy, . .., wy €lval évag davvo-
patikdg vrdywpog tov R™.

Oplopodg. BOewpolye To dlavioUaTa Wi, - .., Wi Tou R O undywpoc mou mapdysTol
amO To OLVOGUATA Wy, . . ., Wy ivor T0 GOVORO OAWV TwV dlavucudtwy Tou R"™ Tou exppd-
Covtan w¢ yeuuuxol cuvduaouol Twy wy, ..., Wk.

O yopog otnh®y eivon 0 uTdYwEog Tou R™ mou Tapdyetar and Tic oTHAES Tou A.
YupPotid, Vewpolue 0Tt o undevixde undywpeoc {0 € R™} napdyeton and 1o xevd chvoro
.

‘Aoxnor 2.39 To daviopota v + w xou v — w givon ypauuixol cuvduacuol TwV U XL
w. T'eddte ta u xou w we ypauuxois ouvdLAcUolS Twv U + w xa v — w. Ta 800 Lebyn
OLOVUCUATWY ... ... Tov {010 UTOYWEO. Amotedoly ta dVo Lelyn BAoElc TOU UTOYWEOU;

‘Acxnor 2.40 Teprypddre Tov undywpo tou R? tou mopdyetar and to davhopora:
o) (0, 1), (1, 1)

ﬁ/) (17 1)7 <_17 _1)

Y) (1, 1), (0, 1), (1, 0)

‘Aoxnon 2.41 o) Anogaoiote edv ta oxdrouda Staviouata ebvor yoauuud aveldptnto
1 Oy, Aovovtag éva xatdhinho chotnua Az = 0.

(1,1,0,0) , (1,0,1,0) , (0,0,1,1) , (0,1,0,1).

) EréyEte edv to idvuoua (0, 0, 0, 1) Beloxeton 670 ¥hpo mOU ToEdYOUV To TUPUTEVEL
otavoouaTaL.

'‘Aoxmor 2.42 eprypddte tov undywpo tou R? tou mopdyetonr and to Savioporo
o. (1,1, =1) xou (—1, —1, 1).

g. (0,1,1), (1, 1, 0) xau (0, 0, 0).
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Y. T¢ 6THAEC VO 3 X 5 ahpoxwToL Tivoxa Ye 2 0d1yolc.

0’. Oha Tor SroybouaTo UE VETINEC CUVTETAYUEVEC.
‘Aoxnor 2.43 Trnovéote 6T TonoVeTolUE TaL SLavOoUATA TWY 0Tolwy VENoLUE Vo EAEY-
Eoupe T Ypouux | avelaptnoio, 6T Yeauués xat 6yt OTIC OTHAES evOg Tivaxa. Tlwe umopolue

VOl GUUTIEQAVOUUE €4V Efvor Ypouuixd ave&dptnTor xatd T Oldpxela Tng amaholgrc and tov A
otov U,

Bdion evog Stavuouatinol Y oeou
Oplopodeg. Bdom evic davuopatixold undyweou V. C R™ etvar éva 6OVORO SLovuoudTeV
wou R™ 10 onolo

1. TTugdyer Tov umdyweo V' xon

2. Eivau ypapuxd aveZdotnTo.

Aqupa 2.6 Edv wy, ..., wy evar pdon tov ypapuixol vrdywpov V, tdte kdle oroiyeio
tov V' exppdletar Ye Yovadixd TpoTO w§ YPaUMIKES oUrouao oS TwY Wy, - . ., Wk.
Anodelr. Trodétouue ot wy, ..., wy evon Bdomn tou V, xou oTu

b=awi + -+ apwy = crwy + -+ + Wy .

Téte (a1 —cr)wr +- - -+ (ar — cp)wy, = 0, xou 0o Tl SVHOUTAL W1, - . ., Wy EVOL YPOUUIXE
aVeCJOETNTA, Ol GUVTEAEGTEC TOU YRAUUWX0U cuVBLaGUo) Tou TagtoTtdvel To 0 efvar Aol ool
ue 0.

O

IMopdderypo 2.10 H xavovixr Bdon tou R™ eivon 1y fdomn eq, . . ., €y, 1 omolo amoTtereiton
and T 0TAAES Tou povadiafou mivaxa. Ouwg 1 Bdorn auth dev elvon xatd xaveéva TeOTO
wovaoixy|. Ov otnAeg kdde avtiotpéhipov n X n mivaka anoterolyv pio Bdon tou R™.

IMTopdderypo 2.11 Ot 6THAES EVOC XA WTOU Tivonca OEV efvar TEVTOL YeuUxd aved doTnT-
€¢, Al Tapdyouv to Yweo otnhwyv. O othdes mov mepiéyovy Tovg 00nyoUs aroteholy pla

Bdomn tou ypou 6TNAGY Tou Tivaxa. Oo To SoVUE AUTO GE EVa TURADELY L.

IMTopdderypo 2.12 Ocwpolue TV xAoxwTO Tivaxo

U:

oo
o O w
o W w
S~ N

Or othheg mou mepiéyouy 0dnyolc eivar ot (1, 0, 0) xou (3, 3, 0). EXéyyouue 6t eivan ypay-
uxd ave€dptnteg: amd Ty eZlowor)



52 Ewaywyr oty pauuwer] Adyefoa

€youpe ¢ + 3ca = 0 xan 3¢z = 0, xou cLYVETOCE ¢ = 0, ¢; = 0.

['a va 0et€oupe 6Tt oL oTHAE UE 001Y00G TapdyouY To YWEo oTNAGY, dpxel va eAEyEouue
OTL oL UTOAOLTEG OTAAES EXPEACOVTAL WS YRAUUUIXOS GUVOLACUOSC TWY OTNAMY TOU TEPIEYOUY
odnyouc.

Yrov mivaxa U tou mopadetyuatog, €dv vy, . .., vy €lvon ot othreg Tou U, mopatnpolue ot
oL GTHAEC Vg X Vg EXPEACOVTOL W YRUUUXOS GUYOUAOUOCTWY V1 X V3!

Vg = 3VU;  HU Uy = 503 + v1.

Aldoctaon
Kée ypopuxdc undywpeoc tou R™ Swgopetixde and tov {0}, éyer dneipec dropopétinéc
Bdoec. ‘Ouwe Oheg oL Bdoeig €youv tov (Bl aptdud otolyeiny.

Ilpotaon 2.7 Edv évas ypapuxds vndywpos V- tov R™ éyer pia fdon e k oroiyeta, tote
kdOe dAAn Bdon tov V' éyea to o0 mAndos otoryeiwy.

Ano6delr. Trodétouue otL €youue BAoELC vy, ..., Uk XA W, . .., Wy, TOU V.
Agot ta dtavOouaTa v, . . ., U anoTehoLY Bdor, xdde dtdvuouo w; exPedleTon WS YEOU-
WXOS GLUVOVAOUOS TWYV Uj:
W; = a1;V1 + ++ + G, Vk. (23)
Ocewpolye toug mivaxeg Vo oxow W, ue 0TAAES Vi, ..., Uk XU W1, ..., Wy, avTioTorya. Edv
A = (a;;) elvon o mivoxag Tou omolou Ta otovyeto opiCovton amd Ny 2.3, €youue
W=V A.

[a mapdderyua, 1 mpdTn othin Tou VA v 0 ypoauuixdg cuviuacuos twy otnhey tou V
UE OUVTEAEOTES Gq1, - - ., Gk

a11v1 + -+ AR vy = wy .

O nivaxag A etvon & x m. Edv k < m, t61€ undpyet Sidvuoua ¢ # 0 tétowo wote Ac = 0.
AXN& toTE
We=VAc=V0=0,

X0l OUVETWS oL 0THAEC Tou W Bev elvon ypauuixd aveldptntes. ‘Apa 1 unddeon k < m dev
uropel va oy el agol W etvon Bdom. [lapduora detyvouue 6TL 0ev unopet va toy Vel 1 undleo
k> m, xou cuvenwe €youpe k = m.

O
Opwopbg. O apudude Twv ctoyeiwy g Bdong evog ypauuixol umdyweou V' tou R™
ovoudleton Bidotaon tou V, xar cuyPoiiletar dim V.

IMopdderypo 2.13 O ywpoc R™ éyel ddotaon n: n xavovxr Bdorn €yel n ototyela. O
UNOEVIXOS UTOYWEOS {0 e R} yeL oudotaon 0: to xevé cbvoro Eyel 0 oTouyeio.

Mogdderypo 2.14 O undywpoc V = {(z,y, z) € R*|y = 3z} anotedetron and o
otouyeio Tou R3 nou eivor Moelc ¢ eélowong

[3 -1 0] |y]|=0.
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Tt var Ppolue plo Bdon tou undywpou V, tov Yewpolue ke to undevoywnpeo N (A) tou ivoxa
[3 -1 0].

Ed® o mivaxag €yel uovo uio yeauut), n onola meptéyet tov odnyod, 3. ‘Apa n tdén Tou
mivorca ebvon 1, xan €youue 800 ehediepeg petaPAntéc. Mio Bdon tou undevdyweou €yetl Vo
ototyeio (6oec etvon oL ehetepec ueTABANTES), xat oLUVETKDS 1) dtdotaon tou V elvan 2. ‘Onoc
yvweiCouye and v Avaiutnt, lewpetpia, To olvoho V' magiotdvel éva eninedo 010 yweo.

[TpocéZte 6T 1) BLdoTAOT AVAPERETOL GTOV UTOY Weo V', xan Oyl GTo LELOVOUEVYL DlayOoUATH
Tou V. Kdle otoryeio v tou V' €yel 3 cuvteTaryyéves, mpdypo Tou onUtVEL OTL AVAXEL OTO
R?, v € R®. "Etot 1o ddvuopa v = (1, 3, 2) ebvar ototyelo tou yipou V o onolog éyel
OLdoTAoT 2, XU TOU YWEOU R? o onoloc €yer owdotaon 3. AAAG to v ebvan eniong otoyelo
Tou yweouv W = {(t, 3t, 2t) : t € R}, o onolog éyel Sdotaon 1.

‘Acxmor 2.44 Emdéyoupe éva ddvuoua © = (21, g, 23, T4) € R Trdpyouv 24
UETADEOELS TV CUVTETAYUEVGLY Tou. Autd Ta 24 Braviouata Topdyouy évay urtoyweo V' tou
R*. Bpeite ouyxexpuéva daviopata z 1o GoTe 1) didotacy tou V ova ebvan o) 0, ) 1,
Y) 3,9 4.

‘Aoxnom 2.45 Bpeite pia Bdon yio 1o eninedo @ — 2y + 3z = 0 670 R®. T1n ouvéyew
Beeite pla Bdon v Ty touR autol Tou emmédou Ye to (z, y)-eninedo. Téhog Bpeite pio
Bdomn yia TOV UTOYWEO TV BLAVUOUATWY ToL elvan xdeTa 6TO aEY 0 ERiTedO.

‘Aoxnor 2.46 Trolétouye 611 S elvar UTOYWEOS TOU RS, owdoTaong 5. Efvar to axdrouda
oAnO7 7 heudr;

of. Kéle Béon tou S uropel va enextadet oe pla Bdon tou R, mpociétovtac éva axdun
oLdvuoua.

B, Kdbe Béon tou RO unopet va nepropiotet ot pia Bdom tou S, Saypdpovrog éva didvuopa.
‘Acxnomn 2.47 O othheg Tou A etvar n draviopata Tou R™. Tlowd eivar 1 té&n tou A dv

T Srovuopota etvan yoouuxd avegdptnta. Ilowd edv ta Sravbouata mapdyouv tov R™. Tlowd
edv To Btavdopata arotehouy Bdor tou R™

‘Aoxnor 2.48 Bpelte pla Bdom yio xde Eva amd Toug axdroudoug undyweous Tou R*.
’ 7, 7 7 4 7 7
o. ‘Ohat Tt SroevoUaTo TV 0TolwY 0L GUVIGTHOES elvan {oeC.
B’ 'Oho ta Sraviopata TwY 0Tolwy oL cUVIGTWOoES Eyouv dlpotoua 0.

Y. ‘Oha ta Sravioparta tou ebvor xddeta ota (1, 1, 0, 0) xou (1, 0, 1, 1)

‘Aocxnomn 2.49 Trodétoupe 6Tl 0 udywpog V €yel didotaon k. Acite 6Tt

’

o. edv k duvOopata tou V' ebvan ypauuixd aveldotnta, 1oTe aroteholy Bdor tou V.
B’ edv k dwvbouarta mapdyouv tov V, t6te anoteroly Bdon tou V.
‘Aoxnor 2.50 Arnodeilte i edy V xou W etvan tpio0td6T0rtor undyweot Tou R5, t6te V

xaw W mpénel var €youv €va x0owvo U UnNoEVIXO OLEVUGUAL. (Esxwv’]ms ue Bdoeig yio Toug 600
UTOYWEOUS, TOU GUVOALXA TERLEYOLY 6 &ow()cpocm).
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O\ t€ooepelc Oeuciitddelc TTOYwpEOoL VO Tivaxd.

Meéyper topa €youpe Oel mapadeiypata BAoewy, aAAd OEV €Y OUUE EVA TPOTO VO XATACKEVS-
GOUUE Uiol BAoT Yiot OTOWOATOTE YRAUUUIXS UTOYWEO. 11N GUVEYELX Dot BOUUE TS, LEXVOVTAUG
a6 pla TEPLYPaPY| EVOS UTOYWEOU, UTOPOVUNE VoL XATAGXEVACOLUE Ui Bdon Tou.

‘Eyouye del 0o tpdmouc va meprypddouue Eva Slavuouatind undyweo. Mrogel vo yvwel-
Couge €va GUVOAO BLAVUOUAT®WY TOU TURAYOUY TOV UTOY®EO, OTKS 0 YOEOS CTNAWY, TOU
TopdyEToL and TIC 6TAREG evog Tivaxa.  AlaopeTind, unopel vo yvwpilouye cuvirixeg Tig
OTOLEG TPETEL VAL LXAVOTIOLOVY T BLVOGUOTA TOU UTOYMEOU, OTIWS 0 UNDEVOYMEOS EVOS Ttivaxa
A, mou anoteleltan and T SlavOoUAT ToL txavonololy T ouviixeg Az = 0.

YNy Tew TN TERITTWOT), UTOREL VO TEPLEYOVTAL TEPLTTY DLaVOOUATA GTO GUVORO TOU TORAYEL
TOV UTOYWEO. XTN O0e0TERn TEPINTWOT Unopel va TepthaudvovTon TEQITTEC EELIOWOELS OTIC
oLVIXeC Tou TPOGBLOEILOUY TOV UTGYWEO.

Oa opyavmooude TN culhTNon YUpw omd TOUC TEGOERELS VEUEMWOELS UTOYWEOUS TOU
oyetiCovtan e éva mhvona.

"Eyouue 1dn 0l 10 Undevoywpo xat o yweo cTNhwy evog Tivaxa A. Oo opicouye dAloug
500 yEoue, ot omoiot TpoxinTouyY and Tov A, Etol KoTe Y xdde m X n wivaxa A vo éyouue
TEGOEQIC UTOY WEOUC:

o O ywpog otnhmv tou A elvar undywpoc Tou R™ o onolog napdyeton and Tic OTHAES
Tou A, xar cupPoliletan
R(A) CR™

e O undevoyweog tou A etvar o undywpoc Tou R” o omolog arnoteheltar and Tic AUGELS
¢ ouoyevolg eiowong Az = 0, xou cupPoiileTau

N(A) CR"

o O ywpog yepappwv tou A evar utdyweoc tou R™ o onolog mapdyeton and g
Yoopuéc Tou A. Tlpogoavide cLUUTITTEL UE TO YWEO GTNAGY TOU AVACTEOPOU TVAXAL AT
xou ouuBoiileTo

R(AT) CR"

e O aplotepdg uNndevoywpeog tou A eivan o utdywpoc Tou R™ o onolog amoteeito
amo Ti¢ Aoelg tng e&loworng yTA =0. LUUTITTEL UE TO UNDEVOYWEO TOU AVAGTEOPOU
nivaxa AT, agol yT A = (ATy)T, xou oupBoiiletan

N(AT) CR™.

Oa peiethooupe xadéva and autolc Toug yweouc: Yo Ppolue TN SLIoTUCT, TOUS, %ol
Yo meprypddoupe Bdoei, yerowonoinvtag Tov mivaxa A xou tov xAaxwté mivaxa U mou
TEOXUTTEL YETE TNV omahOLpT).

Eniotpégoupe oto moapdderyua 2.1 xon Yewpolue tautoypeoves toug nivaxeg A xa U:

1 3 3 2 133 2
A=| 2 695| , U=|0031
~1 -3 30 0000
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O yopoc ypoupoy tou A, R(AT)

[ évar ahpoxwtéd mivoxa U edxoha BAETOUUE OTL 0 YWEOSC YRouU®Y EYel w¢ Bdon Tig un
undevixéc yeopuée tou U: otny lpdtaon 2.3 delaue Ot etvan yoouuxd aveldoTtntes, xou
TaEdYOUY OAO TO YWEO APOL OL UNOEVIXEC YRUUUES OEV GUVELCPEQOUV TIROTA TEPLOGHTEQO.
H onuavtud mapatipnon eivon 0Tt 0 ydpog yeauumy tou A elvar (Dlo¢ UE TO YWEO YRUUUOY
wou U.

Aqppa 2.8
R(AT) = R(UT).

Arnodely. Kdde ypouur tou U mpoxintel and ypouuxols GUVOUACUOUS TWY YRUUUGDY
ou A. (Eto mapdderypo, 1 2n yeapur tou U ebvar 1 21 ypouur tou A uelov to Sithdoo
e Ing yeauuunc Tou A.) "Apa xou OTOLOGONTOTE YRUUUIXOS GUYOLACUOS Yeouuwy Tou U
UTopEl Vo EXPEACTEL WS YRAUULXOS GLUVBUICUOS Yoouuwy Tou A. "Apa 0 Yhpog Yeouuwy Tou
U nepiéyetar 610 YOpo ypouuwy tou A:

R(UT) C R(AT).

Al agol 1 Bradixacio g anaholphc ebvon avtioteéduun xdde ypouur, tou A uropel va
EXPPUOTEL WG YROUUIXOC CUVBLOOUOS TV Yeauudy Tou U. (Xto napdderyua, 1 21 ypouwy
Tou A elvan ) 21 ypouur Tou U cuv To dimhdoo tng 1ng ypouurc tou U.)

‘Apa 0 ypoc Yeauuwy tou U mepléyetor 010 Yweo Yeauuwy tou A:

R(AT) Cc R(UT).

Yuunepafvouue 6T
R(AT) = R(UT).

O

Q¢ Bdon Tou R(AT) UTOPOUUE Vo Y PNOLLOTOLCOUUE TS U1 UNOeVixéS ypauuéc Tou U. To

mAfog autodv ebvon (0o Ye Ty TdEN 1 Tou Tivaxa. LuUTEpatvouUE OTL 1) BIAOTAGT], TOU YKEOU
Yoouu®y eivor ion ue Ty TN Tou mhvoxa:

dimR(AT) =1,
Mnopolue va Bpolue pla Bdon Tou yweou Yeauu®y Tou vo anoteheiton and ypouués tou A.
Edv ouwe €youv umdplet evahhayés ypauuwy otny anaiowpr, Gauss, ol 7 TpWTEC YRUUUES

Tou Tivaxa A umopel va uny etva ypauuixd avegdptnTeS.
Kataypdgouye Ti¢ mponyolueves mapatnerioeg otnyv axdrouin Ipbtaoy.

IIgotaon 2.9 O ywpos ypaupcy tov m x n nivaka A efvar vrdywpos tov R”, ka1 éya
odotaon fon e Tny Ttdén tov rivaxa,

R(ATY CR" | dimR(A") =r

Mia Bdon tov R(AT) aroveAefrar and g un undevikés ypappés tov avtioroyov kAipakwtol
rivarxa U.
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O pundevoywpog Tou A, N(A).

‘Eyouye Set 61t 0 undevoywpeoc tou A elvan {oog pe 10 undevoyweo tou U (autde oxpBe
etvar 0 A6yog mou 1 ancdolpry Gauss yenotwonoteiton yioo Ty Abon tou cuoTiuatoc Ax =
0). Eyouue et eniong 6 yio xdVe ehetlepn PeToafANTA X;y, . . ., T4, UTOPOUUE Vo BoOUUE
SvOoUATA Vy, s - . ., Vg, T OTOla Tapdryouy to undevéyweo N (A). To Sdvuoua v;; €xer Ty
TR 1 oty ehedlepn uetaBAnTH Ti;, KoL TNV T 0 oTic umdhoireg ehetVepe UETAPBANTES.
YUVETWE XAVEVAL ATO TOL BLYOOUTOL Uy, OEV UTOREL Vo EXPRACTEL S YPUUUMXOS CUYOUACUOS
TWY UTOAOITWY. LuUTEQUVOUUE OTL TOL DLVOCUATA Vjy, . - . , Uy, EEVOL YpoquuLxd ave€dpTnToL Xal
oLVETOC OTL amoterolY Pdor Tou undevdywpou N (A). H didotaon tou undeviywpeou eivo
ton pe o TRdog twv erediepwy ueToPAnTwY, kK =n —r.

IIgbétaon 2.10 O undevdywpos tov m X n mivaka A eivar vndywpos tov R", ka1 éya
owdotaon fon pe to TAndos twy eAcllepwy petapAntwy,

NA)CR" | dimN(A)=n—r.

O yopoc otnhoy tou A, R(A).

LTy TepinTmoT Tou Yweou otnhdy, 1 oyéon tou R(A) e tov R(U) Sev eivar 1600 amhi).
Ané to mapdderypa evon mpogavéc ot o R(A) dev etvan o iBlog ue tov R(U).

‘Aoxnor 2.51 Bpeite éva didvuopa tou R(A) tou napadeiypatoc 2.1 mou dev avrixet
otov R(U).

To axohouvdo Afjuua teplypdpet T oyéon UETaED TV GTNAOY Tou A xal TV GTNAWY Tou
U.

Afppa 2.11 Eva odvolo otnAdr tou mivaxa A eivar ypappixd aveEdptnto edv kai pévov
edv o avtiotoryo ovvodo otnAwr tov U elvar ypaujukd ave&dpnro.

Anédedn. Edv A’ eivan o mivaxag mou malpvoude ond €vo unocivoro Twv GTRAGOY Tou A,
xou U o mivoxog and tig avtiototyec othleg tou U, t6te

A=pP1LU

xat, agol o mivaxog P71 L civa avuioTeédulog, éva didvuoua x txavorolel TNV eiowon
Alz = 0 edv xou pbvov edv ixavorotel Ty e&iowon U's = 0.

Edv ot otikec tou U’ eivar ypouuxd aveldptntee, tdte 1 wovadxy) Aoorn tou U'z = 0
etvar & = 0, xou ouVendS 1 povadxr Aon tou A’z = 0 ebvou 1 2 = 0. Luvende ot othheg
Tou A’ elvon ypapuixd avedptnrec.

Or ouvenaywyég toylouy xa avtiotpogo: edv ol othlec tou A’ eivon ypouuxd aveZdptnt-
€¢, 10 (Bto Loy Vel yio Tic othheg tou U’

O

['vwpiCouye 6T oL 7 6ThAkeg mou TeptEyouv 0d1yolc anoteholy Bdorn tou R(U). Xuvende
ot avtioTolyec 7 OTANES Ji1, . . ., Jr TOU Tivoxar A ebvon ypouuixd aveZdptnte. Edv 1 Sidotaon
tou R(A) fitay peyahUtepn and r, tote Yo umhpye xdmotor GhAn oThkn Tou A 1) onola, pali ye
TC J1y- -+ Jr VU ATOTENOVGE Ypocpptxdc ave€dptnto ohvoro. AAAd T6TE ot ocwiomtxsg r—+1
othheg Tou U Yo Aoy ypouuixd aveldptnteg, mou dev unopel vo ouuPel, agol 1 didotao
tou R(U) eivon 7. Luvende ot 6THAES 1, - . . , Jr Tapdyouy to R(A) xar anoteholy Bdor tou.
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IMeétaon 2.12 O ydpos otnhdr tov m X n nivaka A efvar vnéywpos touv R™, ka1 éyea
odotaon fon pe Ty tdéén r tov tivarxa,

R(A)CR™ | dimR(A) =r.

Mia Bdon tov R(A) aroteAettar and tis oTriAeS mov avTiotoiyolv 0Tis 0THAES TOU KAIHa KW TOU
mivaka U mov mepiéyovr 00nyois.

Yuvérea v Hpotdoewy 2.9 xou 2.12 etvar 1o axdrouvdo Veyehtddes anotéAecyal.

Oecwpnua 2.13 Ye kdle mxn tivaka A, to TAndos twv ypapuixd aveEdptntwr ypaupdy
wov A efvai ioo pe vo mAndos twr ypaupukd aveldptntwr otnAdy tov A.

O aplotepdc undevoyweog tou A, N(AT).

O aplotepde undevoyweog tou A eivar 0 UNBEVOYWEOE TOU AVACTEOPOU TVAXL AT, Tvw-
eiCoupe ot 1 BLdoTACT TOU PUNBEVOYWEOL EVOS Tivaxa efvar To TAY0S TwV eAelVepwy UETABA-
nTwy, mou ebvat (oo ue to TAdog Ghwv Twv YeTaBAnT®Y petov 1o TAdog TV Bacixwy YETABA-
nrwv. o tov mivaxo AT 1o TAH00C OhwY TV PETABANTOY eivor m (Goeg elvar ot GThRAES
Tou AT, OnAadY| boeg elvon oL YROUUES TOU A). To Ao Ty Pacix®v PETUBANTOY Tou
AT givan {00 Ue TN Tadn Tou 1, and To Ocmpnua 2.13. Yuvenwe To TARY0S TV EAEUVERWY
petoPhntay tou AT elvar m — 7, xou

dimN(AT) =m —r.
[Ma v meprypddoupe o SlavhouaTa § TOU IXAVOTOI00Y yTA =0, eZetdloupe NV ToEAY 0vVIoTONno
PA=LU.
O L etvan avtiotpédiuog, xou €youye
L'PA=U.

H i ypopph tou U ebvar to ywvopevo g @ ypopufc tou L™1P ue tov wivoxa A. Ovm —r
teleutaieg ypouuéc Tou U ebvon ioeg ue to undév. ‘Apa ot m — r teheutaieg Ypouués Tou
L7 'P eivar OtavhouaTa ToL aploTEPO UNdevoyweou tou A. Agol o mivaxag L7'P eivar
VTG TREPWOC, Ol YPaUUES TOU elvor Ypouuxd aveldptntec. Apa ot m —1 TeleuTaies YpauuéS
tou L7'P eivon Yoouuixd ave€dpTnToL BlavOGUATA TOU Y WEOU N(AT), o omofog €yel ddoTao
M — T, X0l CUVETWS ATOTEAOUY Wio Bdon Tou ywpou.

ITpotaom 2.14 O apiotepds undevdywpos tov m X n mivaka A efvar vrdywpog tov R™,
ka1 éyel oidotaon m —,

NATY CR™ | dimN(AT) =m —7r

Mia Bdon tov N (AT) arotedefrar and ©ig m — r wedevtates ypaupés tov nivaka L' P tng
aradoipns Gauss.

‘Aoxnor 2.52 lleprypddte ToUC TECOGOEREC UTOYWEOUS TOU R3 rou oyetilovtal ue Tov
Tivoxa

010
A=10 0 1
000
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‘Aocxnor 2.53 DBpelte wa Bdon tou ywpou GTNAGY TOU

o O OO
S O O
O O N
S O N W

‘Aoxnor 2.54 Bpeite ) 0idotaon xa pia Bdon yio toug Téoogpelc YeUEMMOELS UTOY wEoUg
TWY TUVAXWV.

o
1 2 01 1 2 01
A=10 11 0 xulU=1]0110
1 2 01 0000

01 40 01 40
A—[ 9 0:|}(OLLU—|:O 00 O}'

‘Aocxnomn 2.55 Edv 1o ywopevo AB eivar o undevixodg mivoxag, AB = 0, dei€te 6T o
YWpog oTnAwy Tou Tivaxa B mepiéyetar oto undevoyweo tou A. Aci€te eniong 6t 0 ydpog
Yoouu®wy Tou A TEPLEYETUL GTOV OPLOTERG UNdEVOYWEo Tou B

‘Aoxnomn 2.56 Bpeite évay nivoxa A o onolog éyet Tov yodpo V' we yodpo otnhwy, xo éva
mivoxa B o omolog €yet Tov yopo V' wg undevoyweo: V etvar 0 undywpog Tou TopdyeTon and
Ta OtavoouaTa

1 1 1
1, 121,15
0 0 0

‘Aoxnon 2.57 Dot dev undpyet nivoag A tétolog doTe To Bdvucua (1,1, 1) va TEPLE-
YETOL OTO YWEO YPAUUUWY Xl GTO UNSEVOYweo Tou A;

‘Aoxnomn 2.58 Edv n eliowon Ax = 0 €yer pla un undevixr} Ao, detlte 6Tt uTdpEyouv
SravOopara w Yo to onota ATy = w dev éyer Mor. Kataoxevdote éva ttoo A xau w.

‘Aoxnomn 2.59 Xwpic vo tolaniactdoete yia vo utohoyioete to A, Bpelte Bdoeic twv
1€008pwV YeUEALOWY LUTOYWEwY Tou A:

100 1 2 3 4
A=16 10 0123
9 8 1 0018

‘Aoxnomn 2.60 Edv evodldiete Tic 800 mpwtes ypoupés tou mivaxa A, mowol and toug
Téooepelg UTdywpous dev alhdlovv; Edv y = (1, 2, 3, 4) eivar otoyeio 6tov aptotepd
undevoympeo tou A, Beeite €va SLAVUGUO GTOV APIGTERG UNOEVOYMEO TOU VEOU TIVAXL.
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ITivaxeg »xou IN'poppuixeg Aneixovicelg

[Ncappixeg aneuxovioelg

Otav todamhacidlouye éva drdvuoua o Ue éva Tivoxa A nalpvouue éva xavolpylo Stévuoua
Az. Edv x € R" xou o nivaxag elvar m x n, ntalpvoupe éva didvuoua 6to R™. Etol unopolue
otov mivaxa A va avtiotolyioouye yio aneixovion Ly and to yopo R oo ydpo R™.

Ly :R" >R : 2z~ Ax.

IMopdderypo 3.1 Oewpolye Tov Tivoxa

A:{gg].

D x8de didvuopa © € R?, Az = cx. Kéde didvuopa dractélheton pe To GUVTEAECTH] C.
Edv ¢ > 1, to dudvuopa yiveton pueyaldtepo, €dv 0 < ¢ < 1, To didvuoua yiveton uxpdTepo.
Téhog €dv ¢ < 0, o didvuoua ahrdlel Qopd.

IMopdderypo 3.2 Ocwpolye Tov Tivoxa
0 —1
a=]0 ).
Do xde Didvuopa & = (u, v) € R? Az = (—v, u). HoMarhaotaopdc Ye autdy Tov Tivaxo
TEPLOTEEPEL TO eTinedo YU and To 0, xatd wo 0pdr ywvia.
IMTopdderypo 3.3 Oewpolye Tov mivoxa
0 1
as]r1]
T xd0e didvuopa © = (u, v) € R?, Az = (v, u). TTodhamhaoclioudc Ye Uty ToV THivono
avaxAd o eTinEdO w¢ Tpog TNy eudeio u = v.
IMTopdderypo 3.4 Oewpolue Tov Tvoxa
10
=[]
T xdde didvuopa = = (u, v) € R?, Az = (u, 0). ITodhamhaolioudc Ue autéy TOV THivoo
TpoPBdhkel To eninedo oTOV U-GEOVAL.

29
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Tt eldouc amexovioelc unopolyv vo tpoxlhouy and Tohhanloctacuod Ue €va ivoxa; Edxola
UTOPOUUE Vo BpoUUE XETOLES LOLOTNTEC.

1. To 0 npénet va anewxoviletar oto 0: L4(0) = 0, epooov A0 = 0.

2. Holhamhdowo evog Saviouatog meénet va ametxoviloviar ota avTtioTolyo ToAAaTAdGL
¢ exovag tou draviouatoc: La(cx) = ¢ La(x), epooov A(cx) = c(Ax).

3. To ddpowoua dOo davuoudtwy anexoviletar 6To d¥poloua TV EXOVLY TwV 600 OL-
avuopdtwy: La(z +y) = La(z) + La(y), epéoov A(x +y) = Az + Ay.

Anewovioelg Tou €youy aUTEC TIC WLOTNTES OVOUALOVTH YRAUUXES anetxovioelg 1
Yeoppixol petacynuatiounol.
Opwopdbg. H amexxdvion f @ R" — R™ ebvor ypoppi®ny] aneixovion edv yio xdve
x, y € R" xou xdde ¢ € R,

L flz+y) = f(x) + fy) xn

2. flex) =c f(z).

levixotepa, €dv Vo xon W elvon dtavuopatixol undyweot tou R™ xou tou R™ avtictowya,
wla amewovion f @ Vo — W elvor yoouuxr €dv 1xavomotodvtal oL Topamdve cUVITXES Yo
xqde v e V.

Eidaue ot yio xde m x n mivaxa A, n arexovion Ly eivon ypauuxr. Oo deilouue
Twea oTL, avtioTpoya, xdle ypouuxh ancixovion f @ R™ — R™ avtiototyel o éva mivaxa.

Treviuuilovue ot €4V Ky, ..., Ky €lvor ol OTHAES Tou mivaxa A, tote
Uy
Al | =wk+ o Uk
Unp,

ITpotaom 3.1 Oewpolue tn ypaujukn araxévion f : R — R™ ka1 tov mivaka A e
otniAes ta Guavvopata f(er), flea), ..., f(en), dnov ey, e, ..., e, €var n kavovikn Bdon
tou R™. Tére f = L 4.

Ano6deln. Eowu = (ur, ..., uy). Tdte u = uier+uges+- - -+uye,. Anéd ypouuxdtnra,

f(U) = f(ulel + - +unen)
= wf(er) +- +uaf(en)

Uy
= A
Un,
O
H Tlpétaon 3.1 umopel va yevixeudel wg e€rc.  Ov tuée plog Yeopuxne anexoviong
[V — W ota dvdoyata vy, U, ..., v Wag Bdong tou mediou opiouol V, xadopilouv

Y amexovion: xde v € V' ypdeTon w¢ YRoUUXOS CUVOLACUOS TwY GToLyElwy TNng Bdomg,
U =civ1 + - -+ Uk, xou TOTE 1) YpauuxdtnTa e f npoodopiler to Sidvuopa f(v),

f)=cif(vi) +-+crf(or).
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Mopdderypo 3.5 Edv [ : R* — R? eivau ypapuxdh amexdvion, xou f(1, 2) = (1, 1, 2)
evey f(0,1) = (0, 1, 1), téte ynopolue vo Bpolue tov 3 X 2 mivaxa mou moplotdvel Ty f.
[Toénet var eavomololvTon oL GYECELS

1 0
A{l}: 1 o A{O}: 114,
2 1
0
Ti¢ omoleg unopolue va yeddouue woall wg

[32]-

AMNG o Svboparta (1, 2) xou (0, 1) ebvon yoopuxd aveldptnta (anoteholy Bdon tou R?)

O ==

0
1
1

7. 7 0 7 4 Ve 4 e
Ol GUVETIWC 0 Tivaxog { 9 1 | Ehen avuoteédyiog. Ilodamiacidlouye and ta 6e€Ld Ye To

AT xan éyoupe

10 -1
A=111 {;?}.
0 1
IMTopdderypo 3.6 Oa 500UE *ATOLES ATEWOVIGELS TOU BEV Efval YOUUUIXES:

1. g(x) = 2x + 1. Av xu 70 Yedpnua autrc Tng ouvdptnong efvon W eudela, dev
uovomotel Tic ouvxee Tou oplopol: g(u+v) =2u+2v+1# u+1)+ (2v+1) =
g(u) + g(v).

2. (uy, ug) — (2ug + 1, 0).
3. (z,y) = (zy, z, y).

H npooetanptotin| wdTnTar ToU Yvouévou mvdxwy eCaogalilel ott 1 abvieon 0o ypoy-
WXV ATEXOVICEWY EIVOL YRAUUUIXT| XAl AVTIOTOLYEL OTO YIVOUEVO TWY TVIXWY.

Ilgbétaon 3.2 Edv A, B eivar nivakes, m X n ka1 n X p avtiotoiya, dote va opiletar to
ywouevo C' = AB, tdte 10y vel

LA o LB = LC’ .
Anéden. Ipdypot, Le(v) = Cv = (AB)v = A(Bv) = La(Lp(v)) = Lao Lp(v).
O
‘Aoxnorn 3.1 Bpeite my exdva tou yevixol anueiov (vq, ..., v,) Tou TEdiOL OPLOPOY,

Yl TIC amEXOVioES Tou opllovTal UE TOAATAAGIACUG OO ToL APLOTERS UE TOV Tivoxa

1 -1
A:{ég} B=1|0 2
1 3
102 1
C:{Zg_é]pz -1 01 =1
122 2
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‘Aoxnom 3.2 Bpeite tov tivaxa A otov onolo avtioToryel 1) ypauuixy| anexovion

flz,y) = @Br+y, 2y, v —y).

‘Aoxnor 3.3  Acilte 0Tl 0l ToPUXATW ATEXOVIGELS OEV EVUL YROUULXES.
o«. g(z, y, 2) = 3z, y?).
B. h(u, v, w) = (v+2, 4u).

‘Acxnomn 3.4 DBpeite tov nivoxa Tou avTIOTOLYEL GTO YRAUUUIXO UETAGY UATIONS 0 oTolog:

o . Anewxoviler ta Swavbopata (1, 0) xou (0, 1) ota Swviopata (1, 3) xou (7, 1), avtio-
TOLY L.

B Amewoviler ta dravbopata (1, 0, 0), (0, 1, 0) xau (0, 0, 1) ota draviopata (1, 5, 2, 9),
(2, 6,4, 7) xou (V3,3,7, 1), avtioTotya.
‘Aoxnon 3.5 Edv o anewoviceic f xa g ebvon ypapuxée, xu f(u) = g(u) = u, t61€
fog(u) ebvor foo pe u # u?;

‘Aoxnon 3.6 Iloc and tic axdhovlec anewxovioels xxavorotoly tn ayéon f(u +v) =
f(u) 4+ f(v), xou noég xavonowiv ) oyéon f(cv) = cf(v), 6mov v = (v1, V2, v3);
fw) =v/|[v]|
" f(v) = (vy, 209, 3v3)
" f(v) =v1 v+ s
(v)

0. f(v) = 1 peyolhTepn CUVIOTOOA TOU V.

‘Aoxnon 3.7 Tlotec and g axdhovieg anetxovioels Sev elvon ypouuxés, 6tov v = (vq, Vg);

o. g(v) = (vg, v1)
B g(v) = (0, v)
Y. g(v) = (v1, v1)
0. g(v) = (0, 1)

'‘Aoxnon 3.8 Acilte 6t edv f @ R — R? ebvan ypopuxs omewévion, tote f2 efvon
YEUUMXT| ATELXOVLOT,.

‘Aoxnomn 3.9 Acllte 6T €dv 1 ypouux| anewévion f 1 Vo — W ebvar avtiotpédiun
(Snhodh ap@povoshuavTn amexévion) Tote 1) avtiotpogr ameévion f1 1 W — V ebva
enione ypapuxh/
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[NoauuixEg ANMELXOVIOELS TOU ETLTEDOU

210 TOQUOELYHUTA TOU DWOUHUE GTNV apy Y| TOU XEQuAaiou VEWPNOUUE TNV TEPLOTEOPY| TOU
emmédou xatd pio opd7 ywvia, v avdxiaon oty evldela x = y, xa Y TEoBokY| oTov
2-8&ova. ‘Ouwe umopolue Vo €youue TEQIGTPOYES xutd aualpeTES YwVieg, ot TEOBOAES
1) avochdoeg o onowdrrote evdela Tou eptEyet To 0. ‘Oheg autég o anewovioeg v
Yeauuxéc. Ou Peoldue toug Tvaxag TOU TIC AVATAUPLOTOUY, YENCHIOTOWWVIAUS TNV XAVOVIXT

pon {é] %ol [(1)} Tou R2.

, , , , , 1 , cos
H reprotpogn katd ywvia 0 ameixoviCel to Sidvuoua 0 0TO OLdYUoUA sind | Ol

, O , - Sin ,19 7 7 7
T0 OWdyuoua [ 1 } OTO OLAVUCUA { cos ¥ ], (Bec OTNUEWWOELS AVOAUTIXNAC Fscopstptaq).
‘Apa 0 mivaxag (Qy TOU TAUPLOTAVEL THY TEPIGTRPOWT TOU EMTEDOU XaTd Ywvia ¥, elvor 0
cost?y —sind
Qo= _.
sin ¢ cos v

H yewyetpur dialoinon pog Aet OTL 1) TEPLOTEOGT xoTd Ywvia ¥ elvar avTioteédiun, o
el avTioTpoYo TNV TEPIOTROYT XaTd Ywvia —1.
Hapatnpolue ot
Oy cos(—v) —sin(—v) | cost  sind
7| sin(—=9)  cos(=0) | | —sind cos®

XOU TERAYUOITL

sin ¥ cos ¥ — cos ¥ sin ¢ sin? ¥ + cos? ¥ 0 1

cos? ¥ + sin® ¥ cos ¥ sin ¥ — sin ¢ cos ¥ 10
Qo Q-9 = = :
‘Aocxnomn 3.10 Enaindebooute 61t 600 meptotpogés xatd ywvia ¥ wcoduvauoly e dia
TEPLOTRPOYN XaTd Ywvia 20, Snhadh o

Q5 = Qa

Ao OTL 1) TEPLOTEOYPY| xaTal Ywviot ¥ xou PETE xaTd Ywvio ¢, 100dUVAUEL UE TNV TEPLOTEOYPY
xotd ywvia ¥ + @, dnhadr ot
Qp Qv = Qi+

H npofoArj tou Suaviopatoc (1, 0) otny evdeia tou oymuatiler ywvio ¥ ye tov z-d€ova (ag
ovopdoouye auth Ty euleio Tov Y-dZova) Bidet Eva Sidvuoua oLYYEauUx6 e To (cos 1, sindd),
oG pe uhxog cos f. Anhadh to (1, 0) npofBdiheton oto didvuoua (cos? 0, cosfsinf). Tlopd-
uota, o ddvuoua (0, 1) mpoPdhhetor oto didvuopa (sind cosd, sin® ).

O wivoxog mou TaPIGTAVEL TNV TpofoAn) otov V-déova eivon Aotmov o

B cos?y  cosdsindd
v {cosz?sinﬁ sin? o) }

s
Autég o mivaxag dev etvan avtioteédipog. Ta onueia Tou (79 + E)—o’tiova Teofdihhovial 6To

0. O undevoympeog Tou Tivaxo anoTeEAElTHL and To TOAATALGLAL TOU BLYOOUATOS

(cos (19 + g) , sin <?9+ g)) = (—sind, cos?).
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H yewpetpxt, Stalotnorn yac Aéet 6Tl €4V TpoBdilouue dU0 QopE, TO AROTEAEGU Elval
70 (D10 pE To va TpofidAloupe pla gopd:

(Pﬁ)Q_{CQ CSTZV@MS% 05(024—52)}:39‘

| es cs(? +s%) s3(cP + s?)

H avixiaon ovov ¥-déova, agriver auetdBinta to onueia Tou ¥-dZova, xou GUVETWS TO
Sudvuopa (cos v, sind) anexovileton otov eautd tou. Evo Sidvuopa xddeto otov ¥-dZova
anewovileton 070 avtideto Tou, ouvenme To (— sin v, cos ) arnewxovileton oo (sind, — cos ).
‘Apa o mivoxag Hy mou TOPLOTAVEL TNV oVEXAACT] LXAVOTOLEL

Ol GUVETMC

2¢2 —1  2cs
2cs 282 —1 |-

‘Acoxnor 3.11  Enodndelcute 10V TOQATAVe UTOAOYIOHO TOU Tiivoxa Hy.

H yewpetpint| didotnon yag Aéet 6Tt 800 avaxAdoelc otov {810 dEova ETAVAPEROUY TNV
apytxh exdva, dnhadh (Hy)? = I. Mropolue va enahndedoovye auth tTny wdTnto e on’
eudeioc uTOhOYIGUO.

Evodhoxtind, mopoatnpolue 6t Hy = 2Py — I, xou ouvernag éyoupe (Hy)? = (2Py —1)* =
4P5 — 4Py + 1 =1 agol P; = P
‘Aoxnon 3.12 O nivaxag A = {(2) 1

r—d4Zova. Lyeddote Tov xOxho 2 + y? = 1, xou ylpw Tou onueia (22, y) Tou TPoxITTOLY
ané mohhamhactaouo e tov mivaxa A. Tu oyfua €yer ) xaumOAn ToU TEOXITTEL;

} moptotdver uio stretching otn diedYuvorn tou

‘Aocxnor 3.13 Ilolog mivaxag TAQIGTAVEL TNV ATELXOVIOT] TTOU TEQLOTREPEL XAVE SLdvUoUL
tou R? xatd wla 0pUY), xar otn ouvéyela TpoBdhhel Tdvw otov T—dlova; Ilotdg mivaxag
TOPIOTAVEL TNV ATEIXOVIOY) TOU TPOBIAAEL OTOV T—3E0Va XAt GTY) GUVEYELL TPOBAAAEL TavVw
otov y—dZova;

‘Acxnomn 3.14 O nivaxac A = { ;’ (1] } moptotdvet pla shearing, n omola agriver Tov

y—aZova aueTdBAnTo.  LyedldoTe To AMOTEAEOUA QUTHS TNG ATEXOVIONG GTOV T—3dZovd,
ONUEDYOVTUS TNV EXOVa Twy onueiwy (1, 0), (2, 0) xa (—1, 0), xaddc xar Ty etxdva GAou
ToU T—4EovaL.

‘Aoxnor 3.15 Ilolot 3 x 3 mivoxeg TAPLOTAVOUV TIC aXOMOVVES ATMELXOVIOELS;
o. mpofol oo (z, y)- eninedo.
B avdxhoon oto (z, y)-eninedo.

Y. TNV anexévion mou TeploTEéEL To (X, Y)- eninedo xatd pio opVY ywvia, xou agrver T
oruela Tou z—dEovo AUETABAT T
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. v anewdvion mou mepLoTEéPel To (x, y)- eninedo, xatémy 10 (, z)—eninedo, Hha
xatd uio 0pdn ywvia.

€. TNV amewxovion Tou xdver Tig (Oeg Tpelc mEpLoTROYES, aAAd xatd ywvia {on ue dvo
opéc.

‘Aoxnor 3.16 Ilepiotpogéc oto ywpeo mpoodlopllovtal amd Tov dEova, Tou omolou To
oruela Tapauévouy aueTABANTA, xou TN Ywvia Teplotpoghc. Beelte Tov dova xar T ywvia
TEPLOTPOYHS TG aneEXoVIoNe Tou amewxovilet 1o (1, T2, ¥3) 070 (T2, T3, T1).

‘Aoxnon 3.17 Oewpriote ™V “xuxhix” anexdvion q(vi, va, v3) = (vs, U1, v2). Bpelte
0 9(g(g(v))) %o 10 g'®(v).

"‘Aoxnor 3.18 llowg nivaxag mopotdvel Ty anewxdvior tnov otélvet o (1, 0) oto (2, 5)
xou to (0, 1) oto (1, 3); Iotog ivaxac otéhver 1o (2, 5) oto (1, 0) xa to (1, 3) oto (0, 1);
Tl Bev undpyer tivaxag mou va anewxovilel to (2, 6) oto (1, 0) xou o (1, 3) oto (0, 1);

‘Aoxnor 3.19 Ocwpriote 6ha ta davbouata & 010 teTEdywvo {(x1, 22) @ 0 < 21 <
1,0 <z <1} xou éva 2 X 2 nivaxa A.

o . T oyfua €yet n exdva Tou TETPAYOVOL and TV T — Ax;
B’ T mowoig mivaxeg A elvan 1) eixéval TETpdY VO;

’ 7 7 7’ 7 z 7 14
Y'. T molote nivaxeg A elvon 1 excdva €vor eudiypouuo TuRu;

0". T molole mivaxeg A €yel 1 exdva euPadov (6o e 1;

Ewova xow avtiotpopn swxdva. Apiotepd xou 616
avTioTEopo.

Igbétaom 3.3 Ocwpole tov m X n nivaka A, kai Ty avtiotoyn YpauMiKn aneikorion
Ly : R*" — R™,

1. Edv'V eivai Ouavvopatikds vrdywpos tov R", téte ) etkdva tov V' péow tng aneikérviong
Ly, La(V)={La(v)|v eV} evar Guavvouatikés vidywpos tov R™.

2. Edv W etvar owavvopatikds vrdywpos tov R™, téte n avtiotpogn eikdva tov W uéow
g aneucéviong La, L' (W) = {v € R" | L4(v) € W} efvar ravvopatixds vrdywpog
ou R™.

Anéderdn. I vo anodeifouye 1o 1, Yewpolye wy, wy € La(V) xar ¢ € R, xou npénet v
dei€oupe ot wy + wo xou cwy € La(V). Egboov wy € La(V), undpyer vi € V této10 dote
La(v1) = wy, xon avdhoyo yio 10 wy. Egbcov V ebvar dravucpatinds undyweog, v1+vs € V
xot La(vr 4+ v2) = La(v1) + La(v2) = wy + wo, dpot wy + wy € La(V). Hopbuow cvy € V
xot Lg(cvr) = cLa(vy) = cwy. Apa cwy € La(V).

[a 7o 2, Yewpolye vy, v € L;l(W) x ¢ € R, xon mpéner va detlouue otL v1 + vo %o
cv; € LN (W). Trdpyouy wy € W tétowo wote La(v1) = w1, xou avdhoya yia T0 wa. AN
161 La(v1 +v2) = wy +wy € W, xou La(cvy) = cwy € W, dpo vy + v xou cvy avixouy
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oto L' (W).
O

To emduevo epwtrua mou Véroupe va eCetdoouye eivon UTO Toieg cUVITXES elvan 1 AmELXS-
Vo Ly evExovixn, ETEXOoVIXT| 1) AUGILOVOCTUAVTY).

H L4 etvan eveucovixt| €dv yia xde vy, v € R™, 1 unddeon La(v1) = La(vs) cuverdyeton
OTL V1 = V. Auto oyl €dv xon YOvov ey toyUel 1) ouveraywyh Avy = Avs = v = v, 1
wwoduvopa €6y A(vy —ve) = 0 = v1 — vy = 0. Anhadr) 1 L eivor eveixovixn, €dv xaw pévoyv
€dv, v xdde x € R", Az = 0 = z = 0, dnhadr €dv xou uévov edv 1 povadxr Abon tng
elowone Axr = 0 eivon 1 tetpuuévn, = = 0. AMNG yvwpeiloupe ot 1) opoyevic e€iowor €yel
Hovodix|) Aoon TNV TETPWUEVT), oxeiBwe OTay dev uTdpyouy eAelVepeg YeTABANTES, ONAUDY)
otav 1) TéEn Tou mivaxa etvar = n.

H L4 eivon emeoviny| €dv yio xdde b € R™, undpyer v € R™, tétow0 wote Ly(v) = b,
onhadt, étav 1 e€lowon Ax = b éyel hoon v xdde b € R™. Autd woyler axpiBog 6tav o
YWeog otniwy tou A elvar 6hog o R™, dnhadr 6tav 1) Téln Tou Tivoxa eivon 7 = m.

Eyouye anodellet tnv axdroudn npdtoon

ITpbtaom 3.4 Edv A eivsi m X n rivakag, tote ) aneikévion Ly elvar
1. evewxovikn), edv ka1 pdvov edv r = n,
2. emaikovikn), €dv kai pudvov edv r = m, kai

3. augiuovoonuavtn edv kai uovov €dv r = m = n.

O

Mio amewoviony f : N — M éyel apiotepd avtiotpogo g : M — N, tétowo

wote go f = idy, edv xou uévov edv 1 f elvar everxovixr, xar €yel 8e&Lé aviicTEOoPO

h : M — N, tétwow &ote foh = idy, €dv xou ubvov €dv 1 f elvon enetxovixr, (dec
OTUELWOELS TOU PoduaTtog Oeuéha Twy Momf)npomxd)v).

Opiopobc. Edv A elvan évac m X n mivaxo,
1. o n X m mivaxag B eivar aplotepdg aviiotpogog tou A, edv BA = I,.

2. o n x m wivaxag C eivor 8e€Log avtiotpogog tou A, edv AC = I,,,.

IIgbétaon 3.5 O m x n nivaxag A, éya
1. aprotepd avtioTpogo edv kar puovov edv n tdéén r = n.
2. 0€&16 avtiotpogo edv kar udvov edv n vdén r = m.

An6delly. Ilolamiaolaouds ue tov aplotepd 1 To 0edld avtiotpogo mivaxa, opilel To
aploTEES 1) To 0edtd avtioTpoo Tng ouvdpTtnong La, aviiotoya. Amd tny mpornyoUuevn
TEOTAOT) CUUTEPAVOUUE OTL 1) oLV © = n 1 1 = m elvon avoryxolo. Oa ONOUANEHCOUUE
TNV omodellT) Bploxoviac oUYXEXPWEVO apleTERS 1) BECLO avToTEO(O OTAV XAVOTOLETOL 1)
avtiotolyn cuvinxm.

Edv 1 té&n tou m x n nivaxa A eivon 7 = n, T61€ oL 5THAES Tou Tivaxa A eivan ypouuxd
aveldptnteg, xar and to Afuua 4.5, To {Bto oy el Yo TIC OTARES TOU TETPAYWYLXOU Tivoxa
ATA. "Apa o ATA ebvon avtiotpédupoc. Oétoupe B = (ATA) AT xau éyouvye BA =
[(ATA)“AT] A= (ATA)YATA) = I,.
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Eivar govepd ott €dv 1 téén tou A ebvow v = m, t0te 1) T4EN TOU AT eivan fon pe Tov
aprdud Twv oTNAGY Tou, xou ond To Afuua, o wivaxag (AT)TAT = AAT elvor avtiotpédrpoc.
O¢toupe C' = AT(AAT)™, xau éyouvpe AC = A[AT(AAT)] = (AAT)(AAT) ™! = I,

O

Yy nepintwon evog tetpaywvixol ivaxa A, m = n, xat ta oxohouda etvon 1odvvoaL:

1. H td&n tou mivoxa etvor 7 = n.

2. O nivaxag A €yet aplotepd avtiotpogo.

3. O nivaxag A éyet 5e€16 avtiotpogo.

4. O mivaxag A etvor avtioteédiuoc.

‘Acxnor 3.20 Edv V = {z € R?: 21 = 12}, Bpeite (ulo Pdon yia) touc dtavuopatixoic
unéywpoug La(V) xou Ly (V), yia tov mivoxa

o 12
o. A= [ 5 4 }
, 1 3
GoA— { b ]
‘Aoxnom 3.21 Eléy&te edv ot mapoxdtw ivaxeg €youv aploTtepod 1) 0etd avTioTpoPo, Xa

unoloyioTe To
1 2 1 3
=l el
302 1
C=[32 —1] D:[_101 }

‘Aoxnom 3.22 Trodéote ot avalntodue tov 8elid avtiotpopo tou mivaxa A. Tote
AB = I odnyet otny ATAB = AT 4 B = (ATA)7'AT. O B épwc xavonoet tny BA =1
xau ebvan aplotepdg avtiotpogog. Ilowd BAua elvou Adog 6Tov apandvew GUANOYICUO;

‘Aoxnomn 3.23  Acifte 6t undpyer povadinr| ypaupixt| atexévion ¢ : R — R3 ye

e(1,1, 1) = (1,0,1)
00,1, -1) = (2,1, 3)
e(l,2,1) = (1,1, 2).

o’. Beeite tov mivaxa A tng mapandve aneixéviong.

. AetZte 6t 1 eébva p(R?) trg ¢ etvou éva eninedo otov R?.

Y". Bpeite tyv avtiotpogn eixdva tou {0} yéow tne anewdviong .

§". Bpeite évav undywpo V tou R? Sidotaone 2 pe tny wiotnta (V) = ¢(R?).

e’. Bpeite éva didvuopa v € R? tét010 wote ¢(v) = (6, —1, 5).
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", Bpette évav undywpo W tou R? didotaonc 2 pe v widtnra o (W) va efvor 1) eudela
otov R? nou opileton and o didvuopa (6, —1, 5).

'‘Aoxnon 3.24 'Eotw ¢ = ¢4 : R — R? 1 ypoppx arexdvion nou opiletar and tov
Tivoxa
101
A= { 2 1 3 } ‘

o . Aetlte 6Tt 1) amewdvion ebvan exi.
(. Beeite éva ddvuopa v € R? pe v Wb o(v) = (-2, 5).
Y". Bpeite tv avtiotpogn exdva tou {0} yéow tne anewdviong .

0". Bpeite povomieupo aviiotpogo (oproTtepd 1) 5e€Lo;) NG YROUUIXTG UTELXOVIONS (.



Kegdhawo 4

Mrj»n xouw opUeg ywvleg

Mrixoc Sraviouatog

Y10 eninedo, R?, Beloxouye To Urxog evég dlaviouatog T = (21, x2) YETOWOTOLOVTIS TO
[Tudaydeeto Yewpnua:

|2 = 22 + a3
Y10 ywpo R egopudloupe 1o Mudaybpeto Jedpnua 2 gopéc: €dy x = (21, @2, T3) %o
u = (x1, T2, 0)

lzll* = lul]® + 23

_ 2 2 2
= ] +x3;+ 3.

XpnoworoiwvTag 10 GUYBOMOUO TOU AVICTEOPOU, AUTO YEAUPETHL

|z]]* =27 .
Egapuolovtag to [Tudaydeeto dedpnua n — 1 @opéc, Beioxouye 1o prxog evog dlaviouatog
oto R™:

|zl = ai+a3+---+a)

= IL‘TJZ.

IMagdderypo 4.1 To prxog tou dwviopatog © = (1, 2, —3) elvor v/ 14:

1
lo]* =2"z=[12 -3] | 2| =1"4+2"+(-3)"=14.
-3

OpVoywvia diaviouata

Extég and ta prxn, ¥€houue vo YeTpdUE xon ywvieg YeTaly dtavuoudtny. Apydtepa Ja
WANCOUUE Yo OAEC TIC YWVIES, OAAG TPOC TO OOV Hag EVOLIPEPOLY oL 0pVES YwViES.
[I67te etvon 600 draviouata T,y 0YOY VL

To Iudaydeeio Yewpruo oylel xo avtiotpoga: Eva Tplywvo elvan opdoywvio wévoy
6TV TO TETPAYWVO Tn¢ umoteivouoag elvon (60 UE TO AUPOLOUA TWY TETPAYWVGLY TWY 2

69
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Thevpwy. Mnopolue va epyactolue oto R", ahhd oty mpaypotixdTnTa oL ueTprioes Yo
elvon Y€ca 6T0 €TinEdO TOU TEPLEYEL TO TplYwVo, dNAADY| HECA GTO BLAVUCHATIXG UTOYWEO
Tou mopdyetar omd tor dravoopata x xou y. H yovia Z(z, y) eivoan 0opd| €dv xou pdvov edv

[l + llyll* = [l =yl *,

ONAa0Y| €dv %ot uOVOV €4
T+ 2y, =0

SN

zy=20

ITpbtaom 4.1 Avo dwavdopata x, y tov R" eivar opfoydvia edv kar pévov edv to eowtepikd
tovg ywduevo xy efrvar 0.

0
IMopdderypa 4.2 To didvuopa z = (2, 2, —1) eivor opoydvio oto y = (-1, 2, 2):
-1

fy=[22-1| 2| =0.
2

"Eva didvuopa etvar 0pdoyodvio oTtov eautd Tou pévoy edv €xet undevind phxoc: xlx = 0.
To povadixd tétolo ddvucua Tou R™ eivon to 0.

Ilpotaom 4.2 Edv ta daviouata vy, . . . , vy, €lvar un undevid xai opoydvia petald toug,
téte efvar ypaupukd aveldptnra.

Arnédelr. ‘Eotw évac ypaumxde cuvduaouoe civy + - -+ + cu, = 0. llaipvouye o
EOWTEQIXO YVOUEVO UE TO Vy:

vl (v 4 -+ F ) =010 =0
AG vfv; = 0y xdde @ # 1, dpa éyoupe
viciv = cf|vi]| =0

xou €6oov ||v1| # 0, éyouge ¢1 =0
[Magduota, ¢; = 0 yioo x&e 4, xou cUPTEPAVOUUE OTL Tar BtavOopaTa Vol yEuUUXd
aveldoTnTaL.
OJ
Eivow mpogavég otu dev oy Vet To avtiotpoo: duo Ypouuxd aveldoTrnta dlavioUaTo OEV
elvon uToypEWTIXG opoyrVLa.

‘Aoxnor 4.1 Bpeite ta wixn xou 10 eowteptxd ywvopevo tov r = (1,4, 0, 2) xa y =
(2, =2, 1, 3).

‘Aoxnor 4.2 llola (ebyn and ta SloavOoUUTA Uy, Usg, Ug, Uy EivoL 0pPOYWVLY;

1 4 1 1
2 0 —1 1
Uy = -9 , U2 = 4 , Uz = —1 , Ug = 1
1 0 —1 1
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‘Aoxnor 4.3 Alo euldeiec 010 eninedo etvor 0pYoYMVIEC OTAY TO YIVOUEVO TWV XMGEWY
Toug ebvan —1. Egapudote auto 1o xpithplo otic evdeieg mou mopdyoviar and ta doybouata
r = (z1, T2) xou y = (Y1, Y2), oL onolec €youv xhioewc Ta/T1 o Ya/y1, Yo va Bpeite to
xpithplo opdoyevidTnTac Ty davuoudtwy, zly = 0.

‘Acxnon 4.4 Tlog yvwpillouye ot 1) ¢ ypauur| evoc avtioteédulou nivaxa B eivon optoyd-
vl 6T J othAn tou BT €dv i # j;

‘Aoxnorm 4.5 Acilte 6T 10 ddvuoua x — ¥ elvon xdeTo 0TO0 T + Y €AV xou UOVOV EAQV
z]| = [|ly||. Howd wbrotnra twv pouPwy exppdler autd T0 amoTENECUA;

Opvoywviol LY weoL

Ytov R3, uta evdeta etvan xddetn oe Eva eninedo 6tav oynuatiler opUv Ywvia ue xdde evdeio
TOU EMITEDOU TTOU TNV TEUVEL.

Avdhoya, 800 undyweot V xon W tou yopou R™ eivar opBoywmviol 6tay xdde didvuoua
Tou V etvar oploydvio oe xade ddvuoua tou W.

Hapatnpoldue ot 0o eninedo Wi xow Wy oo R? nou oynuotiCouv 0pl¥| yYwvio Bev
avomololy auth T ouvixn. Ilpdyuat, ac Yewprioouue pla Bdon and dvo opoywwvia
olavbouota o xdde eninedo, uy, vi 6t0 Wi, uz, v2 oto Wi, Edv ta Wi xou Wy Hrav
optoywvia, tote Yo elyape 4 Sovbouato U, vi, Uz, V2 0pdoyOVIL UETHED Touc. And Ty
ITpodtaon 4.2 autd Yo Arav ypopmxd aveZdptro. AAG otov R? Sev undpyouv 4 ypaupxd
ave€dpTnTa dravhouaTaL.

Oa cuuPBohilouye T opPoywvdTnTa V0 Yeauuix®y UTOYWeny U xou V tou R™" ue ULV

IMopdderypa 4.3 Oewpolye 1o eninedo V tou nopdyeton and to draviopata vy = (1, 0, 0, 0)
xou vy = (1,1,0,0). To ddvuopa w = (0, 0, 4, 5) elvar opoydvio Tpoc Ta V1 o Vs.
Yuverwg n evdeta W tou mopdyeton amd to w elval UTOYWEOS TOU R* 0pUoYWVIOg TPOS TOV
V. A& péoa oto R* UTIARYEL YWEOC YL axdun €vay uToywpeo opvoywvio otoug V' xa
W: 1o ddvuopa z = (0, 0, 5, —4) ebvor opdoydvio mpog ta v1, Vo xou w. H evdeia U nou
TapdyeTon and To 2 ebvan oploywvia Teog Toug uTdyweous Voxar W

ULV, ULW, VLW,

ITpbtaon 4.3 Aiderar évag m x n nivakas A. Téte
1. Yro R"™ 0 ydpos ypapudv tov A efvar opfoydviog oto pundevdywpo tov A:

R(AT) L N(A)

2. Yto R™ o ydpos otnAdr touv A efvar opoydvios otov apiotepd undevdywpo touv A:

R(A) LN (AT).

Arno6delr. Apxel va del€oupe Ty TewTn tepinTwor, agol 1 deltepn tpoxnTel eCeTdlov-
TAC TOV AVAOTEOYO TiVAXL AT,
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Oewpotye éva & € N(A) xou éva v € R(AT), xan 9éhoupe va detZoupe 6t viz = 0.
‘Eyoupe Az = 0. Egboov v € R(AT), 1o v elvan ypoppuxde ouvBUAoUOS TV YRUUUMY
T, ... Ty TOU A,
v=z1r1+ o+ 2T,

onAadY| utdpyet z € R™ tétowo wote v = AT, ‘Eyouue

vl = (AT2)Te = 2T Az = 270 =0.

O

Treviuuilouue 6Tt Ol BIAOTUCELS AUTWY TV YWEMY LXAVOTOLOLY TIG OYECEL:
dim R(AT) + dimN(A) = n (4.1)
dimR(A) + dim N (AT) = m (4.2)

Avuth 1 TopaTAENoN UTOBEXVUEL OTL O YOPEOS YPUUUWY X0l O UNOEVOYWEOS BeV etval 50
omodfroTe opoywviol utdyweot Tou R™: o1 Yo urdyweol ‘yeuilouv’ Tov R™. Ag eletd-
OOUUE TO TROGEXTIXA TNV xatdotacy. Av W eivon 10 0lvolo 6AwV TV BlavUoUdT®Y ToU
etvar oploymvia o Gha tor draviopata Tou yweou yeouuuwy R(AT), n [pbtaon 4.3 Aéet otu
N(A) C . Elxola duwe Prérouge ot woylet xar o avtidetog eyxheopoc, W C N (A),
ONAadY| 0 UNBEVOYWEo¢ TEQLEYEL XdUe Btdvuoua Tou elvar oploywvio o Oha Tar dlavdouaTd
TOL YWEoL Yeouuwy. Ilpdyuat, edv z € W tdte 10 T ebvan opoywvio oe xde yoouur Tou
A xa Ar = 0. Auth) n xatdoTao Topouctdlel apXETH EVOLAPEQOY WOTE VAL TNG DWCOUUE Eva
bvopa:

Oplopog. Oewpolye yoauuixd unoyweo V tou R™. To clvorho OhwV TwV SLovUOUATOY
Tou R" mou ebvar opoyvia e xdde ddvuoua touv V, anotelel ypouuxd undyweo tou R”
(0ec "Aoxnon 4.23), o onoiog ovoudletar opYoydvio cupunAfpwpa tou V otov R”, xou
ouuBoileton V.

‘Eyouye 0ellel 0Tt 0 undevoyweog etvar 10 0pV0YMVIO CUUTAHOWUN TOU YWEOU YOUUUWY:
N(A) =R(AT)*:.
Oa detloupe OTL X 0 YOPOS YEAUU®Y Eivar To 0pY0YMVIO GUUTAREOUA TOU UNOEVOY KEOU:
R(AT) = N(A)*.
H Mpétaon 4.3 e ot R(AT) C N(A)*. T va detfoupe tov avtideto eyxdeoud Jew-
polpe éva didvuoyua z opdoyidvio oto N (A). 'Eotw A" o rivaxac tov npoxintet and tov A
ETLOLVATTOVTOG WG piot el TALOV Ypouur T 2.0 A €yel Tov D10 PNdEVOYWEO UE Tov A,
ol 1) véa e&iowon 2Tz = 0 iavonoeita y xdde x € N'(A). Eniorng éyel tov (Bo apriud
oTNAWY, n. Yuyxplivovtag tn oyéon
dim R(AT) + dim N'(A") = n
e v 4.1, xou agod N (A) = N(A), ouprepatvoupe 6t dimR(A'T) = dim R(AT). A&
aUTO onualvel OTL To Odvuoua z eCopTdTon Yeauuixd amd To dtaviouata Wog Bdong Tou
R(AT), drhadr| ot avixer oto R(AT).

’ N ’ 7. 4 7’ 7 /7 / 7
Eyouue anodellet To tpwTto pépog tou axdroudou dewpruatoc. To dedtepo Yépog amoderxvie-
To YEWPOVTIC TOV AVAGTROYO TVOXAL.

Ocwpnpa 4.4 Afdetar évag m x n nivaxag A. Tére
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1. O undevéywpos N'(A) etvar o opfoydvio ouumdApwpa tov yopou ypauucy R(AT)
otov R", ka1 o ywpos ypauucy efvar to oploydvio ovumAnpwua tov unodevdywpov
otov R",

N(A) = R(ATY: kat R(AT) = N(A)*.

2. O apiotepds undevéywpos N(AT) etvar to opfoydvio acvumAiipwua tov xdpov oTnAdy
R(A) orov R™, ka1 o ydpog otnAdv eivar to opfoydrvio ouumAipwua tov apiotepot
unoevdywpov otor R™,

N(AT) = R(A)*F ka1t R(A) = N(AT)*.

O

Me autd 10 Opnuo OAOXATPOVETOL 1) TEQLYPAPT TWY TEGTUPWY VEUEAIWOWY UTOY WEMY
evog mivaxa, ot omolol aroteholy dVo (elyn 0ploywViwy CUUTANEOUITWY.

‘Aoxnomn 4.6 Bpeite éva didvuoua T 0pdoydVIo 670 Yweo Yeauuwy Tou A, éva Sidvuoua
0pUOYWVIO OTO YWEO GTNAMY, Xt £Val BidvuoUA 0pVOYOYLO GTO UNDEVOYMEO:

1
A= 2
3

(@) IS V]
~ W

‘Acxmor 4.7 Bpeite 6ha o draviopara tou R? 1o ebvon opdoydwia oto (1, 1, 1) xo 670
(1, =1, 0).

‘Aoxnon 4.8 'Eotww V xa W opdoydviot Siavuopatixol undyweot tou R™ (dnh. VL W),
Agitte 61 VN W = {0}.

‘Aoxnon 4.9 Bpeite pla fdon yio 1o 0ptoymvio cUUTARRGUN TOU YWROU YRUUU®Y Tou A:
1 0 2
A= [ 1 1 4 ] '

Awaywpiote 10 & = (3, 3, 3) o€ pla CUNIOTWON OTO YOPO YEOUUOY, X0l OE Uiol CUVIOTMOO
070 undevoywpeo tou A.

‘Acxnom 4.10 OcwproTte TOV UTOYWEO S TOU R* nou TEPLEYEL OAaL Tal OLaVOOUATA TOU
IXAYOTIOOUY TNV T + T + 23 + 24 = 0. Bpeite pla Bdomn yia o ydeo St nou TEQLEYEL OAXL
T StavuopoTa Tou efvar opdoymvia Tov S.

‘Aoxnom 4.11 T va Beeite 10 0ploy®Vio CUUTAYEWUN TOU ETUITEDOU TOU TaEdYETAL ATO
o dtavbopara (1, 1, 2) xa (1, 2, 3), Yewphote autd Tar Staviouato we YPoUUES Tou Tivoxol
A, xau hoote v e€lowon Az = 0. Quunideite 6Tt To cuuTApwua eivar ohoxANEN evdeia.

‘Aoxnorn 4.12 Edav V xou W etvon opdoymvior undyweot, Ol Te 6Tl TO HOVO X0WVO SLAVUCUL
etvan o undevixé: VNI = {0}.

‘Aoxnon 4.13 Beeite évay nivaxa tou onolou 0 yopog yeauuwy neptéyet to (1, 2, 1) xou
o undevoywpoc neptéyet to (1, =2, 1), 7 detlte 6Tl dev undpyEL TETOOC TivaXaC.
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‘Acxnomn 4.14 Katooxeudote uio opoyevy| e€iowor oe Telg ayvehoToug, Tng onolag ot
Aoetg ebvar ot ypopptxol ouvduaopol Twv dtavuopdtoy (1, 1, 2) xa (1, 2, 3). Autd eivon 10
avtiotpogo g mponyolUEYNS doxnong, ahhd Ta 800 TeofAuata elvan ovctaoTixd o {BLaL.

‘Aoxnor 4.15 YXyedidote 070 eninedo T0ug TE0OERELS VEUEMMOELS UTOYWEOUS TWV TLVAX-
WV
1 2 10
A_[g 6} xouB—{3 0}.

‘Aoxnomn 4.16 Yyedidote touc Técoepelc Veuehlddelc utdywpoug tou A, xat Peelte Tic
OUVIGTWOES TOU T OTO YWEO YRAUUUWY Xal GTO UNdEVOywpeo Tou A, émou

1 -1 5
A=10 0 xwx—[o}.
0 0

‘Acxnon 4.17 Xe xde nepinTwon, xataoxevdoTe Evay mivoa A ue T {ntoduevn o ThTa
1 e&nynote yotl autéd dev ebvan duvato

o. O yopoc otnhodv nepéyet ta dtaviopata (1, 2, —3) xou (2, —3, 5), xat 0 Undevoyweoc
neptéyer to (1, 1, 1).

B. O yopoc ypauuodv nepéyer ta (1, 2, —=3) xon (2, =3, 5) xou 0 Yndevoywpog TEPLEYEL

o (1, 1, 1).
1 1 0
Y. Hellowon Az = | 1 | €yet Moo, xo AT 10| =10
1 0 0

5. To ddpoopa twv otnhédy eivan to didvucpa (0, 0, 0), xou to dlpotoua TV YEUUUdY
efvon o didvuopa (1, 1, 1).

‘Aoxnorn 4.18 Trnodéote 6Tt 0 undYwWeoc S Tapdyetan and ta draviopata (1, 2, 2, 3) %o
(1, 3, 3, 2). Bpeite 800 Saviouata ToU TUEdYOLY TOV UTOYWEO S+, Auto tGOBUVOUEL UE TO
va Moete v e&lowon Az = 0 yio xdmowo ivaxa A. o eivon o A;

‘Aoxnor 4.19 Acite 6Tt €dv o undywpog S mEpEyETA OTOY LUTOYWEo V, TOTE O St
TEPLEYEL TOV VL.

'‘Aoxnomn 4.20 Bpeite 1o oploymvio cupnhfpwua ST dtay
of. S ebvon 0 UndeVIXOE UTOYWEOS TOU R3.
B S eivou o undywpog mou mopdyeton and to (1, 1, 1).

Y. S elvan 0 undywpog mou mapdyetan and to (2, 0, 0) xau (0, 0, 3).
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‘Aoxnomn 4.21 Koataoxeudote évay 3 X 3 mivaxa A, ywplc undevixd ototyela, tou onoiou
7 ’ 7 ’ / ’ 7 T ’ ’ /

ol oThAeg elvar avd dVo xddetec. Yrnoloylote to ywopevo A" A. Tatl ebvon 10 yvopevo

oLy VLS TV aC;

‘Acxnorn 4.22 Bpeite évav nivaxa mou nepiéyet to Sdvuopa u = (1, 2, 3) oto yweo
YEUUU®Y xaL 6T0 Yweo oTnhayv. Beelte Evay dhho mtivaxa mou TEQLEYEL TO U GTO UNOEVOYWEO
XL OTO YWEO GTNAGY. e Told (edyn Loy OpwY £VOC Tivoxa 0EV UTOPEL Vol TEQIEYETAL TO U;

‘Acoxnorm 4.23  Acigte ont
Vi={weR":vYvecV,wv=0}

elvol TEAYHATL YRoUIXOS UTOYweos Tou R™, dnhadr o1t efvan €va un xevod UTOGUYOAO TOU
R™, %\el016 w¢ Tpog YRUUUX0UC GUVOLAGHOUC.

‘Aoxnom 4.24 AciCte on €dv V etvan ypouuixog undywpog tou R™ xaw W = V4 tote
Wt =V, onAaoY) ot edv o W elvon 10 oploywmvio cuunifipwua tou V', 161 2w o V' elvan
10 optoywwvio cuuTAfipwua Tou W.

‘Aocxnomn 4.25 Arnodellte 6T 1 eliowon Az = b €yel Moor) edv xou Yovov €dv y'b =0
yio %80e y mou wxavoroet yT A = 0.

BéAtioteg AMoeic xau [1poBoiég

Emiotpégoupe axdun pla @opd otny e€lowon Az = b. "Eyoupe det 611 1 e&lowor €yel Moeig
uévov 6tay to Sidvucpa b avixel 610 yweo oAy tou Tivaxa A. Xuyvd ouwe Yélouue va
Bpolue ty kadUtepn duvatr MNon tne eZlowong, axdun xon 6tay 1o b dev avixel otov R(A).
Autd cupfalvel cuyvd 0TV AVAAUGCT] TELAUATIXOY DEDOUEVWY, OTOU YL VO TEPLOPICOUUE
v mavotnta Tuyotou ogdipatog, Talpvouue TEptocdTEpEG peTproes. To amotélecua
etvan v €Y0UUE €va GUOTIUA UE UPXETA TEPLOGOTERES ECLOMOELC TP ALY VOOTOUS, OTOU OEV
TEPWEVOUUE VoL UTdEYEL axpLBhc ADoT).

Edv avtixataoticouvye to b pe éva Sidvuoua b’ tou yopou othédv R(A) té1e 1 e&iowon
Ax =V éyel MNoon. Mropolye va Beolue wio BéAtiotn AVon g e€lowong, €4y avTxaTaoTy-
GOUUE TO Bdvuoyud b ue To SLAVUGHN TOU YWEeou GTNAGY Tou A mou elvar TAnoléctepo oTo b
amo xde dALO BLEVUOUA TOU YWOEoL oTNAWY. Autd To dLdvucya ebvar 1 oployiria Tpofodn
T0U b 0T0 YWpOo OTNADY.

Edv cupPolicoupe p v opdoywvia mpooly Tou b 6T0 YORo 0TNAGY, €youue uin véa
elowon

Az =p.
O Mooeg authc e e€iowong etvon Bédtiotes AUoes tne apyxhc e€iowong Az = b.

IMopdderypo 4.4 Troldétouue ot pehetdue v eldptnom uiag mocdtnrag b amd uia
TOCOTNTA @, xou avoévouue ott 1 b elvon avdhoyn mpog Ty a. ©€louue va Ppolue Tov
otadepd AoYo A yia Tov onolo

b= )\a.
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TroU€Touye OTL OL TEWUUATIXES UETENOELS BIBOLY TIC TIWES by Yt a = 2, by yia a = 3 xau bs
v a = 4. ['a va Ppolue 10 A Yewpolye teelc e€lowoelg Ye €va dyvmoTo.

20 = b1
3r = bg
4 = bg .

‘Ouwe autd to abotnua éyer hoor wévo 6tav to ddvuoya (by, ba, bg) eivon éva morhanhdoto
tou (2, 3, 4). H eZiowon

2 by
4 bs

et Aoan wévov btav 1o (by, ba, bs) avixet oo ydpo otnhédv. Ta xdde Ty tou = opilouye
T0 o@dAua

£ = |laz —b|| = /(22 — b1)? + (3z — by)? + (4o — b3)?,

70 omolo undeviletar povo dtav o arotehel Aoor e edlowong 4.3. X1ny nepintworn mou 1
elowon 4.3 doev €yel hoor, Yewpolue Ty féAtiotn Avon, Ty Th Tou T 1 omola xAVEL TO
o@dhua € 660 T BUVATOHY UEoTEPD. AuTtd cupPaivel dTay To didvuoua ax eivor (6o PE TNV
opvoywvia Teofolr Tou dtaviouatog b 6To YWeo oTNAGY, dnhadrh dtav ax — b elvor xdieto
070 a.

‘Aoxnorm 4.26 Troloyiote Ty mapdywyo %(52), xou Oef&te ot undevileTon axpBng oty
axr — b etvan x&deto o0 a.

ITcoBoA7 oe evdeia

Ac e€etdoouye mpodTo TNV MpofBoky| ot pia evdeia. Ocwpolue Ta Saviopata a xou b 6To
eninedo. Eidaue oto Kegpdhoo 3 tnv mpoPolr} Tou emmédou R? ctov B-6Eova, ONAdY| TNV
eudeio TV Slavuoudtwy mou elvar ouyypauuxd e to (cosd, sinf). Topa Vélouvye vo un-
oloyloouue TNV meoPolt evog onuetou b Tou R™ ndvw otnv evdeio Twv dtavuoudtwy Tou
etvar ouyypeoppxd ue to @ € R™. To didvuoua tpofolfc p yapaxtneileton amd Tig axdrou-
Veg WOLOTNTES:

1. To p elvar cuyypauUixd UE TO a, ONhadr p = Za Yo xdnoto aprdud & € R.
2. H Bawopd b — p etvan opdoydvia oto a, dnhadf a’ (b —p) = 0.
Ané autég Tig wdTNTES AaufBdvouye TNy e€iowon
a’(b—2a) =0

TNy ornola UnopoVue Vo AOGOUUE Yo Vo Bpolue To It

adTp
T = —.
ala
YUVERWS To Btdvuopa TEoSolrc elvor
R aTb
p=2Ta=—a
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OEhouUe Vo EXPEACOUUE TNV TEOBOAY w¢ ula ypauuixy| anewovior and tov R™ otov R”, 7
omofo amewxoviler tov R™ oty evdela V' = {ta : t € R}, xu va Bpodye tov avtictoyo
Tivaxo. XTovV TEoNYOUUEVO UTOMOYIGUS UTopOUUE Vo avTIoTEEYOUUE T OLdTaln Tou a %ou
oL I

. a’db
p=al =a—
aTa’
0L VO EPUPUOGOUUE TNV TEOCETAOIGTIXT LOLOTNTAL
1
T
p=—oaab.
ala

T T

[Hapatneriote 6Tt a' a elvor YeTinog aptduog, To TETEAYWYO TOU UAXOUS Tou a, EVK aa’ eival
TETPAYWVLXOC TiVaXoC.

Tov rivoxa ]
P = — aa’
ala

ovoudlouye mivaxa npofoirg. [a va mpofdhouue to didvuoua b € R™ otny eudela Tou
optlel o Sdvuoua a, dpxel Vo TO TOMATAACLAGOUUE UE ToV Tivaxa P.

IMapdderypo 4.5 Yuveyilovye o Hoapdderyua 4.4, ue b = (4, 6, 9), dnhadr| Yewpolye to

cloTNUA

2 4
3 lxz=1]6
4 9

Auté Sev €yer Moo, agol 1o didvuoua (4, 6, 9) Bev avixel oo ywpo Tou Tapdyet To (2, 3, 4).
H Béktiotn Ao ebvon T, TéTola WoTe

4 2
[2 3 4]||6|—-2|3]|]=0,
9 4

ONAAUON
(2,3,4)-(4,6,9) 62
TRy ie 2
Yuunepaivouue ot 1) BEATIoTn T Yo To A Tou mpoxdntel and ta 3 onueia (2, 4), (3, 6) xo

; _ 62
(4, 9) eivar A = 3.

‘Aoxnorn 4.27 Bpeite my mpofohy tou dtaviouatos (7, 4) mdve otov undywpeo Tou
nopdyeton and to Sdvuoua (1, 2).

‘Aoxnom 4.28 DBpeite tov mivaxa Tpoolfic Tou avTioTolyel 0Ty TpoBolr Twy Slavuc-
udtwy tou emnédou R? méve oty eudela 3z — 2y = 0.

‘Aoxnor 4.29 Bpeeite tov nivoxa mpoBorfic P oty evdeia pe diedduvon a = (1, 3),
xadag xar Tov mivaxa tpoPolric P oty eulela mou etvar xdietn oto a. Troloyiote Toug
nivaxeg Py + Py xan PP, E&nyelote 1o anotélecyo.

‘Aoxnon 4.30 Ttov ydeo R™, nowd ywvio oynuotilet to Sidvuopa (1, 1, ..., 1) pe touc
dCoveg ouvtetaypévey; Beeite Tov mivaxa mpoPolfc oe autéd TO didvuoua.

‘Aoxnorn 4.31 Ilowé tohhandidoto tou (a = (1, 1, 1) eivar mhnotéotepo oto onueio b =
(2, 4, 4); Beeite enione 1o onueio oty evdeia e dievduvon b tou elvor ThnotéoTtepo 610 a.
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‘Aoxnomn 4.32 Acilte 6T o rmivaxag mpoforic P = ﬁ aa® etvou CUUMETEIXOS Xl
avorotel ) oyéorn P? = P.

'"Aoxnom 4.33 lowc nivaxac P tpoBdher x&de onueio tou R? oty eudeia dnou téuvovron
toenineda r +y+t=0xuxz—t=0;

‘Aoxnor 4.34 To ta axdhouda BlavOoUATd, OYEOIICTE OTO XUPTEOWYVO ETIREDO TNV
TeoBolA Tou b 670 a, xa 6T GUVEYELW UTOAOYIOTE TNV TPOBOAT|, and TV éxgpoon p = Ta:

Ly cos v |1
b= g | rma=|

HEIE

‘Aocxnor 4.35 Trnoloyiote Ty mpoPBohy| Tou b otny evdeia ye dieduvon a, xan erEyETe
OTL T0 SlayuouaTxd o@dhua e = b — p etvar opdoywvio 6To a:

3. b

1 1
. b= 2 [ xuwa=|1
_2_ _1
[ 1] [ —1
.b=|3 | xma=| =3
1] -1

‘Aocxnomn 4.36 'Eotw a ddvuoua tou R xar éotw P o nivaxag mpoPolfc tou a. Acilte
OTL T0 dVpoloua TV dlaywviwy ototyeiwy Tou P teolto pe 1.

‘Aoxnon 4.37 ‘Eow a= (1,2, —1, 3).
o. Beette tov mivaxa mpoPoiric P oto didvuoua a.
B’. Beeite o Bdom tou undevoywpouv N (P).

Y. Bpeite éva un undevixd didvuopa v tou R tou onotou 1 mpofoid oto a va eivor To
undevixd dLdvuoua.

ITpeoBoAy o undYwEO

Ocwpolue TOEA TO TEOBANUA O TEQIOGOTEPES OloTdoe. ©OFElouue va TEOPBAAOUUE TO
owdvucua b oe éva undyweo V' odotacng k péoa otov R™. Mnropolue yio euxohion va
vnodécouye ot k = 2 xau m = 3, ywelc ouctaoTtixy| dtapopd o1 dtadacia. Oewpolue
AOLTOV 000 BLVOOUATOL @1 XL A2 TOU R3, to omolo amotehovy Bdon tou V, xan tov m X k
nivaxa A ye othkeg ta Staviouata a;, étot wote V = R(A). Agol n npoBohr p Peloxetar
070 YWEo oTNAWY Tou A, €youue

p=Azx
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Yo xdmoto & € R¥. Agol 1 npofolf etvar opdoymwia, to Sidvuopa b — AZ etvar opdoymdvio
070 YWeo 6TNAGY Tou A, xou and o Ocwpnua 4.4 avrixel 6Tov dploTERd PNdEVOY PO Tou A:

AT(b— A%) =0.

'Etot éyouue tny ediowon
AT Az = ATp,
1 omola Yo pag dwaoet T BEATIoTN Aom T, amd TNy omolo UToPoUUE Vo UTOAOYICOUUE TO p.
Edv o nivaxag AT A efvar avniotpéinpog, éyouue

&= (ATA)1ATD,
xou 1 TeoBolr Tou b otov undyweo V = R(A) eivar
p=Ai = AATA) AT,

O mivoxag mpoBolric etvan

P = A(ATA)TAT,
Ye auth T éxgpaon, A etvor m X k wivaxag, ondte AT A ebvon tetpaywvixdc k X k mivaxac,
xou P elvan m X m mivoxac.

Av ouyxplvoupe pe v mepintworn g tpoolfic o eulela, émou k = 1, BAénouye 6Tl 0
m x 1 mivoxoag A etvan to Btdvuoya a, xat o avtioteéduuoc k x k mivaxag AT A eivon 0 Yetinde
aptduog a’a, ue avtioTpogo ﬁ Avutéc yetatideton ye Tov mivaxa A, xaL GUVETKOC UTopoUUE
va ypdpouue

a(a’a) ta’ = % aa’.
ala

Oa delCoupe OTL 1) LTOVEST) TTWG AT A eivo avTIoTEEPIUOC txavoTote{ton TavTaL HTAY Ot
othhec tou A elvan ypouuxd aveZdptnTes, 6TWS GTNY TERITTWAOT TOU AnoTEAOLY BdoT Tou
umoyweou V.

Afppo 4.5 O rivaxag AT A éxa tov 610 undevoydpo pe tov A.

Anddeln. Ebvor mpogavéc dtedv Az = 0 téte AT Az = 0, dnhadr) 6 N'(A) C N (ATA).
['a va 6et&oupe Tov avtiotpoo eyxAeiopd Yewpolye T TETO0 WOTE AT Az = 0, ondte

T (AT Az) = 0.

A& 2T (AT Ax) = (2T AT) Az = (Az)T Az = || Az |2
‘Apo to drdvuopa Az €yer undevixd ufixoc, xat ouvenwe Az = 0, Snhadh z € N(A).
U

ITpotaon 4.6 Evag m X m nivakas P eivar nivakas mpofodiis o€ éva vndywpo tov R™
edv ka1 udvov edv P efvar ouppetpids ka1 P* = P.

An6dely. 'Eow V évac undyweoc tou R™, xou A o nivaxac ye othleg ta Slavioyota
wlag Bdong Tou V. Téte o nivaxag mpoBoiric otov undyweo V etvar o P = A(ATA)~LAT.
ElOxola ehéyyoupe 6Tt P? = P,

P2 = A(ATA)LATA(ATA) AT
A(ATA)1AT
P.



80 Ewaywyr oty pauuwer] Adyefoa

O avdotpopoc tou P etvor o mivaxag
PT = (A(ATA)"1AT)T
_ (AT)T ((ATA)—l)T AT
A((ATA)T) AT
= A(AAT)TTAT
= P

Avtuotpbdgws, €dv o m X m wivaxag P ixavonotel Ti¢ oyéoelg P?2 = P ya P = PT, Ya
oetouyue otL P etvan o mivaxag tpoPoliric 6To yweo otnhwy tou. Ipogavae, yia xdde b € R™,
Pb aviixer oto yweo otnhev tou P. T va deiloupe ott Pb elvon 1 mpofoiry tou b otov
undywpo V = R(P) apxel va deifouye 6t b — Pb etvon opdoydvio otov V.

‘Eotw v dudvuoua tou V. Tédte v elvan ypauixdg cuvOuaoUds Twv 6TNA®Y Tou P, onludy
urmdeyet ¢ € R™ té€tot0 wote v = Pc, xou €youue

(b—Pb)f'v = (b—Pb)'Pc
= (" =" P Pc
= v'(I - P")Pc
= v'(P—-P'P)c.

A& PT =P xou P2 =P, 40 P—P'P=P—P=0.
]

IMopdderypa 4.6 Xuveyilouye to IMapdderyua 4.4, ye b = (4, 6, 9), 0hAd tdpa unoYéTouye
oTL 1) oyéon YeTall TwY TOCOTATWY a xou b elvor

b=Xa+p.

Me ta (S Sedopéva, (2, 4), (3, 6) xau (4, 9), éyouue tpeic eCiowoelg e 800 ayVHOOTOUS Lot
va Bpolue o A xan i

25(]1 + Ty = 4

31‘1 + X9 6

4y + w9 = 9,

TIC 0TOlEC YPAPOUUE WS EVa GLOTTUA

2 1 4
Ar=|3 1 { . } — |6
41| L™ 9
To Sdvuopa (4, 6, 9) dev avixer oto YWpo otV Tou Tivaxa A, xou to cvoTnUe dev
éxet Morn. To opdhua € = [|b — Az|| ehayrotonomitar yioo Ty Twh T tou & = (21, ) YLo
Vv omola To didvuoua b — AT etvon oplloydvio 6To ywpo otnhey Tou A. ‘Etol éyouue tny
elowon eAayiotwy tetpaywrwr:

W

2 3 4]
11 1|

621 [29
9] |

AT(b— Az) = {

© o
I
NNV

Brhod,

Ne)
w O
| — |
2 2
[\V) —
| |
Il
(@)
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L=l W] le )=l

‘Apa 1 Béltiotn eudeio mou xadopileton and ta onueio (2, 4), (3, 6) xou (4, 9) €xel e&iowon

ue Abom

60 = 1ba + 7.

‘Aoxnomn 4.38 Bpeeite ) Béhnot hon ehayiotwy teTpay@vwy tne elowong Az = b,
xou utohoyiote Ty TEoPol p = Az, edv

1
xub=|1

1
A=10
1 0

P )

Enaindedote 61t 10 davuoyatixd ogdluo e = b — p elvor opdoywvio ot othlec Tou A.

'"Aoxnon 4.39 Troloyiote To TeTPdyWVO TOU GYIAYaTog €2 = ||Ax — b||?, xou Peeite Tic
UEELXES TOQAYWYOUS TOU e? wc TPOC U XL U, EAV

10 1
A=10 1 ,x:{u}wa: 3
11 v 4

Oéoate Tic Tapayyouc {oec we undév, xou ouyxpivete pe tic eflowoeic AT AT = ATh, v
va 0et€ete 6TL 0 hoyloudg xan 1) Yewpetpio xatahiyouv oTig Bieg e€iowoelg. Troloylote To
T xou Vv ool p = AZ. [l etvon p = b

‘Aoxnor 4.40 Bpeite v npofolf tou b= (4, 3, 1, 0) téve 010 Y®po oTNAGY Tou

-2
-1
0
2

—_ = = =

‘Acoxnor 4.41 Beeite v BélTtiotn Aor ehaylotwy TETRAYWOVOY T, TOU CUCTAUAUTOS EE-
towoewy 3x = 10 xou 4z = 5. Iloto eivar T0 TETPAYWYO TOU GPIAUATOS €2 tou ENAYIOTOTIOLE-
tot; Enakndedote 61 1o davuopatixd opdiua e = (10 — 32, 5 — 42) eivar opdoydvio ot
ot (3, 4).

‘Aoxnomn 4.42 Bpelte v 1poPolt| Tou b 610 Y®eo GGy Tou A:

1 1 1
A=1] 1 -1| , b=|2
2 4 7

Awywpnote 10 b oe ddpooua p + ¢, UE p 010 YOEO GTNAGY Tou A %ot g 0pYoy®VIo TEog
aUTOV. e Told Yeuehlddn undywpeo tou A Bploxetal To Btdvuoua ¢;
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‘Aoxnor 4.43 Acilte 61t €dv o nivaxac P wovorolel 1 oyéon P = PTP, t6te P civa
mivorcag mpoPorfc. Ebvon o undevixdg nivaxag P = 0 nivaxag tpoforfg, xat 6€ Tolo Loy weo;

‘Aoxnorn 4.44 Ta daviopata a; = (1, 1, 0) xou ap = (1, 1, 1) nopdyouv éva eninedo
oto R3. Beelte tov nivaxa mpoBohric oo eninedo, xou Eva un undevixd dtdvucua b 1o omolo
mpoPdheTu oto 0.

‘Aoxnorn 4.45 Edv V eivau 0 undywpog mou mopdyetan ond ta (1, 1, 0, 1) xou (0, 0, 1, 0)
Beelte

of. plo Béon i To opdoymvio cupmhiipwyo V>,

B". Tov mivaxa mpofoiric P oto V.

Y. 70 didvuopa 610 V 10 omolo etvar mhnotéotepo mpog to (0, 1, 0, —1) € V+
‘Aoxnom 4.46 Edv P eivar 1 npoBohy 610 ywpo otnhédv tou mivoxa A, motd ebvon
TEOoPBOAY GTOV aPIGTERO UNBEVOY WO Tou A;

‘Acoxnor 4.47 Edv P, = A(ATA)_lAT ebvor o mivaxag TEoBOoANG GTO YOPO GTNAMY TOU
A, moiog ebvon o mivoncag tpofoltic Py oto yweo yeauuwy tou A;

‘Acxnor 4.48 Ocwpolpe Tov davuopatind utdyweo V tou R* tou mapdyetoun and o

otavoouaTa
(1,2,0,3), (2,1,1,2) (-1,4,—2,5)

o. Bpeite 10 opdoymvio cuumhfpwua V= tou V.

. Teddre 1o didvuopa x = (—4, 15, 7, 8) wc ddpoopa z = v + w, 6mou v € V xau
we V.
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Optlovoec

Xapaxtnerotixec woLotNntes tne Opllovoacg
I'vwpiloupe v opiCovoa mvdxwy 2 X 2 : €dv
13
St
1 optlouca tou A etvan

3

| ':1-4—3-2:4—6:—2.

DO

[ évar yevind 2 X 2 wivoxa, 1 opiCouvoa etvan :

b
d ‘—ad—bc

a
Cc

Edxoha eAEYYOUUE OPIGUEVES WOLOTNTES TV 0pIlOUCWY 2 X 2 TVAXWY.
(') H optlouca e€opTATUL YRUUUXE AT6 TNV TEMTY YRUUUT TOU Tivaxd :

/ /
a—l;a b—;b = (a+d)d—(b+¥)c
= (ad —bc) + (d'd —Ve)
_|la b n a b
e d c d|’
e ]
ta tb
. d‘ = tad — tbc
a b

ey

(B) To mpbonuo e opilouvcoc ahhdlel GTay EVOMIOCOUYE TS YEUUUES TOU Ttivona:

= c¢b—da

c d
a b

a
C

b
'k
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And autd ouunepatvoupe ott 1) opllouca exiong e€apTdTon YeuUUxd and T Be0TERT YOUUUN
Tou Ttivoxa :

a b et d d+d
c+d d+d | a b
_ Jed| | d
n a b a b
| a b Ll b
B d dd
(") H opilovoa tou tautotixol wivaxa eivar 1,
10
HHE

[Mo va emexteivouye Ty €vvola tng opiloucag o n X n wivoxesg, Vo Y pNoILOTOLCOUYE
aUTEC TIC WOLOTNTES. Oa dellouue OTL auTEC oL TEElS WOTNTES YopaxTNEilouy YE UOVOOLXO
Te6T0 TNV opiCouca evég n X N Thvoxa.

Oploupog. Opilovoa ovoudletal piot cuVdpTnon oto cUvolo M, , TwV N X N TVAX®Y,
det: M, , — R,

1 onolo cupPoliletar det A 1 |A|, xou xavorolel Tic WOOTNTES ¢
(o) H det eZoptdon ypauuixd and tny mpdTn yeouun tou mivoxa.

/ / /
ain +ay; ... ay tay, air ... Qip ay ... Ay,
921 c. Ao asy ... Qopn n asy ... Q2pn
Qan1 Ann Qan1 QAnn QAn1 Ann
xou

tau e tCLln ay ... Qip

a921 .. Qop ; ag1 ... Q9pn

Ap1 ... QApp ap1 .. Qpp

(B') Edv o nivaxac B mpoxintel ané tov nivaxa A pe evahhoyr 800 ypauudy, T6TE
det B = —detA.
(") H opilouvoa tou n x n toutotixol nivoxo eivar 1,

1 0
det I,, = =1.

Amé autéc Tic TeELS WLOTNTEC Yo GUUTERAVOUUE BIAPORES GARES WOLOTNTES TwV 0pWlOVCKY,
mou Yo poag emteédouy va delfoude 0T UTdEYEL axEBOC W CUVEETNOT TOU IXAVOTOLEL TIg
TEEIC WOLOTNTEC.

(8") Edv 800 ypouuéc tou mivaxa A eivor {oeg, tote det A = 0.
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[pdypott edv evodhdZoupe Tic dVo {oec ypauuée, o mivaxac dev odhdletl, ahkd and to (B),
1 optlovca arkrdlel tpdonuo. ‘Apa det A = —det A xou cuvenwe det A = 0.

(") Otav agoupolye Tohhanhdoto plag yeauunhc ard ula dhhn, 1 opillovoo tou mivaxa dev
oM Let.

Edv ohec ot ypauuéc tou mivoa B elvon {oeg ue autég tou mivaxa A, exto¢ ano Tr ypouun
i, 1 omola elvan {om ye N ypeauuy j # 4 tou mivaxa A, tote 1) opilovca Tou Tivaxa Tou
TEOXUTTEL OTAY APAEECOUYE A0 TNY 1 YRoUUY| TN J YeouuY| ToAlamhactacuévn ent A ebvar
ton pe det A — Adet B, oAAd det B = 0.

‘Aoxnon 5.1 E:éyZate 1o (€') otov nivoxa

a+c b+d
c d )

‘Aoxnorn 5.2  Awrtundote 1o (€) ye 1o ougBohoud (ai;).

IMagathenon Ané o (B) xou (¢) npoxinter ot n dadixaoio anahowprc Gauss dev
aAdler Ty T g opiloucag, Tapd LOVO KC TR0 TO TEAGTUO.

() Edv o mivaxag A éyet plo undevixt, ypopus, tote det A = 0, 6nwe anodexvieTon
goxoha and o (§) xou (€).

(T) Edv D eivon drarycdviog mivoxog

dy 0
0 d,,
t6tedet D =didy ... d,.
Hpdrypart,
dy 0 1 0
dsy _ 4 ds
0 d,, 0 d,,
1 0
= dl dg oo dn ..
0 1

(1) Edv o A eivor tprywvixde, téte 1 opilovoa eivor To yivOUEVO TV oToyElwY TNg
oLy wviou.

Edv dy, ..., d, eivon to otowyela tng Swaywviou, xou di, da, ..., dy # 0, T6T€ agonpdvToC
TOMATAAGLOL UG YPOUUNC oo Uiot GALT), UTOPOUUE VO QEQOUUE TOV TVOXOL GE LAY VLA HOP®T
ue ta dy, ..., d, oty dyovo. ‘Apa det A =d;d;...d,.

Edv xdmowo ano ta d; etvan undév, tote 1 anahoipr; Gauss 6idet éva mivaxa ue uio undevixn
Yoouur. Apa det A = 0.

Topa uropolue vo delloupe 0Tl UTdEYEL LOVAdLXY) CUVAETNOT OTO GUYOAD TWV TETPAY-
OVIXOV N X N VAoV, 1) omofa va cavorotel g wiotntee (o), (B7) xou (v). Etol i opilovoa
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etvon kaAd opropérn. Todypatt, Yvweilouue ott umopolye, ue arahotpry Gauss, vo uetotpéd-
oude Tov Tivoxor A otov dve Tpryevixd mivaxa U. And 1o (€), 1 opilovoa tou U eiva
fon ue o ywopevo twv odnydv. AMG and to (B'), 1 opilouca tou A Brapéper ubvo o-
10 TpooNUo amd TNV opiouca tou U: €dv xdvoue k evolhayéc xatd tny amahoigh, TOTE
det A = (—1)FdetU. T va elvon 1 opilouca tou A povadixd tpoodloplouévr, Tpénet vo
delZoupe 0Tt 10 TpdoTuo (—1)F elvar povadind npocdioptopévo. Anhadh ot dev etvar duvartdy
eva dptio ThRdog evariaywy xot €va TepttTé TAlog evolhaywy, va divouy Ty (o petdieo
TV Yeauu®y Tou Tivaxa A. Auté anodewvieton 6to Afuua 5.10, 6o téhog Tou Kegahalov.

Ocwpnpa 5.1 H opilovoa det A efvar unoév edv kai pévov edv o tivaxag A eivar 1016pop-
Pos-

Arnodelly. Edv o A eivor widuopgog, 16T 1) amahopry 0dnyel oe mivaxa pe o undevix
Yoouur, dpa det A = 0.
Avtiotpoga, €dv A dev eivor 1B16U0EQOC, 1) amahoipr) 001 YEL OE Ve TELYWVIXG TV UE
un undevixd ototyela otn dtaywwio, xon det A = £d; dy ... d, # 0.
O

Oecwpnua 5.2 Edv A, B elvai n X n mivake,
det(AB) = det A det B.

Anodelly. Edv évag and toug mivaxeg A, B elvon 1010U0p@og, TOTE To YIVOUEVO €lval ETIOTS
Wropoppo xat det(AB) = 0 = det A det B.
Trodétoupe ot B Sev eivon 1dLdpop@og, o yia xdle ur 1otouoppo nxn xivoxa A opllouue

det(AB)
d(A) = SE2)
(4) det B
O dei&ouye ot d(A) wavorotel Tic Wb TNTES (o), (B7), (Y7), xou ouvende opilel pio ouvdptnon

1 omola, €dv emextoel ye v T 0 yio Wwopoppoug mivaxeg, etvon fon ue tnv optlovoa.
H Wbt (v'): edv A =1,

d(1) = det IB B det B B
"~ detB  detB

H @i6tnta(B): edv evarhdZouye dUo ypouués tou A, evodhdocovton ot avtioTotyec ypay-
uéc tou AB. Apa alhdler to npbonuo tou det AB, xau cuvende to npdonuo tou d(A).
H womyro(a): dewpodye mivaxes C = () xauw D = (d;;) tétooug dote yo j =
1, ..., n,
aj = scij + tdyj

xou yloe e > 1
Clij = Cij = d”
Tote 1 npwy Ypouur Tou AB elvan

n n

Zalk bkj =S Z Cik bkj + tzdlk bkj

k=1 k=1

xou oyVelr det AB = s det OB + t det DB, xon ouvente d(A) = sd(C) + td(D). Apa
d(A) eCoptdron ypauuxd ono Ty TedTn Yeouur tou A.
U
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Y roloyiouog tng Opilovoacg

I'vwpilouye 0Tt xdie un BLOUopPOS N X N TV TAUPOYOVIOTOLELTAL UE HOVIAOLXO TPOTO OTT
uope )
A=P'LDU,

omou P etvan mivoncag yetadéoews, L etvor xdto totywwinog mivoxag ye 1 oty daywvio, D
efvan Blorydviog mivaxa e Toug odnyolc otn dtarywvio, xon U’ elvon dvw tplywvixde mivaxag
ue 1 ot daryovio.

Amo o mponyolpeva €youue det P = £1, det L = det U’ = 1 xon det D colton ye 1o
YWVOUEVO TV 0dNY®Y. Apa

det A = det P~ det L det D det U’
= =+ (Yvouevo TV 0dnywY) .

Autog elvor 0 TEAxTIXOTEPOS TEOTOC UTOAOYIOUOU NS 0ptloucac: YENOoLOTOOVUE o-
TohoLpY| Yia VoL PEQOUPE TOV Tvoxa OE Ty wvixt| Loy, 1 optlovoa efvor {on ue T0 YVOUEVO
TwY 0dNY®Y, Todhamhactaopévo pe (—1)F brou k ebvor o aprdudc Twv eVohaydY YooY
TOU YENOWOTOLRGUUE TNV ATAAOLYN.

And Yewpnuint| drodn Yo Vélape va yvwptlouue tov tpoémo e€dptnorg tng opllovoag amo
T atotyelo Tou ivaxa, OnAhadh Evay tono yia Ty optlouca avdioyo ue to det A = ad — be
v 2 X 2 mivaxeg. Ag 000UE TWE UTOPOVUYE VoL AmOBEIEOVUE AUTOV TOV TOTO ANO TIG WOOTNTES
¢ opiloucag:

H npotn yeopun tou mivaxa

a b
=[]
Ypdpetor e ypauuxde ouvduaoudc [abl = [a0] + [0b] , xa ouvende
a b| |a 0 n 0 b
cd| |cd c d
a0 L@ 0 n 0 b n 0 b
| c 0 0 d c 0 0 d
= 0+ad+ (—bc)+0

Av egapuodoouye auty| TN Sladtxacio o€ Evay 1 X n ivoxa, EYOUUE, YL TNV TEWTY YRUUUT:
[a11 aln] = [(IHO 0]+[0a120 O]++[O Oaln]

doa 1 opilouca Tou mivaxo LlooU Tt YE TO AUPOLGUN TwY 0PILOUCKY N TVAXWY, 0 XAVE EVAS Ano
Tou¢ omoloug €yEl To TOAD €va U UNdeVIXd oTotyelo TNy TEWTN Yeuuur. EmavokouBdvouue
auth TNy dradixacta Yoo T deltepn ypauph, xau éyovue To ddpolopa Twv opllouchy n?
Twdxwy, o xdlde €vag and Toug omoloug €yel To TOAD Eva Un UNdeEVIX6 oTotyelo oe xdie
ular amd Tig 0V0 TEWTES Youuues. EmavohouBdvoude yia OAEC TIC YPUUUES TOU Tivaxal, xou
XATOATYOUUE UE TO d¥potopa Twv 0plloucny N Tvdxwy, o xdde €va ard Toug omoloug Eyel
o€ xae ypouur uovov éva atotyelo mou umopel vo uny etvar ico ue 0. Trodétouue ott oty
© YeuuY) To ototyelo mou umopel va unyv eivon 0 Bploxetar otn ji oTAAY, elvon onhadt to
oTOLYElD a5, .

Ecetdlouye €vay ano autolg Toug n" mtivaxeg. ‘Eyel to mohd n un undevixd ototyela. Edv
000 amo To un undevixd otouyeio Poloxovton otny Bl oTAAY, TOTE UTdEYEL piot OTAHAY TOU
TEPLEYEL UOVO UNOEY, X CLVETWS 1) opllouca Tou mivaxo etvar UNdév. MUUTEQUVOUUE OTL 1)
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optlovoa tou mivaxa 0ev undevileton UOVoY OTtay 1 avTioTotyio i = j; Eivol AUPLLIOVOCTHUAVTY,
dnhodh edv ebvon petdleon tou ouvéhou {1, - -, n}. I'vwpilovye 6t undpyouv n! yetadéoers,
xou GLVETWS Povo n! amo Tic n” opilouoeg umopet vo unv eivon (oeg Pe unoév.

Ac¢ egapudooupe auty| T dtadacia ot Eva 3 X 3 mivaxa:

aj; Q12 Qi3 a1 0 0 0 a19 0 0 0 ais
921 Q929 Q923 = 0 929 0|+ 0 0 Qo3 | + | Q91 0 0
as] Q32 assz 0 0 ass asq 0 0 0 as2 0
aiq 0 0 0 a2 0 0 0 a3

+ 0 0 Qo3 | + | @21 0 01|+ 0 a9 0

0 aso 0 0 0 ass asy 0 0

= Q11022033 + G12023031 1+ G13G21G32

—@11023032 — (12021033 — A130A22031 .

Av oupfolicouye o pio pyetddeon tou {1, 2, 3}, éyouue

det A =) " a16(1)020(2)30(3) det(Py)

/ /7. Vé 7 7. 7 /. 7 7. V4
omou det P etvan 1 €dv 1 yetddeon ebvon dptior xou —1 €dv 1 uetdideorn etvan mepttt.

Ochpnua 5.3 Edv A = (a;j) elvai n X n nivakag,

det A = Z A15(1) - - - Ano(n) det(PU) (5.1)

omov to dlporwpa Aaupdvetar tdvw aro to oUvodo dAwy twy petaléoewr n otoryeiwy.

Oewpolye Tig petadéoeg o yia Tic onoieg o(1) = 1. Ov avtiotoryol 6por 610 ddpoiopa
(5.1) mepéyouv Tov Tapdyovta ai1. BYdZouge To a1 0¢ x0Wwd TopdyovTa auTodY TwY 6pwY,
xat oupPoriCoupe Chy to véo dlpotoya:

Z 11 420(2) -+ - Gno(n) det Pa = a1 Z a25(2) « -+ Ono(n) det Pa = aHCH .

0(13:1 0(13:1
O petadéoec tou {1, 2, ..., n} yw ug onofeg o(1) = 1, avuotoyolv oe yetadéoec Tou
{2, 3, ..., n}. Apa 10 dbpoioua Chy eivon axpBne 1 opillovoa Tou Tivaxa Ay ToL TEOXVUTTEL

and tov A edv Sorypdouye TNV TEMOTN YEAUUY XL TNV TEOTN OTHAN:

Cn = E 420(2) " Uno(n) det Py
vetddeon tou {1, ..., n}
o(1)=1
= § A25(2) " " Ano(n) det P, .
vetddeon tou {2, ..., n}
Topa Jewpolue Tic petoéoels o Yo Ti¢ omoleg o(l) = 2. O avtiotolyol 6pot 6To

ddpotoua (5.1) nepéyouv tov napdyovta are. Bydlouye 10 @iz ¢ xowod mapdyovto autody
TV 6pwv, xat cuufoiiCouue Cia T0 VEO ddpotop:

Z A12 A24(2) *** Gno(n) detPO‘ = 012 Z (25 (2) " Gno(n) det Py = ajp Cha.

0(13:2 0'(1(;:2
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Kdde petddeon o tou {1, 2, ..., n} ya my onola o(1) = 2, avtiotolyel oe pla aupl-

Hovoouavtn anexovion arno 1o {2, 3, ..., n} oto {1, 3,4, ..., n}, xou 10 ddpowoya Cio

Lp€peL UOVO WC TEOC TO TEHoNUO ato TNy opilovoa Tou Tivaxa A ToL TEOXUTTEL ATO TOV
OLopep P P piC A P

A €dv Sorypddoupe TNV TEOTN Yeauur| xou T 0eUTERn OTHAN:

21 Q23 ... Q2
A = : : : ;
Ap1 Ap3z ... QApp
012 = Z A24(2) " Gpo(n) det Py .
wetddeon tou{l, ..., n}
o(1)=2
[ g =1,..., n Yewpolue TI¢ aUPUOVOCTUAVTES ATEWOVIOELS
={1,...,n—1} = {1, ... ;n}\{sj}
ToU BlaTNEolY TN Sdtan TwY QUOKY oMY, xon yio xdle petdieon o tou {1, ... ,n},
optloupe TN yetdieon o; = T;é) ocoomtou{l,...,n—1}

—1

(=1 7S {1, o\ - {1, N o) 221, = 1)

Yo TNV omolo

o(k) gdv k <ixu o(k) < o(i)

() = o(k)—1 gdv k < i xow o(k) > o(i)
i)=Y Gk+1) ety k> ixon olk+ 1) < o(i)
ok+1)—1 edvk>ixno(k+1)>0(i).

Afqppa 5.4 o
det P, = (—1)"7) det P,

Ano6dedn. Edv o(n) = n, eivor gavepd ot

Py

detPU: " :detpana

1

€QOCOV UmUTETOL O (BL0¢ APLIUOC EVORAAY DY YOOUUMY X0 OTNAWDY YLd VoL XUTOANEOUUE GTOV
ToWTOTIXO Thvoal.
Y yevid nepintwon, ywoi € {1, ..., n}, o nivaxoc P, yetatpéneta ue (n—i) evolhoryée

Yeouwy xar (n — o(i)) evalhoyés otnhédv 6Tov mivaxa

1
o(i) o(i) n
(n - i)ava)\)\uyéc Y ROUUULDY (TL - O_(Z.))avcx)\%ow{éc STNAGY PUZ'
! 1 —_— —_—
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YUVETOC

det P, = (—1)(m (=0 qet P, = (—1)"+70) det P,.

Me tov mapandvew cuuBohioud,

012 - Z aTl(l) ooty (1) """ aTl('rL—l) cor1(n—1) (_1)1+2 det P0'1

o petddeon tou {1, ... ,n}
o(1)=2

- Z A7y (1) 720p(1) ** * A7y (n—1) T20p(n—1) det Pp

p petddeon tou {1, ... ,n — 1}

= —det Alg.

Ievixdtepa Yewpolye toug bpoug ato ddpotopa (5.1) mou avtiotoryoly oe yetadéoes o
v Tic onolegc o (1) = j -

Z A1 025 (2) " Uno(n) det P, = a1y Z A20(2) * " Uno(n) det P,

o(1)=j o(l)=j

= a1;Ch;

To ddpooua C1; Sapépet poVo WS TEOS To TEOGTUO oo TNV optlouca Tou mivaxa Ay
ToU TEOXUTTEL ano Tov A edv Slaypdouue TNy TeWTN Yeouun xat Tn J GTAA.

Q21 -+ Q2(j-1) G2(+1) - A2n

Ap1 - An(j—1) An(j4+1) " Onpn
ol ‘
Clj = (—1)1+J det(Alj) .

Oewpolue tpa Ghec Tic petaéoec o tou {1, ..., n}, opadonoinuéves avdhoyo Ue TNV
Ty Tou o (1) o éyouvue

detA:Z Z a1 024 (2) " * Uno(n) det By :Zalj Z A25(2) """ Ao (n) det Py
j=1

o ]:1 o

o(1)=j o(l)=j

0NN
det A = a;;C11 + a12C12 + -+ + a1, Chpy -

Optopoc. Edv A = (a;;) eivon évac n x n nivaxag, o (n — 1) x (n — 1) nivaxag o onolog
mpoxintel ano to A €dv Saypddouye T 7 yeauuy xou TN j oTHAT), oVoudleETol EAACO WY
nivaxag tou otolyelov a;; Tou A.

aii e ai(j-1) a1 (j+1) e ain
-1 - A3-1) (j-1) a@i-1)(G+1)  *° AE-n
Aij =
a@i+1)1 A(i+1) (j-1) A@+1) (j+1)  * Ai+)n
| On1 T QA (5-1) Qn (j+1) T Apn
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O aprduog C; 5 = (—1)"7 det A; j ovoudleton ahYER RO CUUTAHR WU 1) CULTAEAY OVTAS
Tou oTolyElov a4 y.

H nponyoluevn yehétn yevixeletoar otny oxohovdn TedTao.

IIg6taom 5.5 1. Ia kdVe i =1, ..., nwyla
det A= a;;Cy
j=1

H rmaparndve éxgpaon etvar to avdrtvypa s opilovoas det A wg mpos tnr ypapun .
2. Ina kde 3 =1, ..., nwyvea

det A= a;;Cy
j=1

H rmaparndve éxppaon efvar to avdrtvyua g opilovoag det A ws mpos tnr otidn j.

IMopdderypo 5.1 Oa utohoyicouue TNy 0pllouca TOU TELBLUYWVIOU Tvoxd

2 -1 0 0
-1 2 -1 0
Ay = 0 -1 2 -1
0 0 -1 2

VAT TOOGOVTAS XATA TNV TEWTT] YRUUUT:

det A4 = 2(—1)1+1 det(A4)11 =+ (—1)(—1)1+2 det(A4)12

OToL
2 -1 0
<A4)11: —1 2 —1 :Ag
0 -1 2
o
-1 -1 0 -1 -1 0
(Ag)12 = 0 2 =1 | = 0 A
0 -1 2 0 2

oVt wote det(Ay)1 = (—1)(—=1)"*! det Ay, Apa
det Ay = 2 det A3 — det Aofil, .

TCevixd, v tov n X n tplayodvio ivaxa A, ue 2 oty xOpto dtoydvio xou (—1) otic
dAAec B0 dLarywvioug Loy Ve,

det A,, = 2det A,,_1 — det A,,_5.

Optopodg. Oewpolue tov nivaxa C = (C;;) mou éyer we ototyeio ot Véon (7, j) tov
ouuTapdyovTo Tou oTotyelou a; j Tou A. O avdeTeopog autol tou ivaxa, CT, ovopdletor
TeocapTNUEVOg mlvaxag 1 ou{uyng nivaxag tou A, xar cuyPoliletar adj A,

C111 Cnl
adj A= | :
Oln Onn
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Afppa 5.6 Edv A = (a;;) elvar n x n nivaxas, C;; 0 ovunapdywy tov otoiyeiov a; j, kai
b= (b, ... ,b,) Gudvvoua, tdve

blcﬂ + bQCfL'Q + + an”L

efvar n opilovoa tov nivaka B' mou mpokUnter edv avtikataotiiooupe To b aTtny i Ypauun tov
nivaka A,

a1 ain
aig—11 - QG—-1)n
B by b,
| Qi+ Qi+ 1)n
L Qp 1 Qpn i

Kai
b101j+b202j+ +anTLj

etvar n optlovoa tov mivaxa B; mov mpokUntel edv avtikataotijoovue to b otny j otnAn tov
tivaka A,

aip 0 G1(-1) by a1(j+1) - O1n

an1 - Qp-1) bn, An(j+1) " Qnn

An6oelly. Taotoyela g j othAng Tou mivaxa A dev epgaviovial GTOUC GUUTARAYOVTES
Cij, -+ ,Cnj. Yuverwe autol ol cuunapdyovie elvor (GOl UE TOUG GUUTOQAYOVTES TOU
mivoxa Bj. To avdmtuyuo tng optlovoag tou B wg mpog T j oThhn etvor

detBj = blolj +b202j + - +bn0n]

To anotéheoua yia Touc Tivaxec B arodetvieton avéloyo.
Y Y

Ilpbtaom 5.7 Edv A efvai n X n rivakag,
A(adj A) = (adj A)A=det A - I,.
An6deln. To otoryeio ot Véon (i, j) Tou ywouévou A (adj A) eivon
a;1Cj1 + a;2Cj0 + -+ + a;,Cjn.

[Tpocoy ot éor twy detxtay, uteviupilovye 6t adj A = (C;;)T. Edvi # j 7o dipotopa
oidet Ty opilouca Tou Tivoxa TOU TEOXUTTEL EAV AVTIXATACTACOUUE TNV @ Yeauur Tou A o1
J yeouur, tou A. A autde o mivaxag €yel V0 Ypauués (oeg, xal GUVETKS 1) opilouca Tou
elvot unoev.
Apa
det A 0

Aadj A) = .

0 det A

H anédeén yio 1o (adj A) A eivon avéhoyn,.
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IMépiopa 5.8 Edv det A # 0 téte

1
-1 _ .
= detA<adJ A).

IMopatrenon. Avutdc o tOmog Y To avtioTpogo evog n X n wivoxa €yel VewpnTind
eVOLAPEPOV, ALY DEV amoTEAEL TEUX TIXG TROTO LTOAOYLIOUOU TOU AVTIOTEOPOU, XAVKG amouTel
ToA mEpLochTERES TRdEelg an’ oTL 1) wévodog Gauss - Jordan.
Ocdpnua 5.9 (Kavovag tou Cramer) Edv det A # 0, n Adon s eflowons

Az =0
etvai to Oudvvoua x = (21, Ta, ... ,Ty), 6TOU

det Bj
;=
J det A

/. /. /7 V4 Z . Z
Kai Bj €val 0 myaKkag Tov TPOKUTTEL €AV aVTIKATAO TI)OOUMUE TO b atn j O"L'T]/\T] Tov A.

Arnodelly. Egobocov det A # 0, o A elvon un widpoppog, xau

r=A"1h=

et A (adj A) b

‘Apa

det B,

1
= ot A
O
Hoapatnpolue 61t o xavévag tou Cramer dev anoTehel TEAXTIXG TPOTO UTOAOYIOUOU TNG
Aoong g e€lowong Az = b, xadde anoutel ToA) nEPIOGOTERES TEAZELC ano Tr) wéodo Tng
amohorprc Gauss.
Enotpégouye oto Afuua mou ohoxhnp®vel Ty anddelln ot 1) opillovoa etval xaAd oplo-

UEVT).

Aqppa 5.10 Mia petrdleon umopel va exppaotel wg ovvleon dptiov 1) mepirrol mAndovs
evaAdaywy, aAdd dy1 kai Ta dvo.

Ano6deln. Ocwpolue pla yetddeon o @ {1, ..., n} — {1, ..., n}, xou opilouye tov apt-
Vu6 N, voebvar to mhidoc 1wy Leuydy (4, j) yio taonoio i < j xou o (i) > o(j). Oo deiZouye
ott xdie evahhayr oAAdlel To Ny xotd Evay mepittd aprduo. Apxel vo mopatnericouue ot
1 evodhoyt) 800 yertovixwy aptiuwy aridlet 1o Ny xotd +1 A —1, xau o1t 1 evokory?| 500
Tuy ey apriumy expedletol we olvieoT TepTTol Aol EVOANAY®Y YEITOVIXWDY Apldumy.

OJ

‘Acxnomn 5.3 Egopudote tn daducactio amahowpric Gauss yia va gEpeTe Tov Tivoxa

10 2 1

-1 0 1 -1

A= 12 2 2
-2 2 -1 0
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OE TELYWVIXT| Lop@Y) xou Vo utohoyloete tny opilovoa.
(Kataypddete tuydv evolhoyéc YRy Yior va TpocdloplGeTe 10 TpboTUo. )
‘Aoxnomn 5.4 Troloyiote toug ouunapdyovies A, Agr, Aoz xan Ags Tou mivoxa
1 2 -3
A=|5 0 6
71 —4

‘Aocxnomn 5.5 Troloyiote toug ouunapdyovies A, Ao, Asg xar Ays Tou mivoxa

2 0 1 =5
8§ -1 2 1
A= 4 -3 -5 0
1 4 8 2

‘Acxnomn 5.6 Ilpocdoplote €dv ot axdhouvleg uetaéoeic etvar dpTIES 1 TEQLTTES
(4213) , (3142) , (4321).
['eddte toug 4 x 4 mivaxeg mou Tig TaptoTédvouy, ot utoloyiote Ti¢ optlovoeg.

‘Acxnon 5.7 XpnowonoioTe TEILES YETALY TWY YROUUOY 1) TOV OTNAGY TWV TVIXOY,
OOTE Vo EYETE ol Yeauur) A wlot oThAAn ue mohhd 0, xan umohoyicte Vv opilouca avantio-
OOVTAC TNY WS TEOS AUTAY TN YEUUUR 1) OTAAY,

015 -1 3 2
A=|116| , B=| 25 —4
2 27 41 -7

‘Acoxnom 5.8 'Eotww D, n opiCouca tou 1, 1, —1 tpiday®viou n X n mivaxa

1 -1
1 1 -1
D,, = det 1 1 -1

Aci¢te o D, =D, 1+ D, 5.

‘Aoxnorn 5.9 Tlwc ocuvdéovta ot det(2A4), det(—A) xou det(A?) pe v det A, btav A
elvar mtivaxag n ent n;

‘Aoxnor 5.10 Troloyiote Tic opilouoeg

1
o . Tou mivaxa A= | 4 [2 -1 2].
2
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4 4 8 8
, , 101 2 2
B’. Tou nivoxa U = 00 2 6
000 2
v". Tou mivaxa UT.
3. Tou mivaxa U1,
0 00 2
, , 100 26
¢’. Tov wivoxa M = 01 2 2
4 4 8 8

a—mec b—md

‘Aoxnor 5.11 Beeite v opilovoa tou mivoxa YETOULOTOLOYTOG

c—la d—1b
UOVOVY TG 000 TRMOTES WIOTNTES TV 0plloUCWY.
‘Aoxnon 5.12 Ocewpeiote tov nivaxa M tou tpoxintel dtay éva dtdvuopa & = (21, ..., Tp)

avTixahotd TN 6TAAY J TOU TAVTOTLXOU Tthvonca.

1 T

1 .

M = x;

-1
Tn 1

o’. Beeite mv opllovoa tou M.
B Edv Az = b, 6et&te 61 AM eivon o mivoxac B; tne e€iowong,
ain a2 b an,

_}detf% ,
YT et A °

mou Bj = | oo ;

Ap1  Ap2 bn Apn
xou 1 0e&id mAgupd b epgavileton oTNY j-00TH GTHAN.

Y. Yuurepdvate tov xavovo tou Cramer, naipvovtag optlovoeg oty AM = B;.

‘Aoxnon 5.13 Edv B = M 'AM, vywrti wyler det B = det A; Acige eniong 6
det A='B =1.

‘Acxnomn 5.14  Edv xdie ypauur Tou A €yel dpotoua ototyelwy undéy, detilte 6t det A =
0. Edv xdde ypauun el dbpoioua ototyeiwy 1, deilte 6t det(A—1) = 0. Aei&te ye xdmowo
Topdderyua 6Tt To TEAeUTalo OV oruaivel det A = 1.

‘Aoxnon 5.15 Troéote 6Tt CD = —DC xou Bpeite 10 AMdog 610V ENGUEVO GUALOYLOUO:
Hofpvovtac ¢ opilovoec, éyouue (det C)(det D) = —(det D) (det C'), dpa évac and toug
C xa D €yer undevixn optllovoa. Yuvenwg, n CD = —DC eivon duvaty| uévov 6tav o C' 1
o D etvar 1816y0ppoC.
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‘Aoxnor 5.16 Bpeette v opiCouca tou mivaxa

3—A 2 -2
A= -3 —-1-X 3
1 2 —A

[d noléc Tég tou A ebvan o nivaxag A avtiotpéduuoc;

‘Aoxnovm 5.17 'Eotww

4
B=11
1

N N~

1
)
3

o. XpnowomolfioTe XatdhAnhn Tedln UETAC) TWY YRUUUWY Tou B yio va €yeTe tio Ypouun
UE DVO UNOEVIXE, XO YENOWOTOWOTE TO AVATTUYHA TG 0l ouoaS WS TPOS TN YEUUUY,
Yt vo utohoyioete v opiCouvoa Tou B.

B". Trohloylote 6houg Toug cuunapdyovteg Tou mivaxa B. Xenowonow|ote Toug mivaxeg
CUUTOEAYOVIWY Yla Vo utohoyloete Tov avtioTpogo tou B.



