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The limit Wigner measure of a WKB function satisfies a simple transport equation in phase-
space and is well suited for capturing oscillations at scale of order O(e), but it fails, for
instance, to provide the correct amplitude on caustics where different scales appear. We define
the semi-classical Wigner function of an N-dimensional WKB function, as a suitable formal
approximation of its scaled Wigner function. The semi-classical Wigner function is an oscillat-
ory integral that provides an e-dependent regularization of the limit Wigner measure, it obeys a
transport-dispersive evolution law in phase space, and it is well defined even at simple caustics.

1 Introduction and preliminaries

If p¢(x) is a family of functions that decay rapidly at infinity, and € > 0 is a small
parameter, the scaled Wigner transform of y°¢ is defined.

1 ; _
(27_[)1\/ /RN e—lk-wa (X + Ezy)lpf (X _ €2y> dy, (X, k) c RN X RN’ (1.1)

where y¢(x) is the complex conjugate of y¢. This is a real function in phase space and its
k-integral gives the amplitude of p<(x),

We(x, k) =

We(x,k) dk = [1p°(x)|*. (1.2)
RN

Hence, we may think of W€ as wave number resolved energy density. This is not quite
precise however, because W€ is not in general positive, except when € is a Gaussian
function (see Lions & Paul [16]), but it always becomes positive in the high frequency limit.
In particular, as the small parameter € tends to zero, the Wigner function W€ tends weakly
to a positive measure W9 called the limit Wigner measure [16]. One remarkable property
of the Wigner transform is the following: If y¢ is taken to be the solution of a large
class of homogenization problems for evolution equations, then the corresponding limit
Wigner measure solves a simple transport equation in phase space. Once the limit Wigner
measure is known one can recover useful information about the underlying function ¢
as € — 0. This makes the Wigner transform a particularly powerful tool in the study of
high frequency wave propagation problems (e.g. see the book by Tatarskii [23], and the
expository paper by Papanicolaou & Ryzhik [19]).
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To illustrate this fact we consider a concrete problem. It is well known that the paraxial
approximation for several classical wave equations leads to the Cauchy problem for the
time-dependent (N + 1)-dimensional Schrodinger equation with fast space-time scales
[14, 22]

2
ievi(x, 1) = =S Ap‘ (%0 + V(Xp (x1, xRV, (1.3)
and highly oscillatory initial data

Y(x,0) = p§(x) = Ao(x) exp(iSo(x)/€). (1.4)

Note that the small parameter e appears in both the equation and the initial data. We are
interested in the high frequency limit of (1.3), (1.4), that is, in the limit of y¢ as e tends to
Zero.

In the standard high frequency approximation (WKB method) we look for an asymp-
totic solution of (1.3), (1.4), in the same form as the initial data

P(x,t) = A(X, 1) exp(iS(x, t)/e). (1.5)

If we plug in this into (1.3) and equate powers of €, we obtain evolution equations for the
phase S(x,t) and the amplitude A(x,t),

S+ %wxsﬁ +V(x) =0,  S(x,0) = So(x), (1.6)
(A% + Vi (A°V,5) =0,  A(x,0) = Ag(x). (1.7)

Equation (1.6) is called the eikonal equation and (1.7) the transport equation. The
solution of the eikonal equation can be constructed by the method of characteristics
(rays). The characteristic curves X(q,t) and k(q,t) = Sc(X(q.t),t) are first obtained by
solving the ODE system

X =k, iE =-VV(X), (1.8)

dt dt

with X(0) = q and k(0) = VSy(q). Then the phase S = S(X(q,t),t) is obtained by integrating
the equation

ds

— =5 +|VsS]P =

=S+ VS|
along the characteristics X(q, t).

Since (1.6) is a nonlinear equation, it has, in general, a smooth solution only up to
some finite time t., when the rays cross each other and singularities are developed that
are called caustics. At a caustic point the Jacobian J(q,?) of the ray map q — X(q,t) is
zero, and the amplitude becomes infinite. This follows from the formula

EZ
EZ v, sx0)=sola).

A(x,1) = Ao(q)J (g, 1), (1.9)

which is obtained by integrating the transport equation over a ray tube and then using
the divergence theorem [2].
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Let us now see how one can treat this problem using the Wigner transform formalism.
If we denote by f€(x,k,t) the Wigner transform of the solution p€(x,t) of (1.3), (1.4), then
f€ satisfies the Wigner equation ([16], [19], [9])

fixk )+ k- Vifi(x,k t) + Z.f(x,k,t) =0, (1.10)

where the operator Z. is defined by the convolution with respect to the momentum k,

Z f(xk, t)=f(x,Kk, t) m /jo exp(—ik - y) (V (x + ;y)— V(x — §y>> dy. (1.11)

Assuming that the potential V' is smooth enough, we can expand V(x £ 5y) into Taylor
series to get

(i) (o)) e D Q)7 3 S

m=1 Jo]=2m+1
so that we can rewrite equation (1.10) as [24]
fEAKVf = VV -Vif =D cue™ > D*VDiSe, (1.12)
m=1 lo|=2m+1
where ¢, = %,m =0,1,.... The initial condition for (1.10) or (1.12) is the Wigner

transform of the initial data (1.4) that we denote by f§,

i

1

xkt=0)=—-+ o(x +06)Ap(x —o6)e™® TR0 c. .

8( k O) (n)N A( )A( ) (So(x+06)—So(x—0) 2k-o')d (1 13)
€ RN

In the formal limit e = 0, f¢ tends to the limit Wigner measure f° and the dispersive
part of the Wigner equation, that is, the right hand side of (1.12), vanishes. It follows that
10 satisfies the Liouville equation

ok, 1) + k- Vi fo(x, k, 1) — VV(x) - Vifo(x, k, 1) = 0, (1.14)

which is a simple transport equation in the phase space RZY. The initial condition for
(1.14) is the (weak) limit of f§, as e — 0, in (1.13),

fax,k, t = 0) = A3(x)d(k — VSo(x)). (1.15)

It is not difficult to verify that the solution of (1.14), (1.15), in the time interval [0, T],
T <t is given by

O(x, k, 1) = A% (x, 1)d(k — VS(x, 1)), (1.16)

where S(x,t) and A(x,t) are solutions of the eikonal (1.6) and transport (1.7) equations,
respectively. Thus, from the limit Wigner measure we can recover the modulus of the
amplitude 4 and the gradient of the phase S of the WKB approximation. In particular,
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we have

O(x, k, 1) dk = A%(x, ). (1.17)
RN
However, the Wigner approach has certain advantages over the WKB method since it
provides flexibility to treat more general initial data; we refer elsewhere [21, 13, 8] for a
thorough comparison of the two methods.

Besides its connection with classical wave propagation, equation (1.3)—(1.4) is the fun-
damental model of quantum mechanics [17], where . is the probability density of the
position of a particle with unit mass, and € plays the role of the Planck constant. Whereas
the limit Wigner measure is always positive and corresponds to the classical motion, the
scaled Wigner function is highly oscillatory and sign changing, thus taking into account
quantum interference and coherence phenomena. In this context, both the questions of
approximation of the scaled Wigner function as well as its evolution in time, are of high im-
portance. See the references [3, 4, 18, 24] and more recently [20, 11] and references therein.

Our motivation for the present work comes from the question of what can be said
about the solution f¢ of the Wigner equation (1.12) with WKB initial data (1.13) when €
is small but not zero. Formally speaking, equation (1.12) is a transport-dispersive equation
infinitely singular (as e goes to zero) and therefore serious analytical as well as numerical
difficulties are anticipated. On the other hand, even simple one dimensional examples [8],
show that f¢ has a very complicated structure, which is expressed through generalized
Airy functions. Therefore, we search for a suitable approximant of f¢ which, to some
extend, captures some of the basic features of f.

Although in this paper we are interested in higher dimensions (N > 2), we recall
here some observations for the one-dimensional case (N = 1) considered in [8], to give
some insight about the solution f¢ of the Wigner equation. Let us consider the equation
(1.3)~(1.4) for V = 0, with initial data A¢(x) = 1 and So(x) = —x*/3. This special case can
be worked out explicitly. The initial scaled Wigner function is given by the Airy function

2% (25 ) )
folx,kt=0)= — Ai | —(k+x7) |, (1.18)
€3 €3
whereas the initial limit Wigner measure, that is the limit of f§ as e — 0, is fJ(x,k,t =
0) = 8(k + x?). If one integrates f§ with respect to k and uses the identity fR Ai(z)dz =1,
then one recovers the amplitude (49 = 1). Alternatively, one can integrate f{ to reach the
same result. The observation here is that although f§ is “rich” and has a complex structure
(the Airy oscillations), it conveys no extra information — compared to fJ — as far as the
amplitude is concerned. Let us also observe that f§ provides the proper regularization of
3. Loosely speaking, before f becomes a Dirac mass in the limit e — 0, it was an Airy
function and not, for instance, an e-sequence of “top-hat”-functions. This is what always
happens in the single phase case, but also in the multi-phase case away from caustics.
On a caustic however, this “equivalence” of f¢ and f° is lost, in the sense that O is
unable to provide the amplitude but f¢ can. Caustic points are the only points where
“keeping the €” is crucial for recovering the correct amplitude. In our specific example,
a fold caustic appears at (xy,ts), ty > 0; see Filippas & Makrakis [8, §4.1] for detailed
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calculations. Although f° is a well defined Delta function on R, x Ry for any t > 0, its
restriction at the point (xy,ts), which is formally given by fO(xs,k,tr) = o(t5(k — kf)?),
is not a well defined distribution in Rj; see Lax [15, p. 547]. Therefore, the projection
identity (1.17) cannot be used for f O(xf, -, tr) for computing the amplitude. Instead, one
has to use the scaled Wigner function

‘ \9)
vl

Wit

2
feCxp,k tr) = 5 Ai <th}(k — kf)2> ,
€3 €3
and the projection formula (1.2) in order to recover the precise amplitude.

One way to see why an “object” like §(y?) is not well defined, is by noting that if
¢(y) is a regularization of the Dirac mass d(y) (that is, a sequence of smooth functions
that tends to 6(y) as e tends to 0), then the limit of ¢.(y?) is not uniquely defined but
depends on the sequence itself. Thus, at a caustic point, it is of high importance that the
proper regularization of f° is the Airy and not, say, an e-sequence of “top-hat”-functions.
Consequently, when working with f°, an important information — where f° comes from —
is lost, and f°, which is rather efficient in describing quantities that involve oscillations at
a scale of order O(e), fails to do so on caustics, where different scales (like 0(6§) in our
example) develop.

The above discussion suggests that an essential characteristic that a reasonable ap-
proximant of f¢ should have, is to provide the proper regularization of the limit Wigner
measure.

In this work we consider equation (1.12) with WKB initial data (1.13), and for the
single-phase case, that is, for times prior to t., we obtain an approximant ]75 of f¢. This
approximant is expressed in terms of a certain oscillatory integral Py (see (5.3) and (2.8)
below) and it has the following basic features:

(1) It is in agreement with the (scaled Wigner function of the) WKB solution, in a sense
that we will make precise later;

(i) it provides the proper regularization of the limit Wigner Dirac mass;

(iif) it obeys a transport—dispersive evolution law which is in agreement with the
transport—dispersive character of the Wigner equation (1.12)—(1.13); and

(iv) it is well defined even on simple caustics at time t.. At such points the projection
formula (1.17) is inapplicable, but the integration of ?6 with respect to k is meaningful.
Although an approximation result relating the integral of ff and the exact amplitude
lp€(x)|? is still missing, this observation could be useful for numerical calculations.

Our strategy towards the construction of ff, is the same as in the one dimensional case
[8], and can be roughly described as follows. Departing from the WKB solution (1.5), we
first define by (2.10) the semi-classical Wigner function Wf, as a formal approximant of
the scaled Wigner function of a WKB function at a fixed time ¢. To this end, we introduce
and study a suitable N-dimensional phase integral that reduces to the Airy function when
N = 1. W€ in fact provides the proper (Py) regularization of the limit Wigner Dirac
mass. We then define ff as the evolution of the initial semi-classical Wigner function
(WO6 ) under an appropriate evolution law (see (5.2)). The key point here is the derivation
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of the evolution law. This is done by requiring that the evolved semi-classical Wigner
function ( f ) be in agreement with the apprommant W€ for times ¢ < t.. It then follows
that, ff is given by the convolution of W0 with a suitable kernel G¢.

It is important to note that although the construction of f ¢ is based on the WKB solu-
tion, the evolution law for ?f incorporates the expected structure of ¢, and provides some
insight in what one might expect from the Wigner equation (1.12)—(1.13). In particular, 75
combines the transport of the initial data along the bicharacteristics, as it is required by
the Liouville part of the Wigner equation, with an e-dependent dispersion mechanism as
required by the dispersive right-hand side of (1.12). The dispersion mechanism is realized
as a convolution of the transported initial data with the kernel G¢. As ¢ — 0 then ]76 tends
to the limit Wigner Dirac mass, G¢ tends to a Dirac mass, and we recover the Liouville
equation that the limit Wigner measure obeys.

The paper is organized as follows. In §2 we define the semi-classical Wigner function
W‘, as a formal approximant of the scaled Wigner W€ of a WKB function. To this end
we need to introduce a suitable phase integral Py and study some of its properties; this
is done in appendix A. We note that the semi-classical Wigner that corresponds to the
WKB solution (1.5), at each time t < t., depends on the vector k — V,S(x,t) and the
third-derivative tensor Sy, ;. (X, ?).

In § 3, we derive the evolution law of (k—VS(x, 1)) and Sy, x, (X, ) . The most technical
part, concerned with the study of a matrix differential equation, is moved to Appendix B.
These results will be used in §4 and 5.

§4 serves as an introduction to § 5. We solve the Liouville equation satisfied by the limit
Wigner measure, and we motivate the definition of 76 through a suitable evolution law
that will be given in the next section. § 5 contains the main result of this work, that is, the
derivation of the appropriate evolution law for the semi-classical Wigner function, and
the definition of 76.

In the final § 6, we study a simple two dimensional example, involving an elliptic umbilic
caustic. In this example, the exact f¢ is computed explicitly at any time ¢t > 0. We show
how the projection formula (1.2) can be used on a caustic to give the precise amplitude,
in conjunction with suitable phase-space identities derived in Berry & Wright [5]. A
particular case of such an identity is recalled in Appendix C.

2 The semi-classical Wigner of a WKB function

We recall that the scaled Wigner transform of the function y¢(x) is defined by

Wf(x,k):e%w/kw kY (x+ 2) (x——) dy .1)

1 ks e _
ZW/RVB ko pe(x + 6)pe(x — 6) do.

Therefore the scaled Wigner transform of a WKB function y¢(x) = A(x)e"¥ is given by

1 Fixkso)
we(x, k) = W /RN D(x,0)e" < de, (2.2)
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with

D(x;6) = A(x + 6)A(x — 0), (2.3)
F(x,k;6) =S(x+06)—S(x—0)—2k-0. (2.4)

We will define the semi-classical Wigner function as an approximation of W€ given by
(2.2). To motivate the definition let us first make some comments. According to the
stationary phase method, the main contribution in W¢(x, k) will come from the stationary
points of F. That is, points ¢ for which V,F(x,k;a¢) = 0. We have that

VoF =V, S(x+06)+VS(x—0)—2k.

The stationary points of F always come in pairs +6¢(x, k), and as k — VS(x), there always
exist stationary points with e¢(x,k) — 0. In particular, when k = VS(x), then 69 = 0 is
always a degenerate critical point. This, of course, is due to the fact that F(x,k;e) is an
odd function of @, that is, F(x,k;a) = —F(x,k;—a), and therefore all even derivatives at
o = 0 are equal to zero (for any x, k).

From now on we call the set of points 4 = {(x, VS(x))}, that is, the graph of k = VS(x),
the Lagrangian manifold-by noting that on A the 2-form dx A dk vanishes identically.

Although the structure of the critical set of F can be quite complicated (even in the
case N =1 [3, 8]), we expect that, modulo highly oscillatory terms that tend weakly to
zero as € — 0, the main contribution to the asymptotics of W€ comes from points close
to the Lagrangian manifold, that is, k ~ VS(x).

This is in agreement with the fact that as e — 0 then W¢ — W° = 42(x)6(k — VS(x)), a
Dirac mass concentrated on the Lagrangian manifold. Also, let us consider the projection
identity (1.2):

lpe(x)]? / We(x, k) dk = / / D(x,6)e! "¢ do dk. (2.5)
(GTC RN JRN

The main contribution in the calculation of the last integral (over RY x RY) will come
from the points (e, k) at which V,xF =0. These are easily is seen to be ¢ =0, k=VS(x).
At each x these critical points are always non-degenerate, since the Hessian matrix
H(F) is nonsingular. Indeed for any i,j = 1,2,..., N, we easily compute that at (x,6 =
0,k = VS(x)), Fiy, =0, F5,5, =0, F5 i, =—20;;, and |det H(F)|=2*N. Thus in the calcu-
lation of |p€(x)|, the main contribution also comes from the points near the Lagrangian
manifold.

Once we restrict attention to points k ~ VS(x), it is natural to approximate D and F
by their Taylor expansion about ¢ = 0:

D(x;0) = A*(x) + O(a|*),

and

N

F(x,k;6) =2(VS(x)—k) -0 + = Z axaai( X) 00,0k + O(ls]?). (2.6)
i ]
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If we keep only the linear term in the right hand side of (2.6) and replace D(x;6) by A%(x)
in (2.2) we would “approximate” W€(x,k) by

A*(x)
(em)™

/ e~ 2ARVSXDT 4o — 42(x)5(k — VS(x)) = WO(x, K),
RY

that is, the limit Wigner Dirac mass.
To obtain then a nontrivial approximation, we keep the cubic terms in (2.6), and define
the semi-classical Wigner function W<, as

2 i N S(x
WG(X’ k) = 24 ()X]\? / e:[—z(k—VS(x))-o--Fé Zi,\j.kzl a\‘azil E)x,\ 000k do. (27)
€T RN

It should be noted that the term “semi-classical” is not a standard term. For instance, in
the Physics literature, the scaled Wigner function W€ is sometimes called semi-classical
Wigner function whereas in Mathematics literature the term “semi-classical” sometimes
refers to the limit Wigner function W°.

It is convenient at this point to introduce some notation that we will use throughout
the rest of this work. If we denote by ¢ = S, the derivatives of S, and use the
summation convention, the cubic form in (2.6) or (2.7), takes the form g(a) = %cijkoia_,-ak.
Since the tensor ¢;j is symmetric (the value of ¢;; is independent of the order of the
indices), we may define N symmetric matrices Cy, k = 1,2... N with elements c;j. The
cubic form then, can also be written in vector form as g(e) = %O'TCkO'O'k.

Concerning the phase integral appearing in (2.7), we set

1 .
Py(z,Cy) = o /RN ol otzol Coal g (2.8)

We also use the notation Py(z,c;j), or simply Py(z) when there is no confusion as to
what the coeflicients ¢;j are.

Notice that for N = 1, if ¢ & 0 is a constant, than Pj(z,c) = |c|~'/?Ai(zc~!/?), where
Ai(z), is the standard Airy function. In particular Pi(z,1) = Ai(z). Also, if C, = 0, it
follows from (2.8) that

Px(z,0) = 5(2). (2.9)

Using this notation, the semi-classical Wigner function (2.7) is written as

\N‘

N 3
We(x,k) = (2) AX(x)Py (- 2 (k — VS(x)) aS(X)) . (2.10)

€3 €3 " 0x;0x;0xy

[

In the case N =1 this takes the form

(2.11)

and we recover the Airy asymptotics of Filippas & Makrakis [8].
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A natural question concerned with the definition (2.7) is whether the integral Py is well
defined. This is addressed in appendix A; see Proposition A.1. We show there that Py is
well defined as a distribution whereas if

N
> (6"Cio)* +0, Vo €RV\ {0}, (2.12)

i=1

then Py is a smooth function.

Failure of condition (2.12) is equivalent to the fact that there exists a unit vector v € R
such that vICjv =0 for all i = 1,... N. Since C; is the second derivative matrix of ag‘i)(:) this
is equivalent to the fact that for all i’s the surfaces k; = ag)(:’() have zero normal curvature in
the direction of v € RY. Hence we call a point xo on the Lagrangian manifold k = VS(x)
a degenerate point if there exists a vector v & 0 such that all i-components, (that is, all
surfaces k; = agg()’ i =1,...N) have zero normal curvature at the point x( in direction
of v.

Since the semi-classical Wigner function is defined via the phase integral Py (see (2.10)),
any property of Py yields the corresponding property for We. For instance, from (A 6)

we have that

We(x, k) > AX(x)5(k — VS(x)), as e — 0, (2.13)

whereas, if x is a non-degenerate point, it follows from (A 4) that

We(x,k)dk = A%(x). (2.14)
RN

Near non-degenerate points the semi-classical Wigner is a smooth function that ap-
proximates the scaled Wigner W€, as e tends to zero. At degenerate points either the
semi-classical Wigner fails to approximate W€, or else W€ itself is a distribution.

The reason that at a degenerate point the semi-classical Wigner fails to approximate
the scaled Wigner, is of course, due to the fact that by truncating the Taylor expansion
of F (cf. (2.6)) at the cubic order terms and discarding terms of higher order, we do
not always obtain nontrivial approximations of the phase F. This is easily seen in the
one dimensional case: When N = 1 then C; = §”’(x) and failure of condition (2.12) is
equivalent to S”(x) = 0. At such a point, keeping the cubic term in (2.6) is of no use
and the semi-classical Wigner coincides with the limit Wigner (a distribution). To obtain
a nontrivial approximation at a degenerate point one ought to keep more terms in (2.6).

Remark 2.1 To arrive at the definition of Wf, we (i) threw away oscillatory terms that
tend to zero as € — 0; these terms originate from nonzero (e¢ #+ 0) stationary points of
F and (ii) we replaced F by its third order Taylor expansion about ¢ = 0. Thus, with
the exception of highly oscillatory terms due to (i), we approximates W€ locally, near
the Lagrangian manifold. The question of a uniform approximation of W<€, under the
generality we consider it here, seems to be an impossible task. We note however that
under the assumption that the Lagrangian manifold is globally convex, the oscillatory
terms of (i) are absent. In addition, the phase F in (2.4) can be identified with a suitable
symplectic area — without using Taylor expansion. One then obtains analytic expressions
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for the stationary phase approximation of W<€, in terms of suitable geometric quantities,
which are valid not only near the manifold but also in larger regions in phase space. We
refer to [3] for the case N =1 and [18] for N = 2. Finally, it is clear that if 4 = constant
and S(x) is a cubic polynomial in x then we = we.

Remark 2.2 We note that by keeping two terms in the Taylor expansion (2.6), we have an
object (Wf) that is “richer” than the limit Wigner WP, in the sense that (i) is e-dependent
and (ii) we can always send € to zero to recover W9; see (2.13). In fact, away from
degenerate points, we provides the proper (Py) regularization of the limit Wigner Dirac
mass. At degenerate points, W€ has a structure more rich than W€ can capture. As a
result, W€ is not a good approximant of W<€ in the neighborhood of these points, and is
unable to provide the proper regularization of W°.

3 Phase space dynamics

Our analysis in this section is restricted to the single phase case, that is, in the time interval
0<t<Twith T < t., where t. is the first time a caustic appears. If p.(x, t) = A(x, {)esS®0),
is the WK B solution of (1.3), (1.4), the semi-classical Wigner We of e at any time t € [0, T']
is given by (2.10). We recall that our objective is to obtain a direct evolution law for W*¢,
without having to go through the WKB solution. As a first step, we need to know how
the quantities k — VS(x, ) and Sy,y,x, (X, t), that enter in the argument of Py, evolve with
time.

Let us first introduce some notation and recall some basic facts. We denote by (x,k) a
point in phase space and we use the special notation (q,p) for points of phase space at
time t = 0. The Hamiltonian flow moves a point (q,p) (at t = 0) to the point (x,k) (at
t > 0), along the bicharacteristics given by x = X(q,p, ) and k = i((q, p.t).

For the inverse bicharacteristics we use the notation q = §(x, k,t) and p = p(x, k, ). We
use the “bar” notation for the rays X(q,7) = X(q, VSo(q),?) and similarly for the inverse
rays q(x,t) = q(x, VS(x), t).

We recall that the Hamiltonian flow, for the problem at hand, is given by the ODE
system

d, “ d s N
ax(qa p, [) = k(qs p. t)a Ek(q’ p. I) = _VX V(X(qs p, t)) (31)

The initial Lagrangian manifold A, associated with y.(q) = Ao(q)e<%@ is defined by
Ao = {(q,p) : p = VSo(q)}. This is a graph (from RY to R)) in the sense that to
each q there corresponds a unique p. At time ¢t the Hamiltonian flow moves A, to
A = {(x, k) : p(x,k, 1) = VSo(§(x,k, 1))}. Under our assumption that we are in the single
phase case, 4, remains a graph and is alternatively given by A, = {(x,k) : k = VS(x,1)},
where S(x,t) is the (single valued) solution of the eikonal equation (1.6).

We are now in position to start our calculations. Let a(t) = a(q,p,t) = i((q, p.t) —
VxS(X(q, p, ?), 1) with a(0) = p — VSo(q). We will derive and solve an ODE for a(t) along
the bicharacteristic (q, p) — (X, k), for (q,p) close to Ay. For simplicity we will sometimes

A

use the notation X and k in the place of X(q,p,t) and i((q, p, t) respectively.
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(x,k)

FIGURE 1. Evolution of k — VS(x,t). The point (q, p) moves to (x,k) = (X(¢;q,p), i((t;q, p))- In the
figure are also shown the points 4 = (q,VSo(q)), B = (x,VS(x,1)), C = (X(q,t), VS(X(q,1),t) and
D= (Q(Xa t)a VSO(Q(Xa t))

Differentiating along the bicharacteristic (q, p) — (x, k) we get

d

d s d N
aa(t) - Ek(q’ P, t) - 7VXS(X(qa P, t): t)

dt
=—VV({&)— (0, + k- V)VS(X, 1) (3.2)
= —VV({R) — ViSi(%, 1) — B(1) - k,
where B(t) is the symmetric N x N matrix with elements b;;(t) = Sy, (X(q, p,t), ). Taking
the gradient of the eikonal equation (1.6), we find for S(X,t) = S(X(q,p, t), )

ViSi(%, 1) = —B(t) - ViS(%, 1) — VV(R). (3.3)

From (3.2) and (3.3) we see that

d

Zral) = —B(na(o) (3.4)

,,,,,

then
a(t) = &(t)a(0). (3.5)

For future use we need to estimate det @(¢). To this end we start with a well known
formula about the Jacobian of a ray X(q,t) (cf. AC in Figure 1); see (3.6) below. We
present a proof of this formula for completeness. Let X(q,t) = (Xi(q,?),... ,Xn(q,?)). Then

% = ];i(q, VSO(q)a t) == Sx[(i(qa t)’ t)

Taking the ai derivative of this we find

qj
o (0% N 0%
= =S
ot <an) ,; 0g;
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Setting X(t) for the matrix with elements X;; = g%; and B(t) for the symmetric matrix

with elements Sy;(X(q, ), 1), we can rewrite the above system as
<X = BOX)
a7 '

But J(q,t) = det X(t) is the Jacobian of the ray X(q,t), and by standard ODE theory (cf.
Coddington & Levinson [6]) we have that

J(q,t) = exp {/Ot tr B(r)dr} = exp {/Ol AxS(X(q,7), ‘E)d‘f} . (3.6)

Since @(t) solves (3.4) we also have

det &(t) = exp {— /Ol tr B(r)dt} = exp {— /0[ AS(X(q,p,7), ‘E)d‘t} . (3.7)
To relate J(q,t) and det @(¢) we will use the following approximation:
Sxixi(X(q, P, 1), 1) = Sxx,(X(q, So(q), 1), £) + O(t[a(0))). (3.8)
If we accept this we casily arrive at
det &(1) = J 1 (q, 1)(1 + O(¢*]a(0)))). (3.9)

It remains to prove estimate (3.8). For easier comparison it is more convenient at this
point to use the bicharacteristic notation X(q, So(q), t) instead of the ray notation. For p
close to So(q) we have that

SxxX[(ﬁ(qa P, t)a t) - SXI’X[(Q(qﬂ S()(q), t)» t) = 0(|’A‘(qa P, t) - ﬁ(q’ SO(q): t)l) (3 10)

On the other hand,

1X(q, p, t) — X(q, So(q), 1)| = O(|VpX(q, So(q), 1)||p — So(q)])- (3.11)

From the Hamiltonian system it follows that

d_ . N . . 4
%Vpx(qs pa t) = Vpk(qa pa t)s Wlth Vpx(qa ps 0) = 09 Vpk(qs pa 0) = IN-

Hence, for t small we have that |V,X(q,p,t)| = O(t). Clearly, this estimate is also valid in
the (compact) time interval 0 < t < T. Recalling that a(0) = p — VSy(q) we then have
from (3.11) that

IX(q, p, t) — X(q, So(q), t)| = O(t|a(0)]),

and (3.8) follows from (3.11).
We next derive ODEs for the evolution of the third derivatives. Let

cijk(t) = SX;Xij (ﬁ(qa P, t)a t)a
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with ¢;jx(0) = So4,4;4,(q)- Differentiating along the bicharacteristic (q,p) — (x,k) we get
for § = S(x(q.p.1).1)

d A .
%cijk(t) = (ar + k- Vx)Sxix‘,'xA = Sx,v.\‘jxk,r + k[SX,Xij.\‘[' (312)

Taking the — 2 ___ derivative of the eikonal (1.6) we get for S = S(X,t) = S(X(q,p,1),1)

0x;0x;0xk
Sxixjxk,t = _(Sx,x[Sx,x,»xk + Sx1x,Sx1xixk + Sx,kax,x,x,-) - Sx,Sx,xix,»xA - inx,-xka

where Vv = Vi (X(q,p, 1), 1). Replacing Syxjx. 10 (3.12) and using our notation we
end up with

d
7€k = —(biicijk + bijciix + bikerij) +a(t) - ViSxixne — Vixin

= —(biicijk + bijciik + bikciij) — Vi + O(t]a(t)]). (3.13)
Let us denote by Ci(t) and Vi(t), k = 1,2,... ,N the symmetric N X N matrices with

elements ¢;j(t) and Vyyx i, j = 1,2,..., N respectively. We then write the equation (3.13)
in matrix form as (k,[ =1,2,...N)

%Ck(t) = —B(1)Ci(1) — C(1)B(t) — b (1)Ci(t) — V(1) + O(t[a(0))). (3.14)

By the results of Appendix B, the solution of (3.14) is given by (k,l =1,2,...N)

Ci(1) = (1) [Ci(0) + Uy(1) + O(¢[a(0)))] @7 (1) ra (1), (3.15)
where Uy(t) solves
d I
(bkl&Ul =—@ Vo', Ux(0) =0, k,1=1,2,...,N. (3.16)

We may write (3.15) as

Ci(t) + O(ta(0)]) = &(t) [C1(0) + Uy ()] D7 (1) (2). (3.17)

Remark 3.1 We recall that the calculation of B(t), @(t), Ci(t) and U(t) have been done
along the bicharacteristic (q,p) — (x,k). To keep track of the bicharacteristic, when
needed, we will use the notation B(q, p,t), @(q, p, t), etc.

Remark 3.2 Let us use the “bar” notation when the previous quantities are calculated
along rays. For instance, €;jx(t) = Syx,x (X(q, VSo(q), 1), 1) = Sx;x,(X(q,7),), and similarly
for Vx> Ci, Vi etc. Then, the equation for Cy is the same as (3.14) without the error
terms and in particular, it follows from (3.15) that

T —_

Ci(t) = @(1) [C1(0) + Uy(1)] @ () (1) (3.18)
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here the matrix @(t) is the fundamental solution of the equation

d _
alt) = —B(na(0) (3.19)

Also, working as above, we can derive the ODE satisfied by B(t):

d—= —=2 =
- B0 =—B(1) = V), (3.20)

where V = in,\», is the second derivative matrix of V.

4 Evolution of the limit Wigner function

Here we will use the phase-space formulas derived above, to solve the Liouville equation
for the limit Wigner function (cf. (1.14)).

In the sequel we will write q instead of q(x,k, t), and p instead of p(x,k,t). We also set
a(t) =Kk(q,p,t) — VxS(x(q, p, 1), 1) = k — V4S(x,1); in particular 4(0) = p — VSo(q). We note
that 4 and a (defined in section 3) represent the same quantity; a is a function of (x,k, 1)
and a is a function of (q, p,t). Similarly, we set @(t) = &(q,p, 1)

Solving (1.14) by characteristics we get

Ok, 1) = £3(@(t; %, k), p(; x, K))
= A3@)d(p — VSo(@)) (4.1)
= A3(§)5(4(0)).

When restricted in the single phase region [0, T], T < t., we use (3.5), (3.9) and (1.9) to
obtain

AF@3(A(0) = 45@3(S (A1)

= A3(Q)| det B(1)|5(A(1))
(4.2)

— A%(x, 1) (k — V5x(x, 1)),

recovering the well known fact that f° coincides with the limit Wigner of the WKB
solution.

Formula (4.1) is valid for any ¢ = 0 even in the multiphase case. As noted in [§], at a
caustic point (X, t.) the quantity q(x., Kk, t.) — VSo(q(x,, Kk, t.)) ceases to have simple roots
with respect to k and the composition of the Dirac mass with q(x., Kk, t) — VSo(q(Xc, k, )
is not well defined as a measure in R, not even as a distribution in Ry [15, p. 547].
This means that at the point (x.,t.), the integral fki}' O(x., k, t.)dk is meaningless and
consequently, at such a point, the projection formula (1.17) is inapplicable.
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To motivate the definition of 76 that will be given in the next section, let us make some
observations about f°. Suppose in the Taylor expansion (2.6) we keep only the linear term,
in which case we “approximate” W€ by the limit Wigner W°. Thus — through comparison
with the scaled Wigner of the WKB solution — we would end up with the well known
formula

WOx,k, t) = A(x, 1)d(k — VSi(x, 1)), (4.3)

valid for any t > 0, with A(x,t) and S(x,t) as given by the WKB method. Suppose now
that we are unaware of the fact that W0 solves a Liouville equation in phase space, and
we try to finger out what is the evolution law of W°. By comparing W at time t > 0
and at t = 0, using relations (3.5), (3.9) and (1.9) one would immediately see that W9 is
transported by the Hamiltonian flow — by the same calculations as in (4.1), (4.2), but done
in reverse order. Hence, we can now “define” f° by applying the correct evolution law
(transport) on WY, that is, f(x,k, ) = W(@(x, k, t), p(x, k, t)), and this of course, leads to
the correct definition.

In the next section we will define )N“ by applying a suitable evolution law to WOE (q, p).
The evolution law will follow by comparing W€ at time t > 0 and t = 0, using the phase
space evolution formulas of §3 as well as (1.9) and (A 12).

5 Evolution of the semi-classical Wigner function

Here we will derive the evolution law for the semi-classical Wigner function. We will
use the notation of the previous section, that is, §, p, 4(r) and &(¢). In addition we set
Ci(t) == Cr(, P, 1) = Cr(@(x, k, 1), p(x, k, 1), £) and similarly for Vi(¢) and Uk(t).

Our starting point is the semi-classical Wigner of the WKB solution at time ¢, that is,

2
3

We(x, k1) = (26*%>NA2(X, 1)Py (—26* A1), ék(t)).

Recalling (3.5) and (3.15) we have that
()= d0a©),  Ci(t) = BO[C10) + Uy(1) + O(ta(0)[187 (t) i (1).

Using the change of variables formula (cf. (A 8), (A9) with T = dAiT(t)) first and then the
convolution formula (cf. (A 12)), with y = —2¢73, 2= p, @« = VSy(q), we get

| det &(1)| Py (—26—%51@), ék(t))
— Py (=2¢774(0), €4(0) + Ui(r) + 0(1a(0)])
= Py (=267 (b= VSo(@). €u(0) + Uulo) + 0(1a(0)))

=Py (—25‘%(1) —VSo(@)), Ck(O)) *p Py (—Ze—%p, Ui(t) + 0(t|ﬁ(o)|)> L,:f, <2E—§)N
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From this and (3.9) it follows that

We(x,k, 1)
AN
— (25—5) A2(x,1)J (G, £)(1 + O(£214(0)])) x

A

Py (=263 — VSul@), Cul0)) = Py (=271, Ui(0) + 0(11a(0)) ) ’l,:f, (26—%)N
= (2¢7)" @by (2710~ V@) €0)) *,
;A AN
Py (=267, et +0(a0)) ) | (140 ao))) (277

— I . 21a 2\ N
= Wi(@w) * Py (—2¢7Tp, U(t) + 0(1a(0))) ‘p:ﬁ(l +0(ao)) (2¢7F)

Thus, with the exception of the error terms, Wf(x, k,t) is equal to the convolution of
W§ (G, p) with a suitable phase integral, the convolution being evaluated at the point p = p.
Omitting the error terms in the last line of the calculations above, we set

~ A 2 N 2 A
G(p U0 = (2¢7F) " Py(=2¢7p Outo)). (5.1)

We then define fe(x, k,t) as

Fexk, ) = Ge(p, Ui(1)) *, W5 (4, p)\ = G(p. Uk(1) * f5(d.p) 62

We note that 7€(x, k,t) as defined by (5.2) is in agreement with VNVE(X, k, t), for |a(0)]
small (cf. (A 7)), that is, locally near the Lagrangian manifold.

Let us recall that fjk(t) is a known quantity, in the sense that one has first to solve
the ODE (3.2) to get @(t) and then solve the ODE (3.16) to get ka(t). Both ODE’s are
solved along the bicharacteristics (4, p) — (x, k). It follows easily that G¢ depends on the
potential V(x) and the initial phase Sy, but is independent of the initial amplitude Ay.

The evolved semi-classical Wigner function as defined by (5.2) is in fact a Py—phase
integral, given by

N A A
Fexkn = (2673)7 A@py (—2¢75a0) G0+ i), (53)
and it follows easily that
Fixkt) = fOx.k, 1) = AX(x,1)3(k — VyS(x,1)), as e — 0.

We also note that ff(x, k,t) is a smooth function iff the point (x,VS(x,t)) on A, is a
non-degenerate point. In particular, for any ¢ € [0, T], ?f provides a Py-regularization of
f0 away from degenerate points.

It is interesting to notice that according to (5.2), the evolved semi-classical Wigner
function ff is not only transported by the Hamiltonian flow but also dispersed in the
k-direction, through its convolution with the kernel G¢. Such a behavior is in complete
agreement with the transport-dispersive character of the Wigner equation (cf. (1.12)).



On the evolution of the semi-classical Wigner function in higher dimensions 17

Remark 5.1 (Non essential potentials). Let us see an interesting special case. We say that
the potential is nonessential if V, = 0, or equivalently, V(x) is either zero, or linear in
x or quadratic in x. In this case the (full) Wigner equation is again a simple transport
equation —it coincides with the Liouville equation satisfied by the limit Wigner 1°. Hence,
the exact solution is given by f<(x,k,7) = f§(q, p).

Let us see how ]76 behaves. When V, = 0, it follows from (3.16) that ﬁk(t) = 0.
Therefore, from (5.1) and (2.9) we have that G¢(p, ﬁk(t)) = G¢(p,0) = 5(p). Hence, (5.2)
becomes

fg(xs ks t) = 5(p) *P WS(Q’ p) N = WO€((A19 f)) = fg(ﬁy f))

That is, the evolution law for 76 coincides with that of f¢. In addition, if A9 = constant
and the initial phase Sy(q) is a cubic polynomial in q, then we easily see that ?E(x, k,t) =
fex, k, ).

For nonessential potentials, non-degenerate points of the initial Lagrangian manifold
are moved by the Hamiltonian flow to non-degenerate points. Indeed, at a non-degenerate
point (q,VSo(q)) on Ay we have that 3N (67 Ci(0)s)> = 0 iff 6 = 0. At time ¢ this point
moves to the point (X(¢;q), VS(X((t;q),t) on A, and the third derivative matrices at this
point are given by (all quantities evaluated along the ray X(¢;q))

Ci(t) = BOTHO)D (1) (2).

The result then follows by the argument of Remark 1 of Appendix A.1 (with T = ET(t)).

Consequently, if the semi-classical Wigner function is originally a smooth function in
a neighborhood of a point of the Lagrangian manifold, it will stay a smooth function at
later times.

Remark 5.2 (The € = 0 limit). Let us take the limit € — 0 in (5.2). Then /VVS((], p) — 0@, p),
whereas by (A 6), G¢(p, Ui(t)) — 5(p), as e — 0. Consequently, as e — 0, we have that

Tk 0) = G0 Un(t) #p Wi(@m)| = 00) % f0@w)| . = W@ )
That is, in the limit ¢ = 0, the dispersion mechanism disappears and we recover the
Liouville equation satisfied by the limit Wigner £°.

Remark 5.3 (Approaching a caustic). In order to arrive at the definition (5.2) we required
that the evolved semi-classical Wigner be in agreement W¢. In particular all the underlying
analysis was restricted in the time interval (0,T), T < t.. Once however we define ]75
by (5.2), then ]75 is well defined even at a caustic point (X, t.), if this point is a non-
degenerate point. This is best seen in the case of nonessential potentials. At such a point,
the integration fRQ‘ ff(xc,k, t.)dk is now meaningful.

6 A 2D example

To get some insight about the multiphase case, we will present an elementary but exact
two-dimensional example of an elliptic umbilic caustic that evolves naturally from suitable
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initial data. We will consider equation (1.3) with V(x) = 0, and suitable WKB initial data.
We will compute |p€(x,t)], at any point (x,t) including the caustic points, by first finding
f¢(x,k,t) and then using the projection formula (1.2). The natural way to use (1.2) is in
conjunction with suitable phase-space projection identities derived in [5]. We start with
some general facts.

6.1 Lagrangian manifold—caustic

The initial manifold Ay is the graph of a function from Rﬁ to R% and is given by
Ao = {(q,p) : p=VSo(q)}. At time ¢ the phase flow moves Ay to 4, = {(x,k) : p(x, k, ) =
VgSo(q(x,k, 1))}. Whereas A, projects onto R(z1 in a one-to-one way, this is not the case
with A;, t > 0, for which there will be points of A,, where the projection (x,k) — x is
locally not invertible. The projection of these points onto R2 x R, defines the caustic in
the physical variables (xi, x2, t).

We next derive the equations describing the caustic. The points of 4, which project
onto the caustic should satisfy:

. 0 .
Fl(X,k, t) = pl(X,k, t) - aiS()( q(xa k’ t)) = 0’

q1
N 0 .
F(x,k, t) .= p(x, k, t) — a—So(q(x, k,1)) =0,
q2
as well as
(OF1/0k1)(0F>/0ky) — (0F/0ky)(0F,/0k;) = 0. (6.1)

These are three equations involving five variables (ki,k, X1, x»,t). Considering ki, k, as
parameters, they describe the caustic as a two dimensional surface in (xp, xa, t).

6.2 The zero potential

In the special case V(x) = 0 the inverse bicharacteristics are given by:
q= (/i(xa ka t) =X—- kta p= f)(xa k; t) =k (62)
In this simple case it is convenient for subsequent calculations, to write the equations with

respect to (q1, g2, X1, X2, t) instead of (kq,ka, X1, X2, t). To this end we note that by the chain
rule we have

. . 2 a
Pl A AN e Mt L e M Lj=12. (6.3)

In addition,

A sy, =12 (6.4)
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The equations describing the caustic are then given by:

X1 —q1 d
- %5 —0
; 3 o(q1,92) =0,
Xy — 0
2 = 5y(g,q2) =0, (6.5)
t 0q>

azso>< azso> > ( 028, )2
Ttts— ) (1+t5— ) —t =0.
( o*q o*q 0q1 0q>

Considering ¢, > as parameters, the above three equations describe the caustic as a two
dimensional surface in (x1, X2, t).

6.3 The elliptic umbilic caustic

We choose the WKB initial data yo(q) = Ao(q)es5@, with A¢(q) = 1 and

1
So(a1,42) = 341 — 0143 — aldi + a3), a>0. (6.6)
Setting
_ X _* 1
up = o Uy == - V= > a, (6.7)

we easily compute from (6.5) that the equations of the caustic are

U = q12 —q% + 2qqv
uy = —2q1q2 + 2qov (6.8)
v’ =qi +a3.

For v > 0, we set g1 =wvcosf, g; = vsinf. We then compute

u; = v*(cos 20 + 2 cos )

uy = —v*(sin 20 — 2sin 6).

For fixed v (that is, fixed f) this describes a hypocycloid with three cusps. A similar
analysis shows that the picture remains the same for v < 0. Returning to (xy, x,t) space
we obtain the elliptic umbilic caustic with a focus at the point (xy, x»,t) = (0,0, ﬁ).

The t=constant sections of the elliptic umbilic caustic are shown in Figure 2. The
coordinates of the three cusps are easily found to be

1 2
(XI,XZ)A = <3t (21‘ — a) ,0)
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X

X

FIGURE 2. t=constant sections of the elliptic umbilic caustic.

All three points move to infinity as ¢ tends to either O or infinity. Also, at t = 1/2a, the
hypocycloid reduces to a point (the origin) which is called the focus of the caustic.

6.4 Evolution of the scaled Wigner function (f¢) and the wave field (y°)

The initial Wigner is given by

fola.p) = /R 2 eF@ro) jg, (6.9)

1
(em)?
with

1 2
F(q.p:6) = =200 = VS0(@) 6 + 3 Y Suga0,0100k-
i,jk=1

The Wigner function at any time ¢ is given by

Feckan) = fi(x— k) = £ (0. 29). (k=>4

t t

We note that in this simple example, f€(x,k,t) = ff(x, k,t) (as defined in §5). Now, a
straightforward calculation shows that for Sy as in (6.6)

— 1
F (q’¥;6> =-27-6+ g(ZO’% —6010’%),
where Z = (21, %;)

21(u,03q) = uy — 2vq1 + 43 — 4},
Z(w,v;q) = uy — 2092 + 2q14>,

and (u,v) as defined by (6.7).
Throughout this section the phase integral P, is given by

1 1y 3 2
Py(z) = e /R2 llro+320i=60103) jg.
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We also define a new phase integral P, by

1

Pz(z, W) = W

/ ellrotwlol+5Qoi=6n12)] g (6.10)
2

Notice that P,(z,0) = P»(z). Moreover, for Z as above and y > 0, the two phase integrals
are related by the following “projection identity” (see Appendix C):

21/3415

/ Pa(—yi(u,v;q) dq = Py(—2 "y, 2151 2p)2, (6.11)
R2

Using our notation the Wigner function at any time ¢ is given by

1 i 5 2 1 3 2
€ k.t) = ;(—2210’1—2220’2+j(261—60’10’2)d
ek 1) (en)z/Rf z .
= (2P’ Pa(=2¢ P i(u,v3q)).
On the other hand, the modulus of the amplitude is given by

lpe(x,1)? /]”th)dk

(=552 = s [0 (03 o

2
(y =2e73) =

t2 Pz( —y2(u,v;q)) dq

234n Y

(by (6.11)) = Py(—2pu, 2V 20)2,

Recalling the definition of P, (cf. (6.10)), and changing variables by o; = (2¢)~1/3¢;,
(i=1,2), we have that

2

1 B T G R T (6.12)

- (2met)?

e (x, )

whereu= 7 and v = Z —a. This formula is valid at any point including the points on the
caustic. For instance, at the focus of the caustic (x1, x2,t) = (0,0, i) we just set in (6.12)

up = uy =v = 0. In particular, (0,0, 5-)| = O(e~'/3).

7 Conclusion

We have introduced the semiclassical Wigner function ]75 as a formal approximation
of the scaled Wigner trasform of the WKB solution to the problem (1.3)—(1.4). This
approximation is valid near the manifold k = V,S(x,t). 176 is an object that is “richer”
than the limit Wigner function f° which is a Dirac mass concentrated on k = V,S(x, ).
In particular, 75 is an e-dependent oscillatory integral that tends to f° as e tends to zero.
Moreover, it obeys an evolution law which is in agreement with the transport-dispersive
character of the Wigner equation (1.12)—(1.13).
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If (x.,t.) is a caustic point, the restriction of f° at this point, that is f°(x,,k,.), is not a
well defined distribution in RkN , and as a consequence the amplitude at (x,t.) cannot be
computed via the projection identity (1.17). On the contrary, 75()((., k,t.) is a well defined
function in Ry, and therefore the integral of }6 with respect to k is meaningful and is
expected to approximate the (e-dependent) exact amplitude, at least on simple caustics.
However, an approximation result in this direction is still missing.

More generally, the asymptotic nearness of 75 and f€ is an open question. The dif-
ficulty in settling these questions stems from the fact that one deals with complicated
multidimensional oscillatory integrals.

Acknowledgements

We thank the referee for several sharp comments and suggestions. We acknowledge partial
support by the RTN European network HYKE, HPRN-CT-2002-00282. SF acknowledges
additional support by the RTN European network Fronts—Singularities, HPRN-CT-2002-
00274.

Appendix A The phase integral Py
A.1 Regularity of Py
Here we will make some remarks concerning the regularity of the phase integral Py

defined in (2.8). We recall that

Pn(z,Cy) =

1 .
ip(z,0) Al
erl (A1)

with

P(z,6) =126 + g(0), g(e) = %GTCkaak.

We note that Py can be thought of as the Fourier transform of the C*(RY) function ¢/
and therefore is always well defined as a distribution. Also, since g(o) depends smoothly
on the coefficients Cy, the distribution Py also depends smoothly on C;. We next find
conditions under which Py is a C*(R") function.

We will follow closely the arguments of Hormander [12, §1.2], to which we refer for
more details. Let us denote by R = R(z), C = C(z) two positive constants that may
depend on z. We then define the open set

Zy = {z € RN :there exist R, C s.t. for |6| > R, |V,¢(z,6)| = Cla|*}.

For z € Z, it follows easily that (i) the function ¢ — ¢(z,6) has no critical points for
lo| > R and (ii) the quantity y(z,6) = |V,¢(z,6)7> is a symbol with p € S74RY), for
large |o|; see Hormander [12, p. 83] for the definition of the symbol. Regarding then z as
a parameter in the definition of Py, we can use similar arguments as in Hormander [12],
to show that Py(z) € C*(Z,).
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Let us see in particular the analogue of Lemma 1.2.1 in Hormander [12, p. 89]. The
essential difference between this Lemma and our case is the fact that in [12] the phase
is a symbol of order 1 whereas in our case the phase, due to the presence of the cubic
terms, is a symbol of order 3.

Let U be a bounded open subset of Z,. By the definition of Z, there exists an Ry such
that Vs¢(z,6) + 0, for |6| > Ry and z € U. Let y(6) € CF(RY) be a smooth cutoff such
that y = 1, for |6| < Ry. Regarding z € U as a parameter, and starting from the identity

=y
IVeop|?

Vo - Vo(e) + 1 = &,

it is easy to see that the analogue of the operator L is given by
L=a-V,;+c,

with

i(1—y) .
= ——"=V,¢, ¢ =y +divsa.
Vo p|?

a= (al,... ,aN)
For z € Z,, we have that |V,¢|~> € S~*(RY), for large |a| and it follows that a; € S—2(RY),
i=1,...N,and c € S3(R") for large |s|. The key observation here is that the coefficients
a; and ¢ enjoy better decaying properties than in Lemma 1.2.1 in Hormander [12] — where
a; € SORN) and ¢ € STI(RYN). This difference by 2, in the order of the symbols of the
coefficients, is precisely what is needed to make up for the difference in the phases.

With this in mind, one can now argue exactly as in Hormander [12, pp. §9-90], to
conclude that Py(z) € C*(U). Since U is an arbitrary subset of Z,, it follows that
Py (z) € C*(Zy).

We next show that if

N
Veg(@)> = (6"Ci6)’ +0, Vo € RV\ {0}, (A2)
i=1

then Z, = R". Indeed, if Cy = ming—; [Vsg(a)l > 0, by homogeneity we have that
|Vsg(6)| > Colo|?, for ¢ #+ 0. On the other hand for any (fixed) z € R we have

N N N
C
Ved(z.0)| = |zi+6"Cio| > |6"Cio| = > |zi| > Cola|* — /N|z| > 7°\a|2,
i=1 i=1 i=1

for |e| large enough. Hence z € Z,, and consequently Z, = R".
We collect these observations in the following.

Proposition A.1 The phase integral Py in (A1) is always well defined as a distribution
and depends smoothly on the coefficients Cy. If condition (A2) is satisfied then Py(z) is a
C*(RN) function.
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We next present some examples. For N = 1, g(g) = %ca3 and condition (A 2) is satisfied
iff ¢ 0, in which case P;(z) is the Airy function, whereas for ¢ = 0, Pi(z) = J(z).

For N = 2 any cubic form can be put, by a linear transformation, into one of the

following five (nonequivalent) forms: (a) the hyperbolic case: g(6) = 1(a3 + 3), (b) the

elliptic case: g(¢) = o7 — 6163 (c) the parabolic case: g(o) = 6103, (ii) glo) = 10}, (o)
g(e) = 0; e.g. see Guillemin & Sternberg [10, Chapt. 7, Prop. 7.2]. Cases (a) and (b)
are easily seen to satisfy condition (A 2) and therefore the corresponding P, integrals are
C*(R?). The other three cases fail to satisfy condition (A 2). It is easy to check that for
case (d) Py(zy1,z2) = Ai(z1)d(z2) whereas in case (¢) P»(z1,z2) = d(z1,22). In case (c) the
corresponding integral can also be explicitly computed and is given by

cos(z2  /1z1])
Py(z1,20) = ﬂ? 71 <0, a3
0’ zZy > 0,

which is a C* function in R?\ {z; = 0} (cf. Ben-Artzi et al. [1] and Fedoryuk [7]).
In all these examples Py(z), N = 1,2 is in fact a signed measure with

/ Py(z)dz = 1.
JRN

This is easily checked in all cases above, using the explicit forms of Py.

We finally note that 2D oscillatory integrals with cubic phase have been studied in
Fedoryuk [7] for analyzing Green functions for ultrahyperbolic equations, and recently
in Ben-Artzi et al. [1] for deriving dispersion estimates for nonlinear Schrodinger-type
systems.

A.2 Some properties of Py

To avoid dealing with distributions we suppose that condition (A 2) is satisfied, so that
Py is a smooth function. The general case where Py is a distribution is discussed in
Remark 2 at the end of this section.

At first we note that

/ Pn(z,Cy)dz = 1. (A 4)
RN

At the formal level this follows by doing first the dz-integration and then the de-integration
and using the fact

1 /R "7 dz = (o). (AS)

2m)N
This can be made rigorous as follows. Let y(6) € C;°(B) be a smooth cutoff function
supported in the unit ball B and such that [y z(6)de = 1. We set (o) = e Vy(a/e).
and denote by y.(z) the inverse Fourier transform of y.(a), that is

1 izoy,
Ye(6) = v /RN e"%.(z) dz.
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We note that y.(6) — d(6) as e — 0, whereas the function }.(z) decays rapidly at infinity
and J.(z) — 1, uniformly on compact sets, as € — 0. We then have that

1 . . )
/ Py(@)fe(z)dz = — / €%%%.(2)e®"%) dzde = / 1:(6)e'®) dg,
RN (27'5) (RN)Z RN

and the result follows by sending € to zero.
We next have that
1 z
H—NPN (n,Ck> — 0(z), as n — 0. (A6)

To prove this we will show that if ¢(z) is a C;°(RY) function then

1 1 iZ-¢ ig(e
Qm)N yN /(RV)Z 174 §(z) dzdo — ¢(0), n— 0.

The left-hand side is easily seen to be equal to
1 N A P R .
N / $(a/n)e® ) do = / P(x)eE ™ dx = p(0) + | P(x)[® ™ — 1] dx,
n RN RN RN
where q§ denotes the Fourier transform of ¢. Concerning the last integral we have that

d(x) [ — 1] dx < c/ e — 1| dx + 2/ |p(x)|dx =: A+ B.
RN |x|<R

|x|>R

The function $(x) decays at infinity faster than any power of |x| and therefore we can
make the term B smaller than, say, €/2 by taking R large enough. We then take # small
enough to make the term 4 smaller than /2 and the result follows.

Since Py depends smoothly on the coefficients Cy, we have that if C] — CJ as n — 0,
then also

Py(z,C]) — Py(z,C}), as 7 — 0. (A7)
We next show a change of variables formula. If T is a nonsingular N x N matrix and
=TTz C.=TTCTTy, k,l=1,...,N, (A8)

we then have that
Pn(z,Cy) = | det T| Pn(Z, Cp). (A9)

To prove this we notice that by the linear change of variables ¢ = Tp in the integral (2.8),
the value of the Py stays the same. We then compute

1 1 T
'+ 30" Coo = (T 1)p+ 3p" (T'CTTw)ppi, = 2" p + 30" Cuppic

Since do = | detT| dp, (A 9) follows from (A 1).
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Let us note that the role of z in W€ is played by (k — VS(x)); cf. (2.10).

Then Z = T”z, means k = T”k and VzS(X) = T7V,S(x)). The last equality holds if
% = T~ 'x. Indeed, if T = {Tj;} then Sx,(X) = Sy;(x)Tji. On the other hand by the chain
rule Sy, (X) = ij(x)%. Hence Tj; = %’ and x; = T;;%;, or x = TX.

The same transformation (x = TX) yields the correct transformation of the third
derivatives. Indeed, since Sx,(X) = Sy, (x)T};, then

(Ck)ij = Z'ijk = Sici,)?_/,ick (i) = Sx;,x,,,,x,,(X)Tliij Tk = Climn Tliij Tk
= (T1)a(Cu T Tuk = (TTC,T)i; T

which is the same as (A 8). Thus, at the level of our original variables (x, k), the trans-
formation (A 8) is equivalent to (%, k) = (T~!x, TTk).

We next derive a “convolution formula”. This is essentially the well known fact that the
Fourier transform of a convolution is the product of the Fourier transforms. Our starting
point is the following formula valid for any « € RV,

1
2m)N

/ ez—a)yotlg(e)+g' @)} o — / ey O} iy r+e 0N} gt dp dy. (A 10)
RN (RN)3

To prove this, starting from the right hand side, we first integrate the y-variable, taking
into account that
1
@mN

/R NPy = 5(p — 1),

and (A 10) follows. To make rigorous this formal argument, one can use suitable approx-
imation sequences, as in the proof of (A 4).
A direct consequence of (A 10) is

Py(z —a,Cy + C}) = Py(z — a, Ck) *, Py(z,C)). (A11)
The following extension is easily seen to be true (4 € R, n + 0):
Py (n(z — a), Cx + Cy) = Px((n(z — ), Cy) *, Px(nz, C)In™ . (A12)

This relation is used in § 5.

Remark A.1 The nondegeneracy condition (A2) is, of course, invariant under linear
transformations. Indeed, if T is a nonsingular matrix and ¢ = Tp, it follows from (A 8)
that

N N
D (p"Cp’ =0 = > (6"CaTy)=0.

i=1 i=1

The last equality is true iff 67 CjeT; = 0 for all i = 1,...,N, and this in its turn is
equivalent to

N
(aTCm', O'TCQO',...,O'TCNO') ‘T=0 < Z(GTCia)Z =0.
i=1
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Remark A.2 It is easy to see that, with the exception of (A4), the above proofs with
minor modifications, work even in the case where Py is a distribution. Concerning (A 4),
since in general we cannot integrate a distribution, one has first to prove that Py is a
(signed) measure. As explained in the first part of this appendix, this is true for N = 1, 2.
We expect that it is true also for N > 3 but we do not have a proof.

Appendix B Some ODEs analysis

Here we will derive the solution of the matrix differential equation (3.14). We first consider
the homogeneous problem, that is

%Ck(t) = —B(t)Ck(t) — Ck(t)B(t) — bkl(t)CI(I), k,l = 1,2,...,N, (B 1)

with Cy(0) given symmetric matrices. We recall that B(t) and Ci(t), k = 1,2,... ,N are
symmetric N x N matrices with elements b;;(t) and c¢;(t), i, j = 1,2,... , N, respectively.

We have also denoted by &(t) = {¢;;(t)}, i,j = 1,2,...,N the fundamental solution of
(3.4), that is

%(15(7:) =-B(n)2(1),  #0) =1y,

where Iy is the N x N identity matrix.
We then look for the solution of (B 1) in the form

Ci(t) = ()M (1)@ (1), k=1,2,...,N, (B2)

for suitable matrices My(t). Notice in particular that Ci(0) = M(0). If we plug (B2) in
(B 1) we see that the M(t)’s satisfy the equations

SM1) = —buOM(), k=12, N,

This can be written in matrix-block form as

M;(t) buly ... bin(®)ly M (1)
7 : =- : : : . (B3)
M, (1) bni(In ... byn(O)In/ \Mn(t)

The fundamental solution of (B 3) is the NV x NV matrix

drly ... PNy
X(t) = : : ) X(0) = Iy, (B4)

¢N1&L‘)IN .. NNy
whence,

Mi(t) = ¢ (OMI(0) = du(t)Ci(0), k1 =1,2,....N.
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It then follows from this and (B 2) that
Ci(1) = ®(t) [pra(C1(0)] @7 (1), k,I=1,2,...,N. (B5)

We next consider the non-homogeneous case

%Ck(t) = —B(t)Ci(t) — Ci(t)B(t) — bri(t)Ci(t) + Fi(2), k,1=1,2,...,N. (B6)

with Fi(t) (k = 1,...,N) given symmetric matrices. Using the variation of constants
method we look for a particular solution of (B6) in the form

CYH(t) = O(t) [P (t)Ui(1)] @7 (1), k,l=12..,N. B7)

for suitable matrices Uy (t) with CY#(0) = Uk(0) = 0. If we plug this expression for Cy in
(B6) we end up with

¢k1%Ul =o'Fo7", U0 =0, kI=12..N. (B8)
The solution then of (B 6) is the sum of (B5) and (B7), that is (k,l =1,2,...N),
Ci(t) = ®(t) [ra()C1(0)] D (1) + D(1) [Ppra (1)U ()] @ (¢). (B9)
Appendix C A phase-space projection identity

Here we will derive the projection identity (6.11).

213472

/ Pa(—yi(u,0;q)) dq = Py(—2 pu, 2/6)12p)2 1)
R2

This is a particular case of a general set of projection identities derived by Berry & Wright
[5]. Let us recall a few things from Berry & Wright [5]. Let

$E(S1,8:;Cy, Ca, C3) = —C1S) — C28;, — C3(S7 + 87) + S — 35,83, (C2)

and define the phase integral yg by
1 ; .
ve(Cr G, G) = 5 / e ES152:CLC 0 gg, S, (C3)

If
Ci :=2"3(C1 +2C;Uy +3(U3 — UY))
G, :=2*3(Cy +2C3U; + 6U, Uy),

then, the following projection identity holds (see Berry & Wright [5], relation (27)):

2173 .~
lpE(Ci, Ca, C3)|* = — | Ye(Cr, C2,0)dU; dU,. (C4)
R



On the evolution of the semi-classical Wigner function in higher dimensions 29

1
Let us rewrite this in terms of our notation. By setting first S; = (%) ‘o, (i=1,2) and

then

1

1
w/i

U=~

2

33 . 211
F% Ci= 7?”1’» (i=1,2), C3 = —33272y2p,
233

We have that

and

A 3\ 1 ~
Py(—yz(u,v;q)) = <2) %U)E(CI,CL 0),

2
2 3\ 1
Py(—273puy, =2 3 puy, 2/6912p) = <2) EWE(C15C25C3)5

and (C1) follows from (C4).
We note that, as shown in Berry & Wright [5], similar identities hold for a large class
of caustics, including the hyperbolic umbilic, the shallow tail and other cuspoid caustics.
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